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Preface

This book aims to present a state-of-the-art survey of theories and methods of 
reliability, maintenance, and warranty with emphasis on multi-unit systems, and to 
reflect current hot topics: imperfect maintenance, economic dependence, 
opportunistic maintenance, quasi-renewal processes, warranty with maintenance 
and economic dependency, and software testing and maintenance. This book is 
distinct from others because it consists mainly of research work published on 
technical journals and conferences in recent years by us and our co-authors.  
     Maintenance involves preventive and unplanned actions carried out to retain a 
system at or restore it to an acceptable operating condition. Optimal maintenance 
policies aim to provide optimum system reliability and safety performance at the 
lowest possible maintenance costs. Proper maintenance techniques have been 
emphasized in recent years due to increased safety and reliability requirements of 
systems, increased complexity, and rising costs of material and labor. For some 
systems, such as aircraft, submarines, and nuclear power stations, it is extremely 
important to avoid failure during actual operation because it is dangerous and 
disastrous. 
     Special features of our book include: (a) Imperfect maintenance. Imperfect 
maintenance has being receiving a great deal of attention in reliability and 
maintenance literature. In fact, its study indicates a significant breakthrough in 
reliability and maintenance theory; (b) Quasi-renewal processes. Quasi-renewal 
processes, including renewal processes as a special case,  have been proven to be 
an effective tool to model hardware imperfect maintenance and software reliability 
growth; (c) Economic dependence and opportunistic maintenance. For 
maintenance of multi-component systems, economic dependency is one of the 
major concerns. Due to it, preventive maintenance (PM) on non-failed but 
deteriorated components may be carried out when corrective maintenance (CM) 
activities are performed since PM with CM can be executed without substantial 
additional expense. Accordingly, ‘opportunistic’ maintenance is resulted in; (d) 
Correlated failure and repair; (e) Emphasis on multicomponent systems; (f) 
Combined criteria on maintenance optimization. Usual criteria on maintenance 
optimization are based on maintenance cost measures only. In this book, 
optimization criteria are based on both cost and reliability indices; (g) Multiple 
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degraded systems and inspection-maintenance; (h) Software reliability and 
maintenance models based on quasi-renewal processes; (i) Warranty cost models 
with imperfect maintenace, dependence, and emphasis on multi-component 
systems; (j) Monte Carlo reliability simulation techniques and issues.  
     This book is a valuable resource for understanding the latest developments in 
reliability, maintenance, inspection, warranty, software reliability models, and 
Monte Carlo reliability simulation. Postgraduates, researchers, and practitioners in 
reliability engineering, maintenance engineering, operations research, industrial 
engineering, systems engineering, management science, mechanical engineering, 
and statistics will find this book a state-of-the-art survey of the field. This book can 
serve as a textbook for graduate students, and a reference book for researchers and 
practioners.
     Chapter 1 provides an introduction to recent hot topics in reliability and 
maintenance engineering, and sketch the framework of this book. Chapter 2 
surveys imperfect repair and dependence research in detail to summarize 
significant approaches to model imperfect maintenance and dependence while 
Chapter 3 overviews various maintenance policies in the literature and practice, 
such as age-dependent PM policy, and repair limit policy.  
     In Chapter 4, we introduce a new modeling tool for imperfect maintenance: a 
quasi-renewal process which includes the ordinary renewal process as a special 
case and model imperfect maintenance of one-unit systems using the quasi-renewal 
process. Eleven imperfect maintenance models based on the quasi-renewal process 
are discussed in this chapter.  
     In practice, many systems are series systems or can be simplified into series 
systems. Chapter 5 investigates reliability and maintenance costs of a series system 
with n components subject to imperfect repair, and correlated failure and repair, 
and looks into its optimal maintenance. Some important properties of reliability 
and maintenance cost of the series system are discussed. Imperfect repairs are 
modeled through increasing and decreasing quasi-renewal processes.  
     Opportunistic maintenance of a system with (n+1) subsystems and economic 
dependence among them is discussed in Chapter 6, in which whenever a subsystem 
fails its repair is combined with PM of the functioning one having increasing 
failure rate if it reaches some age. Two different imperfect modeling methods are 
used in this chapter. 
     In Chapter 7 we look into preparedness maintenance policies for a system with 
n+1 subsystems, economic dependency and imperfect maintenance. In this 
preparedness maintenance policy, the system is placed in storage and is called on 
to perform a given task only if a specific but unpredictable emergency occurs. 
Some maintenance actions resulting in optimal system “preparedness for field use” 
may be taken while the system is in storage.  
     Chapter 8 presents three new opportunistic maintenance models for a k-out-of-
n:G system with economic dependency and imperfect maintenance. The results, 
including at least 13 existing maintenance models as special cases, generalize and 
unify some previous work. 
     Chapter 9 studies multi-state degraded systems subject to multiple competing 
failure processes including two independent degradation processes and random 
shocks. We first model system reliability and then discuss optimal condition-based 
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inspection-maintenance. A quasi-renewal process is employed to establish the 
inter-inspection sequence. 
     In current highly competitive markets, warranty policies become more and more 
complex. Chapter 10 discusses warranty cost models of repairable complex 
systems from the manufacturers' point of view under three types of existing 
warranty policies: free repair warranty (FRPW), free replacement warranty (FRW), 
and pro-rata warranty (PRW), and two new warranty policies: renewable full 
service warranty (RFSW) and repair-limit risk-free warranty (RLRFW). Imperfect 
or minimal repair is considered. Monte Carlo simulation techniques and a new 
modeling tool – a truncated quasi-renewal process – will be used. The focus is on 
multi-component systems. 
     Chapter 11 models software reliability and testing costs using the quasi-renewal 
process, and discusses optimal software testing and release policies. Several 
software reliability and cost models are presented. Optimum testing policies 
incorporating both reliability and cost measures are investigated.  
     To obtain the optimal maintenance policy for a complex system, it is necessary 
to determine system availability or MTBF. However, there are some difficulties in 
evaluating complex large-scale system reliability and availability given confidence 
levels using classical statistics. In Chapter 12 Monte Carlo reliability, availability 
and MTBF simulation techniques will be examined together with variance 
reduction methods, simulation errors, etc.
     We would like to express our appreciation to our wives, Xuehong Connie Wang 
and Michelle Pham, and to our families for their patience, understanding, and 
assistance during the preparation of this book. The constructive comments, 
encouragement, and support of our colleagues are very much appreciated. We are 
indebted to Kate Brown, Anthony Doyle and the Springer staff for their editorial 
work.

Hongzhou Wang 
Bell Laboratories 

Whippany, New Jersey 

Hoang Pham 
Rutgers University 

Piscataway, New Jersey 

November 2005 
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Introduction

Maintenance involves preventive (planned) and unplanned actions carried out to 
retain a system at or restore it to an acceptable operating condition. Optimal 
maintenance policies aim to provide optimum system reliability and safety 
performance at the lowest possible maintenance costs. Proper maintenance 
techniques have been emphasized due to increased safety and reliability 
requirements of systems, increased complexity, and rising costs of material and 
labor (Sheriff and Smith 1981). For some systems, such as aircraft, submarines, 
military systems, aerospace systems, it is extremely important to avoid failure 
during actual operation because it is dangerous and disastrous. One important 
research area in reliability engineering is the study of various maintenance policies 
in order to improve system reliability, to prevent the occurrence of system failure, 
and to reduce maintenance costs (Pham and Wang 1996).  

In the past several decades, maintenance, replacement and inspection problems 
have been extensively studied. The literature in this area is vast, making it 
impossible to give a short overview of the subject. There are to date many models 
for reliability, maintenance, replacement and inspection, and recent research has 
attempted to unify some of them. McCall (1963), Barlow and Proschan (1965), 
Pieskalla and Voelker (1976), Osaki and Nakagawa (1976), Sherif and Smith 
(1981), Jardine and Buzacott (1985), Valdez-Flores and Feldman (1989), Cho and 
Parlar (1991), Jensen (1995), Dekker (1996), Pham and Wang (1996), Dekker et
al. (1997), and Wang (2002) survey and summarize the research and practice in 
this area in different ways. As modern systems grow in complexity, so do 
reliability and maintenance challenges. This book aims to present recent research 
on theories and methods in reliability and optimal maintenance in a realistic way, 
and the focus is on the emerging areas: imperfect maintenance, dependence, 
correlates failure and repair. A general introduction to each of them will be given 
in the following subsections. 

Most equipment offers some level of warranty to gain some advantages in the 
highly competitive markets. The warranty assures the buyer that a faulty item will 
either be repaired or replaced at no cost or at reduced cost. Some buyers may infer 
that a product with a relatively long warranty period is a more reliable and longer-
lasting product than one with a shorter warranty period. Warranty cost could be a 
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significant percentage of overall product cost. So far, many warranty cost models 
and polices have been proposed and practiced as summarized in Brennan (1994), 
Blischke and Murthy (1994, 1996), Sahin and Polatogu (1998), and Bai and Pham 
(2006b). A simple but relatively complete taxonomy of warranty policies can be 
found in Blischke and Murthy (1993), and Bai and Pham (2006b). Today 
maintenance may be considered during warranty, and both consumers and 
manufacturers may benefit from proper maintenance during warranty. In addition, 
economic dependence may exist in some multi-component systems and 
maintenance may be imperfect. These issues in warranty research will be further 
stated in Section 1.3. 

Many modern systems contain both hardware and software, and software 
problems may account for half of system failures for some systems such as 
telecommunication systems. Software reliability, testing and maintenance have 
received much attention in recent years, and some significant work is summarized 
in Musa et al. (1987), Lyu (1996), and Pham (2000). In addition to hardware 
reliability and maintenance, reliability and optimal testing and debugging for 
software will also be discussed in this book.  

To obtain the optimal maintenance policy for a complex system, we may first 
need to determine system reliability, availability, or MTBF. However, there are 
some difficulties in evaluating complex large-scale system reliability and 
availability using classical statistics: for example, the system reliability structure 
may be complicated, or subsystems may follow different failure distributions. In 
this book, Monte Carlo reliability, availability and MTBF simulation algorithms 
will be discussed together with variance reduction methods, simulation errors, etc.    

1.1 Imperfect Maintenance 

Maintenance can be classified by two major categories: corrective and preventive. 
Corrective maintenance (CM) is the maintenance that occurs when the system fails. 
Some researchers refer to CM as repair and we will use them alternatively 
throughout this study. According to MIL-STD-721B, CM means all actions 
performed as a result of failure, to restore an item to a specified condition. 
Obviously, CM is performed at unpredictable time points because an item's failure 
time is not known. CM is typically carried out in three steps: (1) Diagnosis of the 
problem, (2) Repair and/or replacement of faulty component(s), and (3) 
Verification of the repair action. Preventive maintenance (PM) is the maintenance 
that occurs when the system is operating. According to MIL-STD-721B, PM 
means all actions performed in an attempt to retain an item in specified condition 
by providing systematic inspection, detection, and prevention of incipient failures. 
Maintenance can also be classified according to the degree to which the operating 
condition of an item is restored by maintenance in the following way: 

a) Perfect repair or perfect maintenance: maintenance actions which restore 
a system operating condition to ‘as good as new’. That is, upon a perfect 
maintenance, a system has the same lifetime distribution and failure rate function 
as a new one. Complete overhaul of an engine with a broken connecting rod is an 
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example of perfect repair. Generally, replacement of a failed system by a new one 
is a perfect repair. 

b) Minimal repair1 or minimal maintenance: maintenance actions which 
restore a system to the same failure rate as it had when it failed. Minimal repair 
was first studied by Barlow and Hunter (1960). The system operating state after the 
minimal repair is often called ‘as bad as old’ in the literature. Changing a flat tire 
on a car is an example of minimal repair because the overall failure rate of the car 
is essentially unchanged. The mathematical definition of minimal repair is given in 
the Appendix to Chapter 4. 

c) Imperfect repair or imperfect maintenance:  maintenance actions which 
make a system not ‘as good as new’ but younger. Usually, it is assumed that 
imperfect maintenance restores the system operating state to somewhere between 
‘as good as new’ and ‘as bad as old’. Clearly, imperfect repair (maintenance) is a 
general repair (maintenance) which can include two extreme cases: minimal and 
perfect repair (maintenance). Engine tune-up is an example of imperfect main-
tenance. Chapter 2 will discuss imperfect maintenance in detail. 

d) Worse repair or worse maintenance: maintenance actions which 
undeliberately make the system failure rate or actual age increase but the system 
does not break down. Thus, upon worse repair a system’s operating condition 
becomes worse than that just prior to its failure.  

e) Worst repair or worst maintenance: maintenance actions which undeliber-
ately make the system fail or break down.  

According to the above classification, we can say that a PM is a minimal, perfect, 
imperfect, worst or worse one. Similarly, a CM could be a minimal, perfect, 
imperfect, worst or worse CM. We will refer to imperfect CM and PM as imperfect 
maintenance later. The type and degree of maintenance used in practice depend on 
types of systems, their costs as well as reliability and safety requirements. 

In the previous literature, most studies assume that the system after CM or PM 
is ‘as good as new’ (perfect maintenance) or ‘as bad as old’ (minimal mainten-
ance). In practice, the perfect maintenance assumption may be plausible for 
systems with one component which is structurally simple. On the other hand, the 
minimal repair assumption seems reasonable for failure behavior of systems when 
one of its many, non-dominating components is replaced by a new one (Kijima 
1989). However, many maintenance activities may not result in these two extreme 
situations but in a complicated intermediate one. For example, an engine may not 
be ‘as good as new’ or ‘as bad as old’ after tune-up, a type of PM. It usually 
becomes “younger” than at the time just prior to PM and enters some state between 
‘as good as new’ and ‘as bad as old’. Therefore, perfect maintenance and minimal 
maintenance are not practical in many actual instances and realistic imperfect 
maintenance should be modeled. In recent years, imperfect CM and PM have 
received more attention in reliability and maintenance literature. In fact, we can say 

1 Here we refer to physical minimal repair instead of statistical (black box) minimal 
repair; see Natvig (1990). 
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that imperfect maintenance study indicates a significant breakthrough in reliability 
and maintenance theory.  

Helvik (1980) believes that imperfectness of maintenance is related to the skill 
of the maintenance personnel, the quality of the maintenance procedure, and the 
maintainability of the system. Obviously, maintenance expenditure and reliability 
requirements also have important effects on imperfectness of maintenance. 

Brown and Proschan (1982) state some possible causes for imperfect, worse or 
worst maintenance due to the maintenance performer: 

Repairing the wrong part 
Only partially repairing the faulty part 
Repairing (partially or completely) the faulty part but damaging adjacent 
parts
Incorrectly assessing the condition of the unit inspected 
Performing the maintenance action not when called for but at his / her 
convenience (the timing for maintenance is off the schedule) 

Nakagawa (1987) suggests three reasons causing worse or worst maintenance: 
Hidden faults and failures which are not detected during maintenance  
Human errors such as wrong adjustments and further damage done during 
maintenance
Replacement with faulty parts. 

According to Brown and Proschan (1982), maintenance policies based on 
planned inspections are “periodic inspection”, and “inspection interval dependent 
on age”. By periodic inspections, a failed unit is identified (e.g., spare battery, a 
fire detection device, etc.), or it is determined whether the unit is functioning or 
not. With aging of the unit, the inspection interval may be shortened. These 
inspection methods are subject to imperfect maintenance caused by randomness in 
the actual time of inspection in spite of the schedule, imperfect inspection, and cost 
structure. Therefore, realistic and valid maintenance models must incorporate 
random features of the inspection policy. 

So far, only a small portion of literature concerning the stochastic behavior of 
repairable systems and their maintenance has considered imperfect maintenance, 
and most work on imperfect maintenance has been limited to the one-unit system. 
Kay (1976), and Chan and Downs (1978) have studied the worst PM; Nakagawa 
(1987) has investigated worst and worse CM and PM. In this book, imperfect 
maintenance will be one of the major concerns, especially for multi-unit systems. 

1.2 Dependence

In recent years, there has existed an increasing interest in multicomponent 
maintenance models. Schouten (1996) states a good reason: the fact that the vast 
majority of the maintenance models were concerned with a single piece of 
equipment operating at a fixed environment was considered as an intrinsic barrier 
for applications. 
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Maintenance of a multicomponent system differs from that of a single-unit 
system because there exists dependence in multicomponent systems. One kind of 
dependence is the economic dependence. For example, due to economic 
dependence, PM to non-failed subsystems can be performed at a reduced additional 
cost while failed subsystems are being repaired. Another kind of dependence is 
failure dependence, or correlated failures. For example, the failure of one 
subsystem may affect one or more of the other functioning subsystems, and times 
to failures of different units are then statistically dependent (Nakagawa and Murthy 
1993).

Economic dependency is common in most continuous operating systems. 
Examples of such systems include aircraft, ship, power plants, telecommunication 
systems, chemical processing facilities, and mass production lines. For this type of 
system, the cost of system unavailability (one-time shut-down) may be much 
higher than component maintenance costs. Therefore, there is often great potential 
cost savings by implementing an opportunistic maintenance policy (Huang and 
Okogbaa 1996). 

Obviously, the joint maintenance of two or more subsystems tends to spend less 
cost and less time (economic dependency), and the failures of different subsystems 
in multicomponent system may not be independent (failure dependency). Thus, 
each subsystem may not be considered as a single-unit system individually and to 
apply the existing optimum maintenance models of a single-unit system to each of 
such subsystems may not lead to a global optimal maintenance policy for the 
system as a whole.    

Imperfect maintenance also exists in the repairable multicomponent system. 
For example, an aircraft consists of many subsystems which are repairable. If one 
of its subsystems fails, it can be repaired by replacing some of its parts. Clearly, 
reliability measures of the repaired subsystem are improved after repair but it 
might not be as good as new (imperfect CM), and consequently the entire system 
will no longer function as well as a new one. On the other hand, some subsystems 
in this example may become worse or break down after repair, and accordingly the 
whole aircraft system may work worse or break down, that results in worse or 
worst maintenance. 

Realistic imperfect maintenance associated with individual subsystems and, 
accordingly, systems should be modeled. According to Valdez-Flores and Feldman 
(1989), “Systems used in the production of goods and delivery of services 
constitute the vast majority of most industry's capital. These systems are subject to 
deterioration with usage and age. System deterioration is often reflected in higher 
production costs and lower product quality. To keep production costs down while 
maintaining good quality, PM is often performed on such deteriorating systems”. 
Obviously, this kind of system is often composed of many subsystems whose 
maintenance is often imperfect or sometimes even worse. It is necessary to point 
out that considering the entire system as a single unit and applying a minimal 
repair model to it may not be plausible for large-scale systems, such as the above 
two systems. Such maintenance modeling may also be too rough for complex 
systems since economic and failure dependencies may exist. Besides, individual 
maintenance procedures are often scheduled for individual subsystems. 
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In practice, some subsystems are inspected and tested separately, and their 
reliability performances are also evaluated individually. Especially, lifetime 
distributions of all new subsystems may be known through reliability tests and 
statistical inference before they are put into field use for some systems. Thus, we 
can evaluate reliability measures and system maintenance costs for the whole 
system based on failure information, maintenance costs, and maintenance degrees 
of all subsystems. Therefore, we may say that a realistic method is to treat a system 
as one with many subsystems which are subject to imperfect maintenance 
respectively, economic dependence, and failure dependence; to model imperfect 
maintenance of the system through modeling imperfect maintenance of all 
subsystems and at the same time to model economic and failure dependence in the 
system in order to obtain global optimum maintenance policies for the system. 

In summary, it would be realistic to consider both imperfect maintenance and 
dependence among subsystems when studying reliability measurements, 
maintenance costs and optimum PM policy of multicomponent systems. Economic 
dependence, in addition to imperfect maintenance, will be another major factor of 
interest in this book.

In the maintenance literature, a basic assumption tends to be the independence 
of the time to failure and time to repair. In practice, the repair time of a unit may 
depend on its time to failure, that is, time to failure and time to repair are not 
independent. Goel (1989) states that it is a common experience of system engineers 
that, in most systems, an early failure leads to a short repair time and vice versa. 
He uses the bivariate exponential distribution to model this class of dependencies. 
Later we will refer to this dependence as correlated failures and repairs, i.e., time 
to failure and time to repair are correlated. 

This class of dependencies differs from the failure dependence mentioned in 
Section 1.2: correlated failures and repairs indicate the dependence between the 
time to failure and time to repair of a unit but the failure dependence or the 
correlated failures indicates the dependence between the time to failure of one 
subsystem and that of other subsystems. Correlated failure and repair may exist in 
either a single-unit system or a multicomponent system but failure dependence can 
only exist in a multicomponent system.  

It is worthwhile to mention that  “dependence” will be a general term in this 
book and can mean every kind of dependency: economic dependence, failure 
dependence, or dependence of failure and repair time, i.e., correlated failures and 
repairs.

1.3 Warranty, Dependence, Imperfect Maintenance 

A traditional way to model warranty cost of multi-component systems is the black-
box approach that does not utilize the information of system structure. In fact, 
system architecture information is very important in modeling warranty cost since 
economic dependence may be present. Chapter 10 will discuss the importance of 
system structure information for four types of systems: series, parallel, series-
parallel and parallel-series. 
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The majority of warranty cost models for repairable products assume perfect 
repair or minimal repair. As pointed out in Section 1.1, imperfect repair is more 
realistic. Chapter 10 will discuss warranty cost modeling given repair is imperfect. 

Maintenance may be incorporated in the warranty period. For example, if a 
warranted product failed, the failed component(s) or subsystem(s) that cause the 
system failure will be replaced; in addition, a PM action could be carried out to 
reduce the chance of future failure. Both consumers and manufacturers will benefit 
from this policy. Therefore, warranty policies with integrated PM actions may 
become more and more attractive. Note that PM could also be imperfect in practice 
if it is performed. 

One of the primary questions to be answered in warranty analysis is how much 
a warranty program will cost. Due to the random nature of warranty cost, most 
warranty cost models would prefer to use the expected warranty cost (EWC) as the 
answer. In contrast to the EWC, the expected value of discounted warranty cost 
(DWC), which incorporates the value of time, may provide a better cost measure 
for warranties. This is because in general warranty cost can be treated as a random 
cash flow in the future. Warranty issuers do not have to spend all the money at the 
stage of the warranty planning. Instead, they can allocate it over the life cycle of 
warranted products. Another reason that one should consider the value of time is 
that for the purpose of determining warranty reserve, a fund can be set up 
specifically to meet future warranty claims. This book will mainly use DWC as 
warranty cost measures. 

1.4 Criteria on Maintenance Optimization  

The usual criteria on optimization of maintenance policies are based on 
maintenance cost measures only: expected maintenance costs per unit of time, total 
discounted costs, gain, etc. Hence, the optimal maintenance policies are the ones 
that minimize (maximize) a given cost (gain) criterion (Jensen 1996). A small 
portion of maintenance models has used reliability measures: availability, average 
up time, or average down time in optimization criteria. This book will consider 
both system maintenance cost measures and reliability measures to obtain global 
optimal maintenance policies. Section 1.5 will further explain this while Chapter 5 
will demonstrate the necessity of considering system maintenance cost measures 
and reliability measures together through numerical examples.  

1.5 Scope of this Book 

1.5.1 General Methodologies 

Repairable systems whose subsystems are subject to imperfect maintenance, 
economic dependence, correlated failure and repair, and failure dependence may be 
realistic in many applications, according to the previous sections. Therefore, for 
such systems a study of system reliability measures: availability, mean time 
between system failures (MTBSF), mean time between system repairs (MTBSR), 
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of system maintenance cost measures, and of optimum PM policies would be 
necessary. The objectives of the book are to study the stochastic behavior of 
repairable multicomponent systems whose components are subject to imperfect 
maintenance, economic dependence, correlated failure and repair, and failure 
dependence, and to investigate the optimal system maintenance policies. In this 
book, to study the stochastic behavior of systems means mainly to: 

a) Formulate and derive the system reliability measures: availability, 
MTBSF and MTBSR, etc.

b) Model and derive system maintenance cost per unit time, or cost rate. 
c) Model and derive system warranty costs and their variance (for some 

system structures). 

The optimal system maintenance policies mentioned above may be those which:  

a) Minimize system maintenance cost rate. 
b) Optimize the system reliability measures.  
c) Minimize system maintenance cost rate while the system reliability 

requirements are satisfied.  
d) Optimize the system reliability measures when the requirements for the 

system maintenance cost are satisfied.  

Similarly, for software systems, we will first formulate and model their reliability 
and testing cost, and then discuss the optimal software testing policy which may: 

a) Minimize software testing cost. 
b) Optimize the software reliability measures.  
c) Minimize software testing cost while the software reliability 

requirements are satisfied.  
d) Optimize the software reliability measures when the requirements for 

the software testing cost are satisfied. 

1.5.2 Directions  

This book aims to discuss the stochastic behavior and optimal maintenance policies 
for typical reliability system architectures: single-unit systems, series systems, 
parallel systems, and k-out-of-n systems. 

There exist many maintenance policies for one-unit hardware systems. This 
book uses the following practical maintenance policies for each subsystem or the 
entire system when applicable: 

a) Age-dependent PM policy. We consider the situation in which either 
CM or PM or both are imperfect.  

b) Periodic PM policy. We consider the cases of imperfect or perfect PMs, 
and minimal or imperfect CM at failures between PMs. 

c) T-N policy. A subsystem is subject to (imperfect) PM T where T is a 
nonzero constant, or at the Nth failure ( ,...3,2,1N ), whichever occurs 
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first, and undergoes (imperfect) repair at failures between PMs. 
d) Repair limit policy. 

Other maintenance policies will be formally described in related chapters, 
where their characteristics are also discussed.  

For warranty policies, this book discusses three types of existing warranty 
policies: free repair warranty (FRPW), free replacement warranty (FRW), and pro-
rata warranty (PRW), and two new warranty policies: renewable full service 
warranty (RFSW) and repair-limit risk-free warranty (RLRFW).      

It is worthwhile to note that for a series system there exist various shut-off 
rules. For example, while a failed component in a series system is in repair, all 
other components remain in “suspended animation” (they do not age and do not 
fail). After the repair is completed, the system is returned to operation. At that 
instant, the components in “suspended animation” are as good as they were when 
the system stopped operating. This shut-off rule is used in Barlow and Proschan 
(1975). Obviously, it is practical and can be applicable in other system 
architectures. We will refer to it as shut-off rule 1 later. In shut-off rule 2, 
component A upon failure shuts off component B but not vice versa. The third 
shut-off rule is that components operate independently, and non-failed components 
continue to operate regardless of the failed components. Hudes (1979) and Khalil 
(1985) discuss various shut-off rules and system availability for the series system. 

Figure 1.1. Maintenance policy and constituting factors 

Figure 1.1 shows various factors which may affect an optimal maintenance 
policy of a system. An optimal maintenance policy should properly consider 
/incorporate various maintenance policies, system architectures, shut-off rules, 
maintenance restoration degrees, correlated failures and repairs, failure 
dependence, economic dependence, non-negligible maintenance time, etc. This 
book discusses optimal maintenance policies under various system architectures, 

Maintenance policies System Structure Shut-off rules Maintenance Degree Maintenance cost
Age replacement Single-unit Rule 1 Imperfect Constant
Block replacement Series Rule 2 Minimal Random
Repair limit Parallel Rule 3 Perfect Complex
Failure limit k -out-of-n Worse
Sequential Complex
Repairs counting

Optimization criteria Modeling tools Planning Horizon Dependence System information
Minimize cost rate Renewal theory Infinite Economic Incomplete
Maximize availability NHPP Finite Failure Complete
Minimize down time Markov chain Discrete Structural
Optimize both cost Quasi-renewal Continuous Failure and repair
  rate and availability

Maintenance Policy
Optimal 
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maintenance policies, shut-off rules, imperfect maintenance, correlated failures and 
repairs, and economic dependence given that the planning horizon is infinite. Non-
negligible maintenance time is also considered for some models in this book. It is 
worthwhile to mention the following points:   

1. Because a unit is a building brick for a multicomponent system it is 
necessary to establish effective and efficient methods for modeling reliability 
measures and cost rates, and determining optimal maintenance policies for a 
single-unit system considering proper impact factors. All these methods for a 
single-unit system will be the basis for the analysis of a multicomponent system. 
For example, there are various modeling methods for imperfect repair for a single-
unit system, and they may also be used to model imperfect repair for a multi-
component systems. 

2. Most work in the literature tends to determine optimal maintenance policies 
through minimizing the system maintenance cost rate. It is important to note that 
for multicomponent systems, minimizing the system maintenance cost rate may not 
result in optimal system reliability measures. Sometimes when the maintenance 
cost rate is minimized the system reliability measures are so low that they are not 
acceptable in practice. This is because various components in the system may have 
different maintenance costs and different reliability importance in the system. The 
details are demonstrated in Chapter 5 through numerical examples. Therefore, to 
achieve the best operating performance for multicomponent systems we need to 
consider both maintenance cost and reliability measures simultaneously. 

3. The reliability architecture of the system must be considered to obtain 
optimal system reliability performance. For example, once a subsystem of a series 
system fails it is necessary to repair it at once. Otherwise, the system will have a 
longer downtime and worse reliability measures. However, when a subsystem of a 
parallel system fails, the system will still function even if this subsystem is repaired 
immediately. In fact, its repair can be delayed until it is time to do PM on the 
system, considering economic dependence; or repair can begin at a time such that 
only one subsystem operates and the other subsystems have failed and are awaiting 
repairs; or at the time that all subsystems fail and thus the system fails, if the 
system failure during actual operation is not very important.

4. In this book, maintenance cost measures, system reliability measures and 
optimal maintenance policies for imperfect maintenance will be compared with 
those for perfect maintenance because perfect maintenance may be a special case 
of imperfect maintenance, and the stochastic behavior and optimal maintenance 
policies for the perfect maintenance cases have been studied extensively. The 
comparisons will be helpful for verifying the results obtained under the imperfect 
maintenance cases. 

5. Throughout this book, maintenance will be a general term and may represent 
PM or CM. Replacement is a perfect maintenance, preventive or corrective. Repair 
is an action made at component or system failure and has the same meaning as 
CM. CM and repair will be used alternatively when there can be no confusion. 

6. Throughout this book, the planning horizon is assumed to be infinite. 
7. In most existing literature, the maintenance time is assumed to be negligible 
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for reliability and maintenance models. This assumption makes availability, MTBF 
and MTBR modeling impossible or unrealistic. This book will consider 
maintenance time to obtain realistic system reliability measures whenever possible. 

1.5.3 Framework 

In this book, Chapter 2 will survey imperfect repair and dependence models in the 
literature and summarize approaches to model imperfect maintenance and 
dependence, while Chapter 3 will overview various maintenance policies in the 
literature and practice, such as age-dependent PM policy, repair limit policy. 

Chapter 4 will introduce a new modeling tool for imperfect maintenance: a 
quasi-renewal process which includes ordinary renewal processes as a special case 
and discusses imperfect maintenance of one-unit systems by means of the quasi 
renewal process. Eleven imperfect maintenance models based on the quasi-renewal 
process are presented in this chapter.  

In practice, many systems are series systems or can be simplified into series 
systems. Chapter 5 will investigate reliability and maintenance cost of a series 
system with n components and correlated failure and repair, and discuss some 
related optimal maintenance polices. Some important properties of reliability and 
maintenance cost of series systems are presented. Imperfect repairs are modeled 
through increasing and decreasing quasi-renewal processes.  

Chapter 6 will discuss the opportunistic maintenance of a system with (n+1) 
subsystems and economic dependence among them, in which whenever a 
subsystem fails, its repair is combined with PM of the functioning one having 
increasing failure rate (IFR) if the former reaches some age. Imperfect repair is 
assumed and two different imperfect modeling methods are used in this chapter. 

In Chapter 7 we will look into a preparedness maintenance policy for a system 
with n+1 subsystems, economic dependency and imperfect maintenance. In this 
preparedness maintenance policy, the system is placed in storage and is called on 
to perform a given task only if a specific but unpredictable emergency occurs. 
Some maintenance actions resulting in optimal system “preparedness for field use” 
may be taken while the system is in storage.  

A k-out-of-n system is one of the most important systems in reliability 
engineering and can include series and parallel systems as special cases. Chapter 8 
will presents three new ( T, ) opportunistic maintenance models for a k-out-of-
n:G system with economic dependency and imperfect maintenance. In these 
models, minimal repairs are performed on failed components before fixed time 
– a decision variable, and CM of all failed components is combined with PM of all 
functioning ones after . At time T – another decision variable, PM is performed if 
the system has not been subject to perfect maintenance before T. Applications to 
aircraft engine maintenance are also discussed in Chapter 8. 

Chapter 9 will investigate multi-state degraded systems subject to multiple 
competing failure processes including two independent degradation processes and 
random shocks. We first discuss reliability model and then optimal condition-based 
inspection-maintenance for these systems. The system reliability model can be 
used not only to determine the reliability of the degraded systems but also to obtain 
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the states of the systems by calculating the system state probabilities. A quasi-
renewal process introduced in Chapter 4 is employed to establish the inter-
inspection sequence. The PM thresholds for degradation processes and inspection 
sequence are the decision variables. An optimization algorithm to minimize the 
average long-run maintenance cost rate is discussed.  

In current highly competitive markets, warranty policies become more and 
more complex. Chapter 10 will discuss warranty cost models of repairable complex 
systems from manufacturers' point of view by considering a comprehensive set of 
warranty cost impact factors, such as warranty policies, system structure, product 
failure mechanism, warranty service cost, impact of warranty service, value of 
time, warranty service time, and warranty claim related factors, under three types 
of existing warranty policies: free repair warranty (FRPW), free replacement 
warranty (FRW), and pro-rata warranty (PRW), and two new warranty policies: 
renewable full service warranty (RFSW) and repair-limit risk-free warranty 
(RLRFW). Imperfect or minimal repair is assumed. Monte Carlo simulation 
techniques and a new modeling tool: a truncated quasi-renewal process introduced 
in Chapter 4 will be used. The focus is on multi-component systems. 

Chapter 11 will model software reliability and testing costs using the quasi-
renewal process introduced in Chapter 4, and discusses optimal software testing 
and release policies. Several software reliability and cost models are presented in 
which successive error-free times form an increasing quasi-renewal process. It is 
assumed that the cost of fixing a fault during the software testing phase consists of 
deterministic and incremental random parts, and increases as the number of faults 
removed rises. The maximum likelihood estimates of parameters associated with 
these models are provided. Based on the valuable properties of quasi-renewal 
processes, the expected software testing and debugging cost, number of remaining 
faults in the software, and mean error-free time after testing are obtained. Optimum 
testing policies incorporating both reliability and cost measures are investigated.  

To obtain the optimal maintenance policy for a complex system, we may first 
need to determine system availability or MTBF. Generally there are four major 
difficulties in evaluating complex large-scale system reliability, availability, and 
MTBF and their confidence limits using classical statistics: the system reliability 
structure may be very complicated; subsystems may follow different failure 
distributions; subsystems may have arbitrary failure and repair distributions for 
maintained systems; failure data of subsystems are sometimes not sufficient, 
sample size of life test or field population tends to be small. Therefore, it is 
difficult and often impossible to obtain s-confidence limits of the reliability 
measurements by classical statistics. It has been proven that Monte Carlo technique 
combined with Bayes method is a powerful tool to deal with this kind of complex 
systems. In Chapter 12, some existing Monte Carlo reliability, availability and 
MTBF simulation algorithms will be analyzed. Variance reduction methods, 
random variate generation techniques, commercial Monte Carlo reliability 
softwares, etc., are addressed. The pros, cons, accuracy and computer execution 
time of Monte Carlo simulation in evaluating reliability, availability and MTBF of 
a complex network are discussed, and a general Monte Carlo reliability assessment 
method is presented. 



2

Imperfect Maintenance and Dependence 

Imperfect maintenance and dependence are major concerns of this book, as stated 
in Chapter 1. This chapter will present a detailed introduction to imperfect 
maintenance and dependence, and survey typical modeling methods, their 
characteristics and uses. Imperfect maintenance section of this chapter updates 
Pham and Wang (1996). Some modeling methods on imperfect maintenance and 
dependence will be used in the subsequent chapters in this book.

2.1 Imperfect Maintenance 

Perfect maintenance assumes that the system is “as good as new” following 
maintenance. However, this assumption may not be true in practice. A more 
realistic assumption is that, upon maintenance, the system lies in a state somewhere 
between ‘as good as new’ and its pre-maintenance condition, i.e., maintenance is 
imperfect, as mentioned in Chapter 1. Kay (1976), Ingle and Siewiorek (1977), 
Chaudhuri and Sahu (1977), and Chan and Downs (1978) are pioneers in imperfect 
maintenance study. Kay (1976) and Chan and Downs (1978) study the worst PM. 
Ingle and Siewiorek (1977) investigate imperfect maintenance. Chaudhuri and 
Sahu (1977) mention the concept of imperfect PM. An early work on imperfect 
repair can also be found in NAPS document No. 03476-A. In fact, NAPS 
document No. 03476-A plays a significant role in later imperfect maintenance 
research. Based on this work, other researchers have proposed some imperfect 
maintenance models.  

In the existing imperfect maintenance literature, various methods for modeling 
imperfect maintenance have been used and most of them are on single-unit 
systems. It is necessary to summarize and compare these modeling methods 
because it will be helpful for later study in this area, especially for a 
multicomponent system which is the main concern in this book. It should be 
pointed out that although the existing literature is mainly on a single-unit system 
and the modeling methods will be summarized from it, they will also be useful for 
modeling a multi-component system. This is because individual subsystems can be 
regarded as single-unit systems, and thus the methods of treating imperfect 
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maintenance for single-unit systems may also be effective for modeling imperfect 
maintenance of individual subsystems, based on which imperfect maintenance of a 
system will be investigated, possibly together with dependence (Pham and Wang 
1996).

Methods for modeling imperfect, worse and worst maintenance can be 
classified into seven categories. Pham and Wang (1996) summarize these methods 
from related papers and technical reports throughout the literature, and these seven 
methods and some important results for them are presented next. 

2.1.1 Modeling Methods for Imperfect Maintenance 

2.1.1.1 Modeling Method 1 - ),( qp  Rule 
Nakagawa (1979) models imperfect PM in this way: after PM a unit is returned to 
the ‘as good as new’ state (perfect PM) with probability p and returned to the ‘as 
bad as old’ state (minimal PM) with probability pq 1 . Clearly, if 1p  the 
PM coincides with perfect one and if 0p  it corresponds to minimal PM. So in 
this sense, minimal and perfect maintenances are special cases of imperfect 
maintenance and imperfect maintenance is a general maintenance. Using such a 
study method for imperfect maintenance and assuming that PM is imperfect, 
Nakagawa (1979, 1980) succeeds in obtaining optimum PM policies minimizing 
the s-expected maintenance cost rate for one-unit system under age-dependent and 
periodic PM policies, respectively.  

Similar to Nakagawa (1979a,b), Helvic (1980) states that, while the fault-
tolerant system is usually renewed after PM with probability 2 , its operating 
condition sometimes remains unchanged (as bad as old) with probability 1  where 

121 .
Brown and Proschan (1983) study the following model of the imperfect repair 

process. A unit is repaired each time it fails. The executed repair is either a perfect 
one with probability p  or a minimal one with probability p1 . Assuming that all 
repair actions take negligible time, they establish ageing preservation properties of 
this imperfect repair model and monotonicity of various parameters and random 
variables associated with the failure process. They obtain an important, useful 
result: if the life distribution of a unit is F and its failure rate is r, then the 
distribution function of the time between successive perfect repairs is 

p
p FF )1(1  and the corresponding failure rate prrp . Using this result, 

Fontenot and Proschan (1984), and Wang and Pham (1996b) obtain optimal 
imperfect maintenance policies for one-component system.  

Later on, we will refer to this method for modeling imperfect maintenance as 
the ),( qp  rule, that is, after maintenance (corrective or preventive) a system 
becomes “as good as new” with probability p  and “as bad as old” with probability 

p1 .  In fact, this modeling method is getting popular: more and more imperfect 
maintenance models have used this rule in recent years.     

Bhattacharjee (1987) obtains the same results as Brown and Proschan (1983), 
and some new results for Brown-Proschan model of imperfect repair via a shock 
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model representation of the sojourn time. 
Lim et al. (1998) extend the Brown and Proschan (1983) imperfect repair 

model, and propose a new Bayesian imperfect repair model where the probability 
of perfect repair, P, is considered to be a random variable. Assuming that P has a 
prior distribution II(p), they obtain the distribution of waiting times between two 
successive perfect repairs and its corresponding failure rate. Lim et al. (1998) 
discuss the posterior distribution of P and its estimators, and study some 
preservation properties for certain nonparametric classes of life distributions and 
the monotonicity properties for several parameters. Cha and Kim (2001) model 
Bayesian availability where P is not fixed but a random variable with a prior 
distribution.

Li and Shaked (2003) equip the Brown and Proschan (1983) imperfect repair 
model with PM, and obtain stochastic maintenance comparisons for the numbers of 
failures under different policies via a point-process approach. They also obtain 
some results involving stochastic monotonicity properties of these models with 
respect to the unplanned complete repair probability. 

2.1.1.2 Modeling Method 2  - )(),( tqtp  Rule 
Block et al. (1985) extend the above Brown-Proschan imperfect repair model with 
the qp,  rule to the age-dependent imperfect repair for one-unit system: an item 
is repaired at failure (corrective maintenance). With probability )(tp , the repair is 
a perfect repair; with probability )(1)( tptq , the repair is a minimal one, where 
t is the age of the item in use (the time since the last perfect repair). Block et al.
(1985) prove that if the item’s life distribution F  is a continuous function and its 
failure rate is r , the successive perfect repair times form a renewal process with 
interarrival time distribution 

t

p dxFxFxpF
0

1 )()(1)(exp1

and the corresponding failure rate )()()( trtptrp . In fact, similar results can be 
found in Beichelt and Fischer (1980), and NAPS Document No. 03476-A. Block et
al. (1985) prove that the ageing preservation results of Brown and Proschan (1983) 
hold under suitable hypotheses on )(tp . Later on, we will call this imperfect 
maintenance modeling method as the )(),( tqtp  rule. 

Using this )(),( tqtp  rule, Block et al. (1988) investigate a general age-
dependent PM policy, where an operating unit is replaced when it reaches age T ;  
if it fails at age Ty , it is either replaced by a new unit with probability )(tp , or 
it undergoes minimal repair with probability )(1)( tptq . The cost of the ith

minimal repair is a function, )( yci , of age y and number of repairs. After a perfect 
maintenance, planned or unplanned (preventive), the procedure is repeated. 

Both Brown and Proschan (1983) model and Block et al. (1985)  model assume 
that the repair time is negligible. It is worthwhile to mention that Iyer (1992) 
obtains availability results for imperfect repair using the )(),( tqtp  rule given that 
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the repair time is not negligible. His realistic treatment method will be helpful for 
later research. 

Sumita and Shanthikumar (1988) propose and study an age-dependent counting 
process generated from a renewal process and apply that counting process to the 
age-dependent imperfect repair for the one-unit system. 

Whitaker and Samaniego (1989) propose an estimator for the life distribution 
when the above model by Block et al. (1985) is observed until the time of the mth

perfect repair. This estimator was motivated by a nonparametric maximum 
likelihood approach, and was shown to be a ‘neighborhood MLE’. They derive 
large-sample results for this estimator. Hollander et al. (1992) take the more 
modern approach of using counting process and martingale theory to analyze these 
models. Their methods yield extensions of Whitaker and Samaniego’s results to the 
whole line and provide a useful framework for further work on the minimal repair 
model. 

The qp,  rule and )(),( tqtp  rule for imperfect maintenance seem practical 
and realistic. It makes imperfect maintenance be somewhere between perfect and 
minimal ones. The degree to which the operating conditions of an item is restored 
by maintenance can be measured by p  or )(tp . Especially, in the )(),( tqtp  rule, 
the degree to which the operating condition of an item is restored by maintenance 
is related to its age t. Thus, the )(),( tqtp  rule seems more realistic but 
mathematical modeling of imperfect maintenance by using it will be more 
complicated. The two rules can be expected to be powerful in future imperfect 
maintenance modeling. In fact, both rules have received much attention and have 
been used in some imperfect repair models, as shown in the subsequent chapters. 

Makis and Jardine (1992) consider a general treatment method for imperfect 
maintenance and model imperfect repair at failure in a way that repair returns a 
system to the “as good as new” state with probability ),( tnp  or to the “as bad as 
old” state with probability ),( tnq , or with probability ),(),(1),( tnqtnptns
the repair is unsuccessful, the system is scrapped and replaced by a new one, where 
t is the age of the system and n is the number of failures since replacement. We 
will refer to this treatment method as ),(),,(),,( tnstnqtnp  rule later. 

2.1.1.3 Modeling Method 3 - Improvement Factor Method 
Malik (1979) introduces the concept of improvement factor in the maintenance 
scheduling problem. He believes that maintenance changes the system time of the 
failure rate curve to some newer time but not all the way to zero (not new), as 
shown in Figure 2.1 This treatment method for imperfect maintenance also makes 
the failure rate after PM lie between ‘as good as new’ and ‘as bad as old’.  The 
degree of improvement in failure rate is called improvement factor.  Malik (1979) 
assumes that since systems need more frequent maintenance with increased age the 
successive PM intervals are decreasing in order to keep the system failure rate at or 
below a stated level (sequential PM policy), and proposes an algorithm to 
determine these successive PM intervals. Lie and Chun (1986) present a general 
expression to determine these PM intervals. Malik (1979) relies on an expert 
judgment to estimate the improvement factor, while Lie and Chun (1986) give a set  
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Minimal repair 

Figure 2.1. Minimal, perfect, imperfect repair vs. failure rate changes 

of curves as a function of maintenance cost and the age of the system for the 
improvement factor. 

Using the improvement factor and assuming finite planning horizon, Jayabalan 
and Chaudhuri (1992b) introduce a branching algorithm to minimize the average 
total cost for a maintenance scheduling model with assured reliability and they 
(1992c) discuss optimal maintenance policy for a system with increased mean 
down time and assured failure rate. It is worthwhile to note that using fuzzy set 
theory and improvement factor, Suresh and Chaudhuri (1994) establish a PM 
scheduling procedure to assure an acceptable reliability level or tolerable failure 
rate assuming finite planning horizon. They regard the starting condition, ending 
condition, operating condition, and type of maintenance of a system as fuzzy sets. 
Improvement factor is used to find out the starting condition of the system after 
maintenance.

Chan and Shaw (1993) think that failure rate is reduced after each PM and this 
reduction of failure rate depends on the item age and the number of PMs. Chan and 
Shaw propose two types of failure-rate reduction: (1) failure-rate with fixed 
reduction. After each PM, the failure rate is reduced such that all jump-downs of 
the failure rate are the same; (2) failure rate with proportional reduction. After PM, 
the failure rate is reduced such that each jump-down is proportional to the current 
failure rate. They obtain cycle-availability for single unit system and discuss the 
design scheme to maximize the probability of achieving a specified stochastic-
cycle availability with respect to the duration of the operating interval between 
PMs . 

In Doyen and Gaudoin (2004), the (conditional) failure intensity before the first 
repair is a continuous function of time. The repair effect is characterized by the 
change induced on the failure intensity before and after failure. Repair effect is 
expressed by a reduction of failure intensity. Several cases are studied, which take 
into account the possibility of a Markovian memory property.      

Operating Time 

Fa
ilu

re
 R

at
e 

Failure

Imperfect repair 
Perfect  
repair
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This kind of study method for imperfect maintenance is in terms of failure rate 
and seems useful and practical in engineering where it can be used as a general 
treatment method for imperfect maintenance or even worse maintenance. Later on 
we call this treatment method Improvement Factor Method. 

Besides, Canfield (1986) assumes that PM at time t restores the failure rate 
function to its shape at t , while the level remains unchanged where is less 
than or equal to the PM intervention interval. 

2.1.1.4 Modeling Method 4  - Virtual Age Method 
Kijima et al. (1988) develop an imperfect repair model by using the idea of the 
virtual age process of a repairable system. If the system has the virtual age 

yVn 1 immediately after the th)1(n  repair, the nth failure-time nX  is assumed 
to have the distribution function  

)(1
)()(|Pr 1 yF

yFyxFyVxX nn

where )(xF  is the distribution function of the time to failure of a new system. Let 
a be the degree of the nth repair where 10 a . They construct such a repair 
model: the nth repair cannot remove the damage incurred before the (n-1)th  repair. 
It reduces the additional age nX  to naX . Accordingly, the virtual age after the nth 

repair becomes: 

nnn aXVV 1

Obviously, 0a  corresponds to a perfect repair while 1a  to a minimal 
repair. Later Kijima (1989) extends the above model to the case that a is a random 
variable taking a value between 0 and 1 and proposes another imperfect repair 
model: 

)( 1 nnnn XVAV

where nA  is a random variable taking a value between 0 and 1 for ,...3,2,1n  For 
the extreme values 0 and 1, 1nA  means a minimal repair and 0nA  a perfect 
repair. Comparing this treatment method with Brown and Proschan’s, we can see 
that if nA  is independently and identically distributed (i.i.d.) taking the two 
extreme values 0 and 1 they are the same. Therefore, the second treatment method 
by Kijima (1989) is general. He derives various monotonicity properties associated 
with the above two models. 

In Doyen and Gaudoin (2004), repair effect is expressed by a reduction of the 
system virtual age. Several cases are studied, which take into account the 
possibility of a Markovian memory property. 

This treatment method will be referred to as the Virtual Age Method later on. 
It is worth mentioning that Uematsu and Nishida (1987) consider a more 

general model including the above two models by Kijima (1989) as special cases 
and obtain some elementary properties of the associated failure process. Let nT
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denote the time interval between the (n-1)th failure and the nth one, and nX denote 
the degree of repair. After performing the nth repair, the age of the system becomes 

),...;,...,( 11 nn xxttq  given that ii tT  and ii xX   ( ni ,...2,1 ) where ii XT and   
are random variables. On the other hand, ),...;,...,( 111 nn xxttq  represents the age of 
the system as just before the nth failure. The starting epoch of an interval is subject 
to the influence of all previous failure history, i.e., the nth interval is statistically 
dependent on 11 tT ,...., 11 nn tT , 11 xX ,..., 11 nn tT . For example, if 

ji
n

ji

n

jnn txxxttq
111 ),...;,...,( , then 0iX ( 1iX ) represents that perfect 

repair (minimal repair) performs at the ith failure. 

2.1.1.5 Modeling Method 5 - Shock Model 
It is well-known that the time to failure of a unit can be represented as a first 
passage time to a threshold for an appropriate stochastic process that describes the 
levels of damage. Consider a unit which is subject to shocks occurring randomly in 
time. At time 0t , the damage level of the unit is assumed to be 0. Upon 
occurrence of a shock, the unit suffers a non-negative random damage. Each 
damage, at the time of its occurrence, adds to the current damage level of the unit, 
and between shocks, the damage level stays constant. The unit fails when its 
accumulated damage first exceeds a specified level. To keep the unit in an 
acceptable operating condition, some PM is performed (Kijima and Nakagawa 
1991).

Kijima and Nakagawa (1991) propose a cumulative damage shock model with 
imperfect periodic PM. The PM is imperfect in the sense that each PM reduces the 
damage level by 10,)%1(100 bb , of total damage. Note that if 1b  the PM 
is minimal and if 0b  the PM coincides with a perfect PM. This research 
approach is similar to the one in treatment method 1. They derive a sufficient 
condition for the time to failure to have an IFR distribution and discuss the 
problem of finding the number of PMs that minimizes the expected maintenance 
cost rate.

Kijima and Nakagawa (1992) establish a cumulative damage shock model with 
a sequential PM policy assuming that PM is imperfect. They model imperfect PM 
in a way that the amount of damage after the kth PM becomes kkYb  when it was kY
before PM, i.e., the kth PM reduces the amount kY  of damage to kkYb  where kb  is 
called the improvement factor. They assume that a system is subject to shocks 
occurring according to a Poisson Process and, upon occurrence of shocks, it suffers 
a non-negative random damage which is additive. Each shock causes a system 
failure with probability )(zp  when the total damage is z at the shock. In this 
model, PM is done at fixed intervals xk  for Nk ,...,3,2,1  because more frequent 
maintenance is needed with age, and the Nth PM is perfect. If the system fails 
between PMs it undergoes only minimal repair. They derive the expected 
maintenance cost rate until replacement assuming that )(zp  is an exponential 
function and damage is independently and identically distributed and discuss the 
optimal replacement policies. 
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Finkelstein (1997) investigates the performance of a repairable system subject 
to shocks: each shock with a probability that depends on a virtual age of the 
effected system causes a breakdown that ends the process of system functioning. In 
Finkelstein (1997), various models of repair, ranging from minimal till perfect 
repair are studied. It is assumed that shocks occur according to the non-
homogeneous Poisson process or a renewal process with identically distributed 
cycles. The probability of a system functioning without breakdowns for the 
mentioned models is derived. 

This study approach for imperfect maintenance will be called Shock Model later 
in this book.  

2.1.1.6 Modeling Method 6  - Quasi-renewal Process 
Wang and Pham (1996b) treat imperfect repair in a way that, upon each repair, the 
lifetime of a system will be reduced to a fraction  of its immediately previous 
one where 10  and all lifetimes are independent, i.e., the lifetime decreases 
with the number of repairs. In Wang and Pham (1996b), the successive lifetimes 
are defined to constitute a decreasing quasi-renewal process, whose details are 
given in Chapter 4. Assuming that the pdf of the lifetime of a system which has 
been subject to )1(n repairs, nX , is )(xfn  for ,...3,2,1n , Wang and Pham 
(1996b) study this quasi-renewal process and prove that: 

a. If )(1 xf  belongs to IFR, DFR, IFRA, DFRA, and NBU (for definitions see 
Chapter 4 Appendix), then )(xf n is in the same category, ,...3,2,nn .

b. The shape parameter of nX  are the same for ,...3,2,1n for a quasi-
renewal process if 1X  follows the Gamma, Weibull  or  Lognormal distri-
bution. 

The second result means that after “renewal” the shape parameters of the 
interarrival time will not change. In reliability theory, the shape parameters of a 
lifetime of an item tend to relate to its failure mechanism. Usually, if a product 
possesses the same failure mechanism then its lifetimes will have the same shape 
parameters at different application conditions. Because most maintenance does not 
change the failure mechanism we can expect that the lifetime of a system will have 
the same shape parameters. Thus, in this sense, the quasi-renewal process will be 
plausible to model the imperfect maintenance process.  

Wang and Pham (1996c) further assume that repair time is non-negligible, not 
as in most imperfect maintenance models, and upon repair the next repair time 
becomes a multiple  of its current one where 1  and all repair times are 
independent, i.e., the time to repair increases with the number of repairs. In Wang 
and Pham (1996b), the successive repair times are defined to form an increasing 
quasi-renewal process. This method modeling imperfect maintenance will be 
referred to as the ( , ) rule or quasi-renewal process method. Yang and Lin 
(2005) apply the quasi-renewal process in age and block PM. 

In investigating the optimal replacement problem, Lam (1988) uses the fixed 
life reduction idea after repair, referred to as the geometric process. Lam (1988, 
1996) studies the geometric process by means of the ordinary renewal process. In 
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Chapter 4, the quasi-renewal process is introduced from defining the quasi-renewal 
function.

2.1.1.7 Modeling Method 7 – Multiple ( qp, ) Rule
Shaked and Shanthikumar (1986) introduce the multivariate imperfect repair 
concept. They consider a system whose components have dependent lifetimes and 
are subject to imperfect repairs respectively until they are replaced. For each 
component the repair is imperfect according to the (p, q) rule, i.e., at failure the 
repair is perfect with probability p and minimal with probability q. Assume that n
components of the system start to function at the same time 0, and no more than 
one component can fail at a time. They establish the joint distribution of the times 
to next failure of the functioning devices after a minimal repair or perfect repair, 
and derive the joint density of the resulting lifetimes of the components and other 
probabilistic quantities of interest, from which the distribution of the lifetime of the 
system can be obtained. Sheu and Griffith (1992) further extend this work. Later 
we will call this treatment method the multiple ( qp, ) rule.

2.1.1.8 Others 
Nakagawa (1979b) models imperfect PM in a way that, in the steady-state, PM 
reduces the failure rate of an item to a fraction of its value just before PM and 
during operation of the item the failure rate climbs back up. He believes that the 
portion by which the failure rate is reduced is a function of some resource 
consumed in PM and a parameter. That is, after PM the failure rate of the unit 
becomes )(),()( 1 Ttcgt  where the fraction reduction of failure rate 

),( 1cg  lies between 0 and 1, T is the time interval length between PMs, 1c  is the 
amount of resource consumed in PM, and  is a parameter. This treatment method 
is different from the improvement factor method in that, for improvement factor 
method, maintenance makes the system younger in terms of its age, i.e., its age 
becomes younger after maintenance. 

Nakagawa (1986, 1988) uses two other methods to deal with imperfect PM for 
two sequential PM policies: (1) The failure rate after PM k becomes )(thak  given 
that it was )(th  in the previous period where 1ka .  That is, the failure rate 
increases with the number of PMs;  (2) The age, after PM k, reduces to tbk  when it 
was t before PM where 10 kb . That is, PM reduces the age. Obviously, the 
second method is similar to the improvement factor method. Besides, in 
investigating periodic PM models, Nakagawa (1980) treats imperfect PM in that 
the age of the unit becomes x units of time younger by each PM and further 
suggests that x is in proportion to the PM cost where x is less than or equal to the 
PM interval. We will call it the x Rule later. 

Nguyen and Murthy (1981) model imperfect PM in a way that, after PM, the 
unit has a different (worse) failure time distribution than after CM. Yak (1984) 
assumes that maintenance may result in its failure (the worst maintenance) in 
modeling the MTTF and the availability of a system.         

Some typical work on imperfect maintenance are summarized in Table 2.1 by 
modeling methods. From this table we can see that the ),( qp  rule and ))(),(( tqtp
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rule are popular in treating imperfect maintenance. This is partly because these two 
rules make imperfect maintenance modeling mathematically tractable, as demon-
strated in Chapters 6 – 8.      

Table 2.1. Summary of treatment methods for imperfect maintenance 

Modeling method References

),( qp  Rule 

Chan and Downs (78), Helvic (80), Nakagawa (79, 80, 87), Brown and 
Proschan (82, 83), Fontenot and Proschan (84), Lie and Chun (86), Yun and 
Bai (87), Bhattacharjee (87), Rangan and Grace (89), Sheu and Liou (92), 
Srivastava and Wu (93), Wang and Pham (96a,b,c, 97b), Lim et al. (98), 
Pham and Wang (00), Cha and Kim (01), Kvam et al. (02), Li and Shaked 
(03)

))(),(( tqtp
 Rule 

Beichelt (80, 81), Block et al. (85, 88), Abdel-Hameed (87a), Whitaker and 
Samaniego (89), Sheu (91a, 92, 93), Makis and Jardine (91), Iyer (92), 
Hollander et al. (92), Sheu and Kuo (94), Sheu et al. (95), Wang et al. (01), 
Wang and Pham (99, 03) 

Improvement factor 
Malik (79), Canfield (86), Lie and Chun (86), Jayabalan and Chaudhuri 
(92a, b,c, 95), Chan and Shaw (93), Suresh and Chaudhuri (94), Doyen and 
Gaudoin (04) 

Virtual age Uematsu and Nishida (87), Kijima (88, 89), Makis and Jardine (93), Liu et
al. (95), Gasmi et al. (03), Doyen and Gaudoin (04) 

Shock model Bhattacharjee (87), Kijima and Nakagawa (91,92), Sheu and Liou (92c), 
Finkelstein (97) 

( , ) Rule or 
quasi-renewal
process

Lam (88, 96), Wang and Pham (96a,b,c, 97b, 99, 06), Pham and Wang (00, 
01), Yang and Lin (05), Wu and Clements-Croome (05), Bai and Pham 
(06a)

Multiple ),( qp
rule

Shaked and Shanthikumar (86), Sheu and Griffith (92) 

Others

Nakagawa (79b, 80, 86, 88), Subramanian and Natarajan (80), Nguyen and 
Murthy (81), Yak (84), Yun and Bai (88), Dias (90), Subramanian and 
Natarajan (90), Zheng and Fard (91), Jack (91), Chun (92), Dagpunar and 
Jack (94) 

The following further work on imperfect maintenance is necessary: 
Study optimal maintenance policy for multicomponent systems because 
previous work on imperfect maintenance was focused on one-unit 
systems. 
Construct statistical estimation methods for parameters of various 
imperfect maintenance models. 
Develop more and better methods for treating imperfect maintenance. 
Study more realistic imperfect maintenance models, for example, 
including non-negligible repair time, finite horizon. 
Use the reliability measures as the optimality criteria for maintenance 
policies instead of cost rates, or combine both, as stated in Section 1.5.1. 
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2.1.2 Typical Imperfect Maintenance Models by Maintenance Policies 

2.1.2.1 Age-dependent PM Policy 
In the age-dependent PM model, a unit is preventively maintained at predetermined 
age T, or repaired at failure, whichever comes first. For this policy there are 
various imperfect maintenance models according to the conditions that either or 
both of PM and CM is imperfect. The research under the age-dependent PM policy 
and its extensions is summarized in Table 2.2.  

Table 2.2. Imperfect maintenance study under age-dependent PM policy

Study PM CM Treatment 
method 

Optimality 
criteria Modeling tool Planning

horizon

Chan and 
Downs (1978) Imperfect Perfect ),( qp  rule Availability

cost rate Semi-Markov Infinite 

Nakagawa
(1979a) Imperfect Perfect  ),( qp  rule Cost rate Renewal

theory Infinite

Beichelt
(1980) Perfect Imperfect 

))(),(( tqtp
rule

Cost rate Renewal
theory Infinite

Fontenot and 
Proschan
(1984) 

Perfect Imperfect ),( qp  rule Cost rate Renewal
theory Infinite

Block et al.
(1988) Perfect Imperfect 

))(),(( tqtp
rule

Cost rate 
total cost 

Renewal
theory

Infinite
finite

Rangan and 
Grace (1989) Perfect Imperfect ),( qp  rule Total cost Renewal

theory Finite

Sheu (1991a) Perfect Imperfect 
))(),(( tqtp

rule
Cost rate 

(random cost)
Renewal
theory

Infinite
finite

Sheu and Kuo 
(1993) Perfect Imperfect 

))(),(( tqtp
rule

Cost rate 
(random cost)

Renewal
theory Infinite

Sheu et al.
(1995) Perfect Imperfect 

))(),(( tqtp
rule

Cost rate 
(random cost)

Renewal
theory Infinite

Wang and 
Pham (1996a) Imperfect Imperfect 

),( qp  rule 
( , ) rule 

Cost rate 
Availability

Renewal
theory Infinite

One of the pioneer imperfect maintenance models for the age-dependent PM 
policy is due to Nakagawa (1979a) and NAPS Document No. 03476-A. Nakagawa 
(1979a) investigates three age-dependent PM models with imperfect PM and 
perfect or minimal repair at failure using the (p, q) rule. He derives the expected 
maintenance cost rate and discusses the optimal maintenance policies in terms of 
PM time interval T.

Using the )(),( tqtp  rule, Block et al. (1988) discuss an age-dependent PM 
policy where CM is imperfect and the cost of the ith minimal repair is a function, 

)( yci , of age and number of repairs. Sheu et al. (1993) generalized the age-
dependent PM policy where if a system fails at age ty , it is subject to perfect 
repair with )( yp , or undergoes minimal repair with probability )(1)( ypyq .
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Otherwise, a system is replaced when the first failure after t occurs or the total 
operating time reaches age T ( Tt0 ), whichever occurs first. They discussed 
the optimal policy ( ** ,Tt ) to minimize the expected cost rate. This is a realistic 
PM model. Sheu et al. (1995) further extend this model. They assume that a system 
has two types of failures when it fails at age z and is replaced at the nth type 1 
failure or first type 2 failure or at age T, whichever occurs first. Type 1 failure 
occurs with probability )(zp  and is corrected by minimal repair. Type 2 failure 
occurs with probability )(1)( zpzq  and is corrected by perfect repair 
(replacement). Using the ))(),(( tqtp  rule and random minimal repair costs, they 
derive the expected cost rate and a numerical example is presented. 

Table 2.3. Imperfect maintenance study under periodic PM policy

Study PM CM Treatment 
method 

Optimality 
criterion

Modeling
tool

Planning
horizon

Nakagawa
(1979) Imperfect Minimal ),( qp  rule Cost rate Renewal

theory Infinite

Nakagawa
(1980) Imperfect Perfect 

minimal 
),( qp  rule 

x rule 
Cost rate Renewal

theory Infinite

Beichelt
(1981a, b) Perfect Imperfect )(),( tqtp Cost rate Renewal

theory Infinite

Fontenot and 
Proschan
(1984) 

Perfect Imperfect ),( qp  rule Cost rate Renewal
theory Infinite

Nakagawa
(1986) Imperfect Minimal Different 

failure rates Cost rate Renewal
theory Infinite

Abdel-
Hameed 
(1987a)

Perfect Imperfect )(),( tqtp Cost rate Stochastic
process Infinite

Nakagawa
and Yasui 
(1987) 

Imperfect Perfect ),( qp  rule Availability Renewal
theory Infinite

Kijima et al.
(1988) Perfect Imperfect Virtual age Cost rate Renewal

theory Infinite

Kijima and 
Nakagawa
(1991) 

Imperfect Perfect Shock model Cost rate Renewal
theory Infinite

Jack (1991) Perfect Imperfect Others Total cost Renewal
theory Finite

Chun (1992) Imperfect Minimal x rule Total cost Probability Finite 

Sheu (1992) Perfect Imperfect )(),( tqtp Cost rate Renewal
theory Infinite

Liu et al.
(1995) Imperfect Minimal Virtual age Cost rate Renewal

theory Infinite

Wang and 
Pham (1996c) Imperfect Imperfect 

),( qp  rule 
( , ) rule 

Cost rate 
Availability

Quasi-
renewal
theory

Infinite

Wang and 
Pham (1999) Imperfect Imperfect )(),( tqtp Cost rate 

Availability
Renewal
theory Infinite
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2.1.2.2 Periodic PM Policy 
In the periodic PM policy, a unit is preventively maintained at fixed time intervals 
and repaired at intervening failures. Liu et al. (1995) investigate an extended 
periodical PM model using the notation of the virtual age. They assume that a unit 
receives (imperfect) PM every T time unit, intervening failures are subject to 
minimal repairs and the unit is replaced every fixed number of PMs. Nakagawa 
(1986) studies a similar model but he assumes that PM is imperfect in the sense 
that after PM the failure rate will be changed. The research under the periodic PM 
policy and its extensions are summarized in Table 2.3. 

Table 2.4. Imperfect maintenance study under failure limit policy

Study PM CM Measure
improved 

Optimality 
criterion

Modeling
tool

Planning
horizon

Malik (1979) Imperfect None Reliability Reliability Probability Infinite 
Canfield
(1986) Imperfect None Failure rate Cost rate Renewal

theory Infinite

Lie and Chun 
(1986) Imperfect Imperfect Failure rate Cost rate Renewal

theory Infinite

Jayabalan 
(1992a) Imperfect Minimal Failure rate Total cost Probability Finite 

Jayabalan and 
Chaudhuri 
(1992c)

Imperfect Minimal Age
Others Cost rate Probability Infinite 

Jayabalan and  
Chaudhuri 
(1992d) 

Imperfect None Age Total cost Probability Finite 

Chan and 
Shaw (1993) Imperfect Perfect Failure rate Availability Probability Infinite 

Suresh and 
Chaudhuri 
(94) 

Imperfect  Reliability and 
failure rate Total cost Probability Finite 

Jayabalan and  
Chaudhuri 
(1995) 

Imperfect Minimal Age Total cost Renewal
theory Finite

Monga et al.
(1996) Imperfect Minimal 

Reduction
(age and failure 

rate)
Cost rate Renewal

theory Infinite

2.1.2.3 Failure Limit Policy 
This policy assumes that PM is performed only when the failure rate or reliability 
of a unit reaches a predetermined level. Malik (1979) derives the PM schedule 
points so that a unit works at or above the minimum acceptable level of reliability.  
Lie and Chun (1986) formulate a maintenance cost model where PM is performed 
whenever the unit reaches the predetermined maximum failure rate. Jayabalan and 
Chaudhuri (1992a) obtain the optimal maintenance policy for a specific period of 
time given that downtime for installation and for PM are negligible. In other work, 
Jayabalan and Chaudhuri (1992b) consider downtime for replacement as a nonzero 
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constant. As a unit ages, the successive downtime for PM interventions is expected 
to consume more time. To incorporate this point, Jayabalan and Chaudhuri (1992b) 
assume that PM time follows exponential distribution and is increasing with age. 
Jayabalan and Chaudhuri (1995) present an algorithm to obtain optimal 
maintenance policies which require less computational time. The research under 
the failure limit policy and its extensions is summarized in Table 2.4. 

2.1.2.4 Sequential PM Policy 
When a system is maintained at unequal intervals, the PM policy is known as 
Sequential PM policy. Nakagawa (1986,1988) discusses a sequential PM policy 
where PM is done at fixed intervals kx  where 1kk xx  for ...3,2k This policy 
is practical because most units need more frequent maintenance with increased age.  
This PM policy is different from the failure limit policy in that it controls xk
lengths directly but the failure limit policy controls failure rate, age, reliability, 
etc., directly. In Wu and Clements-Croome (2005), the PM is sequentially executed 
with n  time units after the (n 1)th PM, where ,...2,1n  Between two adjacent 
PMs, a CM is carried out immediately on failure. Both PM and CM are imperfect. 

n  is dependent on n and determined through minimizing the maintenance cost 
rate. The research under the sequential PM policy and its extensions is summarized 
in Table 2.5. 

Table 2.5. Sequential PM policy 

Study PM CM Treatment Optimality 
criterion

Modeling
tool

Planning
horizon

Nakagawa (1986) Imperfect Minimal Different failure 
rates Cost rate Renewal

theory Infinite

Nakagawa (1987) Imperfect Minimal 
Reduction

(age and failure 
rate)

Cost rate Renewal
theory

Infinite

Kijima and 
Nakagawa (1992) Imperfect Minimal Shock model Cost rate Renewal

theory
Infinite

Monga et al.
(1996) Imperfect Minimal 

Reduction
(age and failure 

rate)
Cost rate Renewal

theory
Infinite

Wu and 
Clements-Croome 
(2005) 

Imperfect Imperfect ( , ) rule Cost rate Renewal
theory

Infinite

2.1.2.5 Repair Limit Policy 
When a unit fails, the repair cost is estimated and repair is undertaken if the 
estimated cost is less than a predetermined limit; otherwise, the unit is replaced.  
This is called the Repair Cost Limit Policy in the literature. Yun and Bai (1987) 
study the optimal repair cost limit policies under an imperfect maintenance 
assumption. 

The Repair Time Limit Policy is proposed by Nakagawa and Osaki (see 
Nguyen and Murthy 1981) in which a unit is repaired at failure: if the repair is not 
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completed within a specified time T, it is replaced by a new one; otherwise the 
repaired unit is put into operation again where T is called the repair limit time.
Nguyen and Murthy (1981) study the repair time limit replacement policies with 
imperfect repair in which there are two types of repair  local and central repair. 
The local repair is imperfect while the central repair is perfect. The optimal 
policies are derived to minimize the expected cost rate for an infinite time span. 
The research under the repair limit policy and its extensions is summarized in 
Table 2.6. 

Table 2.6. Imperfect maintenance study under repair limit policy

Study CM before 
cost limit 

CM after 
cost limit 

Treatment 
method 

Optimality 
criterion

Modeling
tool

Planning
horizon

Beichelt
(1978, 
1981b) 

Minimal Perfect ( ( ), ( ))p t q t Cost rate Renewal
theory Infinite

Nguyen and 
Murthy 
(1981) 

Imperfect Perfect Others Cost rate 
Renewal

theory
Infinite

Yun and 
Bai (1987) Imperfect Perfect ),( qp  rule Cost rate 

Renewal

theory
Infinite

Yun and 
Bai  (1988) Minimal Perfect Others Cost rate 

Renewal

theory
Infinite

Wang and
Pham 
(1996c) 

Imperfect Imperfect 
),( qp  rule/ 

( , ) rule 
Cost rate 

Availability

Quasi-
renewal
theory

Infinite

2.1.2.6 Multicomponent Systems 
Imperfect maintenance models for multi-unit systems are summarized in Table 2.7.  
For series system Zhao (1994) establishes a series system availability model in 
which either minimal repair or perfect repair of all components can be modeled 
based on Barlow and Proschan’s work (1975). He assumes that the repaired 
component might not be as good as new and its lifetime may follow any 
distribution which can be different from that of old one after repair and obtain 
mean limiting availability and mean system down and up time. In this model of 
series system, repair time is not negligible and thus it is practical.  This treatment 
method for imperfect repair is similar to the one by Subramanian and Natarajan 
(1980).  Besides, Sheu et al. have done some work on this problem. The related 
research is summarized in Table 2.7. 

2.1.2.7 Others 
Jack (1991) investigates a maintenance policy involving imperfect repairs on 
failure with replacement upon the Nth failure. Dagpunar and Jack (1994) determine 
the optimal number of imperfect PM during a finite horizon given that the minimal 
repairs are made at any failures between PMs and the ith PM makes the age of a 
unit ix units of time younger (x rule). Chun (1992) studies determination of the 
optimal number of periodic PMs under a finite planning horizon using the x rule.
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Makis and Jardine (1992) contemplate a replacement policy without PMs in 
which a unit can be replaced at any time at a cost 0c , and at the nth failure the unit 
is either replaced at the cost 0c  or undergoes an imperfect repair at a cost ),( tnc
where t is the age of the unit. They use the ),(),,(),,( tnstnqtnp  rule to model 
imperfect repair. Makis and Jardine (1991, 1993) discuss the optimal replacement 
policy with imperfect repair at failure: a unit is replaced each time at the first 
failure after some fixed time using the ( )(),(),( tstqtp ) rule and the virtual age 
method, respectively. 

Table 2.7. Multicomponent systems subject to imperfect maintenance 

Study PM CM Treatment Optimality 
criterion

Modeling
tool

Horizon / 
architecture / 

policy

Shaked and 
Shanthikumar 
(1986) 

None Imperfect 
Multiple

),( qp  rule None Renewal 
Infinite / 

Arbitrary/

Subramanian 
and Natarajan 
(1990) 

None Imperfect Other Reliability
Availability

Stochastic
process

Infinite / 
Two-unit
standby/

Zheng and 
Fard (1991) Perfect Imperfect Other Cost rate Probability 

Infinite / 
Arbitrary / 

Failure limit 
Sheu and 
Griffith
(1991b) 

None Imperfect Multiple
( ( ), ( ))p t q t None Renewal

theory

Infinite / 
Arbitrary / 

Age-dependent

Sheu and Liou 
(1992c) Perfect Imperfect 

))(),...,(( 1 tptp n Cost rate NHPP 
Infinite / 

k-out-of-n /
Age-dependent

Zhao (1994) None Imperfect Other Availability Probability Infinite/
Series

Sheu and Kuo 
(1994) Perfect Imperfect ( ( ), ( ))p t q t

Cost rate 
(random 

cost)

Renewal
theory

Infinite / 
k-out-of-n / 

Age-dependent

Wang and 
Pham (2006) None Imperfect ( , ) Availability

Quasi-
renewal
theory

Infinite / 
Series / 

Wang (1997) Perfect Imperfect ( ( ), ( ))p t q t Availability
Cost rate 

Renewal
theory

Infinite / 
Arbitrary / 

Age-dependent

Pham and 
Wang (2000) 

Im-
perfect Imperfect ),( qp  rule Availability

cost rate 
Renewal
theory

Infinite / 
k-out-of-n / 

Periodic

Wang et al.
2001) 

Im-
perfect Perfect ( ( ), ( ))p t q t Availability

Cost rate 
Renewal
theory

Infinite / 
Arbitrary / 

Age-dependent

Block et al. (1992) introduce a generalized age replacement policy – repair 
replacement policy where units are preventively maintained when a certain time 
has elapsed since their last repair. If the last repair was a perfect repair, this policy 
is essentially the same as an age replacement policy.  
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Srivastava and Wu (1993) present an imperfect-inspection model in which 
failures can only be detected with probability p , and they discuss the estimation of 
parameter p. Sheppard (1983) and Nicolescu (1985) study imperfect testing which 
may result in reduction of availability of a unit. Ebrahimi (1985) derives the mean 
time to keep a failure-free operation with imperfect repair which either restore a 
unit to “as good as new” or to “as bad as old”. Guo and Love (1992), and Love and 
Guo (1993) contemplate the statistical analysis for imperfect repair models. 

Fontenot and Proschan (1984) explore four imperfect maintenance models 
using the ( qp, ) rule under various maintenance policies. Helvic (1980) invest-
tigates maintenance of the fault-tolerant system using the ),( qp  rule. Besides, 
Abdel-Hameed (1987b, 1995), Makis and Jardine (1992), Murthy(1991), Nguyen 
and Murthy (1981), Natvig (1990), and Zheng and Fard (1991) also discuss the 
imperfect repair problem. 

2.2 Dependence  

There are three kinds of dependencies: Economic Dependence, Correlated Failures 
and Repairs, and Failure Dependence, as stated in Chapter 1. McCall (1963), and 
Radner and Jorgenson (1963) address the economic dependence in a system with n
components. Ozekici (1988) studies the effects of failure and economic 
dependencies on periodic replacement policies and provide useful characterizations 
of the optimal replacement policy.

Goel et al. (1992, 1993, 1996) investigate the correlated failure and repair for 
some repairable systems: a two-unit standby system, two unit priority redundant 
system, warm standby system, two-unit cold standby system, two server two unit 
cold standby system, etc. He uses a bivariate exponential distribution to model the 
joint distribution of failure and repair times of components. Gupta (1999) discusses 
profit analysis of a two non-identical unit cold standby system with correlated 
failure and repair and switchover. 

Harris (1968) utilizes a bivariate exponential to describe correlated failures of 
two components and derives the mean time to system failure by using the 
supplementary variable technique for an arbitrary repair time distribution. Osaki 
(1970) extends this analysis to obtain the availability of the system by using a 
variant of a semi-Markov process with some non-regeneration points. Pijinenburg 
(1993) obtains reliability, mean time to system failure, pointwise and steady-state 
availability and joint availability and interval reliability using the imbedded 
renewal process. Shaked and Shanthikumar (1986), and Sheu and Griffith (1992) 
model failure dependence in a system with n components using the joint 
distribution of the lifetimes of n components. 

Albin et al. (1992) investigates the PM policies for the series system with 
failure dependence and economic dependence using Markov chain and presents a 
brief summary of previous work on failure dependence. Nakagawa and Murthy 
(1993) consider a two-unit system with two kinds of failure dependence: when unit 
1 fails, (1) unit 2 fails with probability j  where j represents the jth failure of unit 1 
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and (2) unit 1 causes damage with distribution )(zG  to unit 2, and the damage is 
cumulative and unit 2 fails once the total damage exceeds some specified level. 
Nakagawa and Murthy (1993) derive expected maintenance cost rates of the two 
models assuming that the system is replaced at failure of unit 2 or at the nth failure 
of unit 1 and discuss the optimum maintenance policies. Murthy and Wilson 
(1994) consider the parameter estimation problem for failure dependence models. 

Pham (1992) studies a high voltage system reliability with dependent failures 
and treats the failure dependence in the way that the failure of one component 
causes the failure rate of the other working component to increase. 



3

Maintenance Policies and Analysis 

In the past several decades, maintenance and replacement problems of 
deteriorating systems have been extensively studied in the literature. Hundreds of 
maintenance and replacement models have been created. However, all these 
models can fall into certain categories of maintenance policies: age replacement 
policy, random age replacement policy, block replacement policy, periodic PM 
policy, failure limit policy, sequential PM policy, repair cost limit policy, repair 
time limit policy, repair number counting policy, reference time policy, mixed age 
policy, preparedness maintenance policy, group maintenance policy, opportunistic 
maintenance policy, etc. Each kind of policy has different characteristics, 
advantages, disadvantages, and relationship with others. This chapter summarizes, 
classifies, and compares various existing maintenance policies in the maintenance 
literature and practice for both single unit and multi-unit systems, following Wang 
(2002). Relationships among different maintenance policies are also addressed. 

3.1 Introduction 

Systems used in the production of goods and delivery of services constitute the 
vast majority of most industry’s capital. These systems are subject to deterioration 
with usage and age (Valdez-Flores and Feldman 1989). Most of them are 
maintained or repairable systems. Therefore, maintenance on them may be 
necessary since it can improve reliability. The growing importance of maintenance 
has generated an increasing interest in the development and implementation of 
optimal maintenance strategies for improving system reliability, preventing the 
occurrence of system failures, and reducing maintenance costs of deteriorating 
systems.   

As mentioned earlier in this chapter, maintenance, inspection, and replacement 
problems have been extensively investigated in the past several decades. In this 
chapter, a classification scheme of maintenance models that is amenable to current 
theoretical development is presented. This classification is intended to serve as 
guidance to both practitioners and researchers. The idea is to classify maintenance 
models such that a decision maker can recognize those that best fit his maintenance 
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problem. Although thousands of maintenance models have been published, there 
are a limited number of maintenance policies which all maintenance models can be 
based on. For example, hundreds of maintenance models fall into the age 
replacement policy, and many fall into the failure limit policy. Therefore, this 
chapter examines existing maintenance models in terms of maintenance policies 
that they belong to. It is organized into two sections reflecting the classification 
scheme: maintenance policies of single unit systems and multi-unit systems. Since 
maintenance polices for single-unit systems are more established, and are the basis 
for maintenance policies of multi-unit systems, this chapter discusses single-unit 
systems in larger space. Note that maintenance policies can also be classified into 
time-based and system condition-based. For example, periodic PM policy is time-
based, and failure limit maintenance policy is condition-based. 

3.2 Maintenance Policies for One-unit Systems 

As mentioned earlier, although thousands of maintenance models have been 
developed they can be classified into certain kinds of maintenance policies. This 
section summarizes, classifies, and compares maintenance policies of one-unit 
systems. The characteristics, advantages, and drawbacks for each kind of policy 
will be addressed. Maintenance models with different maintenance cost structures 
and/or different maintenance restoration degrees (minimal, imperfect, perfect) 
under the same maintenance policy will be classified into the same policy. The first 
five subsections of this section discuss maintenance policies with PMs and another 
subsection contemplates those without PMs. The last subsection provides a 
summary of them.  
     The basic assumption for single-unit systems under all PM polices is that the 
system lifetime has increasing failure rate (IFR).

3.2.1 Age-dependent PM Policy 

The most common and popular maintenance policy might be the age-dependent 
PM policy. Studies on this type of policy went back to as early as Morse (1958). In 
some early work, the age replacement policy was extensively studied. Under this 
policy, a unit is always replaced at its age T or failure, whichever occurs first, 
where T is a constant (Barlow and Hunter 1960). Later, as concepts of minimal 
repair and especially imperfect maintenance (Pham and Wang 1996) became more 
and more established, various extensions and modifications of the age replacement 
policy have been proposed. This class of policies, i.e., the age replacement policy 
and its extensions, is referred to as the age-dependent PM policy in this chapter 
since their PM times are based on the age of the unit. Under this type of policy, a 
unit is preventively maintained at some predetermined age T, or repaired at failure, 
until a perfect maintenance, preventive or corrective, is received. Note that PM at T
and CM at failure might be either minimal, imperfect, or perfect. Thus, for this 
class of policies various maintenance models can be constructed according to 
different types of PMs (minimal, imperfect, perfect), CMs (minimal, imperfect, 
perfect), cost structures, etc. For example, PM at T might be a replacement or 
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imperfect, CM at failure might be minimal or imperfect, maintenance cost may be 
a constant or a function of unit age or number of repairs, etc. Details can be found 
in Pham and Wang (1996) and Valdez-Flores and Feldman (1989), and Chapter 2 
of this book. If T is a random variable, the policy is referred to as the random age-
dependent maintenance policy that is in force when it is impractical to maintain a 
unit in a strictly periodic fashion. For example, a given unit may have a variable 
work cycle so that maintenance in midcycle is impossible or impractical. In this 
eventuality, the maintenance policy would have to be a random one, taking 
advantage of any free time available to perform maintenance. In the age 
replacement policy, items are replaced if they reach a certain age. This age is 
measured from the time of the last replacement. If only minimal repair is 
undertaken upon failure, the age replacement policy amounts to the “Periodic 
replacement with minimal repair at failure” policy (see Section 3.2.2). 

Some researchers have produced many interesting and significant results for 
variations of the age replacement model. Tahara and Nishida (1975) introduce the 
maintenance policy “Replace the unit when the first failure after 0t  hours of 
operation or when the total operating time reaches T ( )0 0 Tt , whichever 
occurs first; failures in ],0[ 0t  are removed by minimal repair.” Note that if 00t ,
it becomes the age replacement policy, and if Tt0  it reduces to the “Periodic 
replacement with minimal repair at failure” policy.  Observe that 0t  is a reference 
time, and maintenance actions are not performed exactly at that moment 0t  (unlike 
PM time).   

Nakagawa (1984) extends the age replacement policy to replacing a unit at time 
T or at number N of failures, whichever occurs first, and undergoes minimal repair 
at failure between replacements. The decision variables for this policy are T and N.
Note that this policy combines the fixed age and the repair number counting ideas. 
Clearly, if 1N , this policy reduces to the age replacement policy. Herein this 
policy is called T-N policy. A more general policy is that a subsystem is subject to 
imperfect PM at T, or CM at the Nth failure ( ,...3,2,1N ), whichever occurs first, 
and undergoes imperfect repair at failure between replacements. 

Two other expansions of the age replacement policy are provided by Sheu et al.
(1993, 1995). Sheu et al. (1993) examine a generalized age replacement policy by 
using the idea similar to Tahara and Nishida (1975). In this policy if a unit fails at 
age ty , it is subject to a perfect repair with )( yp , or undergoes a minimal 
repair with probability )(1)( ypyq . Otherwise, the unit is replaced when the 
first failure after t occurs or the total operating time reaches age T ( Tt0 ), 
whichever occurs first. The policy decision variables are t and T. Obviously, if 

0t  then this policy becomes the age replacement policy. If Tt  and 1)( yq ,
it becomes the “Periodic replacement with minimal repair at failure” policy (see 
Section 3.2.2). Therefore, this policy is also general since it includes both age 
replacement policy and “Periodic replacement with minimal repair at failure”, 
which are in two different categories of this chapter. Sheu et al. (1995) make 
another extension to the age replacement policy. They assume that a unit has two 
types of failures at age z, and is replaced at either the nth Type 1 failure or first 
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Type 2 failure, or at age T, whichever occurs first. Type 1 failure occurs with 
probability )(zp  and is corrected by minimal repair. Type 2 failure occurs with 
probability )(1)( zpzq  and is corrected by perfect repair. Clearly, if 0)(zp
this policy becomes the age replacement policy. If 1)(zp  and n , it becomes 
the “Periodic replacement with minimal repair at failure” policy (see Section 
3.2.2). The policy decision variables are n and T. Again, this policy is quite general 
since it includes both the age replacement policy and the “Periodic replacement 
with minimal repair at failure” policy. 

Block et al. (1993) introduce another generalized age replacement policy, 
repair replacement policy, where units are preventively maintained when a certain 
time has elapsed since their last repair. That is, items are repaired if they fail and 
are replaced only if they survive beyond a certain fixed time from the last repair or 
replacement. Units are either minimally or perfectly repaired at failure or they are 
replaced if they survive a certain fixed time from the last repair without suffering a 
CM. If at failure only perfect repair is allowed, then the repair replacement policy 
reduces to the age replacement policy. Consequently, the concept of a repair 
replacement policy is a more general type of replacement policy than the age 
replacement policy. This policy seems convenient, since, at repair, a schedule to 
maintain the item is in place and so the bookkeeping to start the maintenance 
policy can also be undertaken at this time. Furthermore, it seems reasonable, 
especially for an item which is aging and has undergone minimal repairs, to have 
some replacement policy rather than to do nothing.  

Wang and Pham (1999) make another extension of age replacement policy, 
called “Mixed age PM policy”. In this policy, after the nth imperfect repair, there 
are two types of failures. A Type 1 failure might be total breakdowns, while a Type 
2 failure can be interpreted as a slight and easily fixed problem. When a failure 
occurs, it is a Type 1 failure with probability )(tp  and a Type 2 failure with 
probability )(1)( tptq . Type 1 failures are subject to perfect repairs and Type 
2 failures are subject to minimal repairs. Therefore, each repair is a perfect repair 
with probability )(tp  and a minimal one with probability )(1)( tptq . After the 
first n imperfect repairs, the unit will be subject to a perfect maintenance at age T
or at the first Type 1 failure, whichever occurs first. This process continues along 
an infinite time horizon. The policy decision variables are T and n. Obviously, if 

0)(tp  and 0n , it becomes the “Periodic replacement with minimal repair at 
failures” policy. If 1)(tp  and 0n , it becomes the age replacement policy. 
Chapter 4 will further discuss this policy by investigating the maintenance cost 
rate, availability and optimal maintenance policy. 

The age-dependent PM policy has probably received most of the attention in 
the literature. In the age-dependent PM policy, the failure rate is increasing with 
age. Various age-dependent PM policies, summarized from numerous existing 
maintenance models, are listed in Table 3.1. Table 3.1 shows that age replacement 
policy is the basic one and most extended policies are general and can include the 
age replacement policy and/or the “Periodic replacement with minimal repair at 
failure” policy as special cases. Note also that most of them are proposed based on   
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Table 3.1. Summary of age-dependent PM policies 

Maintenance 
policy Typical reference PM time points Decision

variables Special cases 

Age
replacement 

Barlow and 
Hunter (1960) Fixed age T T

Repair 
Replacement Block et al. (1993) Time since last 

maintenance Fixed time Age replacement 

T-N Nakagawa (1984) Fixed age T or 
time T, N Age replacement 

Periodic PM 

(T, t) Sheu et al. (1993) Fixed Age T or 
time T, t Age replacement 

Periodic PM 

),( 0 Tt Tahara and 
Nishida (1975) Fixed age T Tt ,0

Age replacement 
Periodic PM 

Mixed age Wang and Pham 
(1999)

Fixed age T or 
time k, T Age replacement 

Periodic PM 

(T, n) Sheu et al. (1995) Fixed Age T T, n Age replacement 
Periodic PM 

imperfect maintenance concepts. Most extended policies have more than one 
decision variables. 

3.2.2 Periodic PM Policy 

In the periodic PM policy, a unit is preventively maintained at fixed time intervals 
,...)2,1(kkT independent of the failure history of the unit, and repaired at 

intervening failures where T is a constant. In some early research, the block 
replacement policy was examined in which a unit is replaced at pre-arranged times 

,...)2,1(kkT and at its failures. The block replacement policy derives its name 
from the commonly employed practice of replacing a block or group of units in a 
system at prescribed times ,...)2,1(kkT  independent of the failure history of the 
system and is often used for multi-unit systems. Early research on the block 
replacement policy can be found in Welker (1959) and Drenick (1960) (see Barlow 
and Proschan 1965). Another basic periodic PM policy in this class is “Periodic 
replacement with minimal repair at failures” policy under which a unit is replaced 
at pre-determined times ,...)2,1(kkT  and failures are removed by minimal repair 
(Barlow and Hunter 1960, Policy II). This policy is good for large systems where 
minimal repair are plausible at failures. The third basic periodic PM policy: no
failure replacement, is that a unit is always replaced at times ,...)2,1(kkT but it 
is not replaced at failure. 

As the concepts of minimal repair and especially imperfect maintenance (Pham 
and Wang 1996) became more and more established, various extensions and 
variations of these two policies were proposed. One expansion of the “Periodic 
replacement with minimal repair at failure” policy is the one where a unit receives 
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imperfect PM every T  time unit, intervening failures are subject to minimal 
repairs, and it is replaced after its age has reached TO )1(  time units where O is 
the number of imperfect PMs which have been done (Liu et al. 1995). 0O  is 
allowed in this policy, which means the unit will be replaced whenever it has 
operated for T time units and there will be no imperfect PM for it. The policy 
decision variables are O and T.  Obviously, if 0O , this policy becomes the 
“Periodic replacement with minimal repair at failure” policy.  

Cox (1962) extends the block replacement policy to one where if a failure 
occurs just before a preventive replacement at T, it will be left down until the 
following preventive replacement. In particular, if a failure occurs in an interval 

),( kTkT , ,...2,1,0,kk , the replacement will be made instantaneously but at 
kT. Obviously, if 0 , this policy reduces to the block replacement policy. if 

T , this policy reduces to the third basic periodic PM policy.  
Berg and Epstein (1976) have modified the block replacement policy by setting 

an age limit. Under this modified policy, a failed unit is replaced by a new one; 
however, units whose ages are less than or equal to 0t )0( 0 Tt at the scheduled 
replacement times ,...)2,1(kkT are not replaced, but remain working until failure 
or the next scheduled replacement time point. Obviously, if Tt0 , it reduces to 
the block replacement policy. In Berg and Epstein (1976), this modified block 
replacement policy is shown to be superior to the block replacement policy in 
terms of the long-run maintenance cost rate.  

Tango (1978) suggests that some failed units be replaced by used ones, which 
have been collected before the scheduled replacement times. Under this extended 
block replacement policy, units are replaced by new ones at periodic times 

,...)2,1(kkT . The failed units are, however, replaced by either new ones or used 
ones based on their individual ages at the times of failures. A time limit r is set in 
this policy, similar to 0t  in Berg and Epstein (1976). Under this policy, if a failed 
unit’ age is less than or equal to a predetermined time limit r, it is replaced by a 
new one; otherwise, it is replaced by a used one. This policy is different from Berg 
and Epstein’s (1976) because it modifies the ordinary block replacement policy by 
considering rules on the failed units rather than on the working ones. Obviously, if 

Tr , this policy becomes the block replacement policy. 
Nakagawa (1981a, b) presents three modifications to the “Periodic replacement 

with minimal repair at failure” policy. The modifications give alternatives that 
emphasize practical considerations. The three policies all establish a reference time 

0T  and periodic time *T . If failure occurs before 0T , then minimal repair occurs. 

If the unit is operating at time *T , then replacement occurs at time *T . If failure 
occurs between  0T  and *T , then: (Policy I) the unit is not repaired and remains 

failed until *T ; (Policy II) the failed unit is replaced by a spare unit as many times 
as needed until *T ; (Policy III) the failed unit is replaced by a new one. In all 
these three policies, the policy decision variables are 0T  and *T . Clearly, if 

*
0 TT , Policies I, II, and II all become the “Periodic replacement with minimal  
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Table 3.2. Summary of periodic PM policies 

Maintenance 
policy 

Typical 
reference 

PM time 
points Decision variables Special cases 

Block
replacement 

Barlow and 
Hunter (1960) Periodic time Periodic time  

Periodic
replacement 
with minimal 

repair

Barlow and 
Hunter (1960) Periodic time Periodic time  

Overhaul and 
Minimal repair 

Liu et al.
(1995)

Periodic time 
and its 

multiples

Fixed number of 
PMs / Periodic 

time 

Periodic replacement 
with minimal repair 

( 0T , *T ) Policy 
I

Nakagawa
(1981) Periodic time Periodic time/ 

reference time 
Periodic replacement 
with minimal repair 

( 0T , *T ) Policy 
II

Nakagawa
(1981) Periodic time Periodic time/ 

reference time 
Periodic replacement 
with minimal repair 

( 0T , *T ) Policy 
III

Nakagawa
(1981) Periodic time Periodic time/ 

reference time 

Periodic replacement 
with minimal repair/ 
Block replacement 

),( Tn Nakagawa
(1986) Periodic time

Periodic time 
/number of 

failures 

Periodic replacement 
with minimal repair 

),( Tr Tango (1978) Periodic time Periodic time/ 
reference age Block replacement 

(N, T) Wang and 
Pham (1999) 

Periodic time 
and its 

multiples

Periodic time 
/number of repairs

Block replacement/ 
Periodic replacement 
with minimal repair 

),( T Cox (1962) Periodic time Periodic time/ 
reference age 

Block replacement/ 
No failure repair 

),( 0 Tt Berg and 
Epstein (1976) Periodic time Periodic time/ 

reference age Block replacement 

repair at failure” policy. If 00T , Policy III becomes the block replacement 
policy.

Nakagawa (1980) also makes an expansion to the block replacement policy. In 
his policy, a unit is replaced at times ,...)2,1(kkT  independent of the age of the 
unit. A failed unit remains failed until the next planned replacement. Another 
variant of the “Periodic replacement policy with minimal repair” policy is also due 
to Nakagawa (1986), in which the replacement is scheduled at periodic times 

,...)2,1(kkT and failure is removed by minimal repair. If the total number of 
failures is equal to or greater than a specified number n, the replacement should be 
done at the next scheduled time; otherwise, no maintenance should be done. The 
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decision variable is n and T. In this policy, if n , this policy becomes the 
“Periodic replacement with minimal repair at failure” policy. 

Chun (1992) studies determination of the optimal number of periodic PMs 
under a finite planning horizon. Dagpunar and Jack (1994) determine the optimal 
number of imperfect PMs for a finite horizon given that the minimal repair is made 
at any failure between PMs.   

Wang and Pham (1999) extend the block replacement policy to a general case. 
In their policy, a unit is imperfectly repaired at failure if the number of repairs is 
less than N (a positive integer). The repair is imperfect in the sense that the unit has 
shorter and shorter lifetime upon each repair. Upon the Nth imperfect repair at 
failure, the unit is preventively maintained at ,...)2,1(kkT  where the constant 

0T . The PM is imperfect in the sense that after PM the unit is “as good as new” 
with probability p and “as bad as old” with )1( p . Upon a perfect PM, the 
maintenance process repeats. The decision variables are N and T. The justification 
of this policy is that when a new unit is put into operation, the first N repairs at 
failure will be performed at a low cost. This is because the unit is young at those 
times and these repairs turn out to be imperfect. Usually, these repairs are just 
minor repairs because it is in good operating condition. After the Nth imperfect 
repair at failure, the unit may be in worse operating condition due to usage, aging 
and imperfectness of repairs, and then a major maintenance is necessary at a higher 
cost. If the repair at failure and PM are perfect and N , this policy reduces to 
the block replacement policy. If  the repair at failure is minimal and PM is perfect 
and N , this policy amounts to the “Periodic replacement with minimal repair 
at failure” policy. Chapter 4 will further discuss this policy. 

Maintenance schedules under the periodic PM policy, summarized from 
various existing maintenance models, are listed in Table 3.2, which shows that 
block replacement policy and periodic replacement with minimal repair are the 
basic ones with one decision variable. Other policies have more than one decision 
variables. 

3.2.3 Failure Limit Policy

Under the failure limit policy, PM is performed only when the failure rate or other 
reliability indices of a unit reach a predetermined level and intervening failures are 
corrected by repairs. This PM policy makes a unit work at or above the minimum 
acceptable level of reliability. For example, Lie and Chun (1986) formulate a 
maintenance cost policy where PM is performed whenever a unit reaches the 
predetermined maximum failure rate, and failures are corrected by minimal repair. 
Bergman (1978) investigates a failure limit policy in which replacements are based 
on measurements of some increasing state variable, e.g., wear, accumulated 
damage or accumulated stress, and the proneness to failure of an active unit is 
described by an increasing state-dependent failure rate function. The optimal 
replacement rule in terms of average long-run maintenance cost rate is shown to be 
a failure limit rule, i.e., it is optimal to replace either at failure or when the state 
variable has reached some threshold value, whichever occurs first. Bergman’s 
model includes the age replacement policy as a special case.  
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Other research on the failure limit policy can be found in Malik (1979), 
Canfield (1986), Jayabalan and Chaudhuri (1992a), Jayabalan and Chaudhuri 
(1992c), Jayabalan and Chaudhuri (1995), Chan and Shaw (1993), Suresh and 
Chaudhuri (1994), Monga et al. (1997), and Pham and Wang (1996). In addition, 
Love and Guo (1996) study failure limit policy for PM decisions under Weibull 
failure rates.  

Generally, the problem for this class of policies is that it requires much 
computing effort to determine maintenance schedules and wasteful to implement.  

The failure limit policy and its extensions are summarized in Table 3.3, that 
shows that most failure limits are measured by failure rates, and maintenance cost 
rate is most used to determine the optimal maintenance policies. Several policies 
consider finite planning horizon. 

Table 3.3. Summary of failure limit policies 

Typical reference Reliability index 
monitored

Optimality 
criterion Planning horizon 

Bergman (1978) 
Failure rate through 
wear, accumulated 
damage or stress 

Cost rate Infinite 

Malik (1979) Reliability Reliability Infinite 
Canfield (1986) Failure rate Cost rate Infinite 

Zheng and Fard (1991) Failure rates Cost rate Infinite 
Lie and Chun (1986) Failure rate Cost rate Infinite 

Jayabalan and 
Chaudhuri (1992a) Failure rate Total cost Finite 

Jayabalan and 
Chaudhuri (1992c) 

Age
others Cost rate Infinite 

Jayabalan and 
Chaudhuri (1992d) Age Total cost Finite 

Chan and Shaw (1993) Failure rate Availability Infinite 
Suresh and Chaudhuri 

(1994)
Reliability and failure 

rate Total cost Finite 

Jayabalan and 
Chaudhuri (1995) Age Total cost Finite 

Monga et al. (1997) Reduction
(age and failure rate) Cost rate Infinite 

Love and Guo (1996) Weibull failure rate Cost rate Infinite 

3.2.4 Sequential PM Policy 

Unlike the periodic PM policy, a unit is preventively maintained at unequal time 
intervals under the sequential PM policy. Usually, the time intervals become 
shorter and shorter as time passes, considering that most units need more frequent 
maintenance with increased ages. An early sequential PM policy is designed for a 
finite span (Barlow and Proschan 1962). Under this sequential policy, the age for 



40 Reliability and Optimal Maintenance 

which PM is scheduled is no longer the same following successive PMs, but 
depends on the time still remaining. Clearly the added flexibility permits the 
achievement of an optimum sequential PM policy having lower cost than that of 
the corresponding optimum age replacement policy. Under sequential PM policy, 
the next PM interval is selected to minimize the expected expenditure during the 
remaining time. Thus, this policy does not specify at the beginning of the original 
time span each future PM interval; rather, after each PM, it specifies only the next 
PM interval. This gain in flexibility leads to reduction in expected cost. 

Nguyen and Murthy (1981b) introduce a sequential policy which calls for a PM 
if a failure has not occurred by some reference time it , where it  is the maximum 
time that a unit should be left without maintenance after the (i-1)th repair (time 
from the last repair or replacement). In this policy, a unit is replaced after 

)1(k repairs. It is repaired (or replaced at the kth repair) at the time of failure or at 

age it , whichever occurs first. The decision variables are k  and it for ki ,...,1 ,
given that each PM increases the failure rate of the unit. If 1k , this sequential 
policy reduces to the age replacement policy. 

Nakagawa (1986, 1988) discusses a sequential PM policy where PM is done at 
fixed intervals kx  for Nk ,...,,2,1 . The unit is replaced at the Nth PM and 
failures between PMs are corrected by minimal repairs, given the unit has different 
failure distributions between PMs (the failure rate of the unit increases with the 
number of PMs, or its age is reduced (1988), i.e., the first )1(N  PMs are 
imperfect). The policy decision variables are N and kx ( Nk ,...,,2,1 ). Nakagawa 
(1986, 1988) also presents two numerical examples indicating that the optimal 
policy satisfies 1kk xx  for Nk ,...,2 . Nguyen and Murthy (1981b) study this 
policy (Policy II in their paper). If 1N , this sequential policy reduces to the 
“Periodic replacement with minimal repair at failure” policy. 

These sequential policies are practical because most units need more frequent 
maintenance with increased age. They are different from the failure limit policy in 
that it controls xk  lengths directly but the failure limit policy controls failure rate, 
reliability, etc., directly. Moreover, Kijima and Nakagawa (1992) develop a 
sequential PM policy using an accumulated damage concept. 

In Wu and Clements-Croome (2005), both PM and CM are carried out. The PM 
is sequentially executed with n  time units after the (n-1)th PM, where 

,...2,1n Between two adjacent PMs, a CM is carried out immediately on failure. 

n  is dependent on n and determined through minimizing the maintenance cost 
rate. Obviously, if n  is independent on n, the sequential PM policy becomes a 
periodic PM policy. 

3.2.5 Repair Limit Policy

The repair limit policies and their extensions are summarized in Table 3.4. Note 
that in the existing literature, there are two types of repair limit policies: repair cost 
limit policy and repair time limit policy.
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When a unit fails, the repair cost is estimated and repair is undertaken if the 
estimated cost is less than a predetermined limit; otherwise, the unit is replaced. 
This is called repair cost limit policy in the literature, investigated by Gardent and 
Nonant (1963) and Drinkwater and Hastings (1967).      

A drawback of the repair cost limit policy is that the replacement or repair 
decision depends only on the cost of a single repair. Long-lasting situations 
characterized by frequent repairs whose costs are below the corresponding limit do 
not directly influence the time of replacement, although the repair cost rate might 
justify a replacement. Thus, further financial savings seem possible if the 
replacement decision depends on the whole history of the repair process. 
Considering this drawback, Beichelt (1982) examines repair cost limit policy and 
uses the repair cost rate (repair cost per unit time) as a criterion of replacement or 
repair: a unit is replaced as soon as the repair cost rate reaches or exceeds a fixed 
level, otherwise, it is repaired. In this policy (Beichelt, 1982), the replacement 
intervals are independently and identically distributed random variables. Yun and 
Bai (1987) propose a repair cost limit policy in which when a unit fails, the repair 
cost is estimated and repair is undertaken if the estimated cost is less than a 
predetermined limit L, where the repair is imperfect. Otherwise, the unit is 
replaced. This policy by Yun and Bai (1987) is generalized from the one by 
Hastings (1967). In addition, Kapur et al. (1989) extend the repair cost limit policy 
to incorporate the number of repairs as a policy decision variable. 

Table 3.4. Summary of repair limit policies 

Reference CM before 
limit 

CM after 
limit 

Limit 
type 

Optimality 
criterion 

Planning
horizon

Hastings (1969) Minimal Perfect Cost Cost rate Infinite 
Kapur et al.

(1989) Minimal Perfect Cost Cost rate Infinite

Beichelt (1982) Perfect Perfect Cost rate Cost rate Infinite

Beichelt 
(1978,1981b) Minimal Perfect Cost rate Cost rate Infinite

Nguyen and 
Murthy (1981) Imperfect Perfect Time  Cost rate Infinite

Yun and Bai 
(1988) Minimal Perfect Cost Cost rate Infinite

Koshimae et al.
(1996) Perfect Perfect Time Cost rate Infinite

Nguyen and 
Murthy (1980) Minimal Perfect Time Cost rate Infinite

Dohi et al.
(1997) Minimal Imperfect Time Cost rate Infinite

Park (1983) Minimal Perfect Cost Cost rate Infinite

Nakagawa and 
Osaki (1974) Minimal Perfect Time Cost rate Infinite

Yun and Bai 
(1987) Imperfect Perfect Cost Cost rate Infinite

Wang and Pham 
(1996c) Imperfect Imperfect Cost  Availability/ 

Cost rate 
Infinite



42 Reliability and Optimal Maintenance 

The repair time limit policy is proposed by Nakagawa and Osaki (1974) in 
which a unit is repaired at failure: if the repair is not completed within a specified 
time T, it is replaced by a new one; otherwise the repaired unit is put into operation 
again, where T is called repair time limit. Nguyen and Murthy (1980) study a repair 
time limit replacement policy with imperfect repair in which there are two types of 
repair – local and central repair. The local repair is imperfect while the central 
repair is perfect, which may take a longer time. Dohi et al. (1997) consider a 
generalized repair time limit replacement problem with lead time and imperfect 
repair, which is subject to a time constraint, and propose a nonparametric solution 
procedure to estimate the optimal repair time limit. Koshimae et al. (1996) 
consider another repair time limit policy. Under this policy, when the original unit 
fails, the repair is started immediately. If the repair is completed in a time limit 0t ,
then the repaired unit is installed as soon as the repair is finished. On the other 
hand, if the repair time is greater than the time limit 0t , the failed unit is scrapped 
and a spare is ordered immediately. It is delivered and installed after a lead time. 
The policy decision variable is the repair time limit 0t .

3.2.6 Repair Number Counting and Reference Time Policy  

Morimura and Makabe (1963a) introduce a policy where a unit is replaced at the kth

failure. The first )1(k  failures are removed by minimal repair. Upon replace-
ment, the process repeats. This policy is called repair number counting policy in 
this chapter. The policy decision variable is k. Later, Morimura (1970) extends this 
policy by introducing another policy variable T – critical reference time which is a 
positive number. Under this extended policy, all failures before the kth failure are 
corrected only with minimal repair. If the kth failure occurs before an accumulated 
operating time T, it is corrected by minimal repair and the next failure induces 
replacement. But if the kth failure occurs after T, it induces replacement of the unit. 
Obviously, this policy combines the ideas of counting the number of repairs and 
recording the elapsed time. The policy decision variables are k and T. If the policy 
decision variable T is zero, this policy reduces to the repair number counting 
policy. An imperfect repair version of the repair number counting policy is 
examined by Jack (1991): performing imperfect repair on failure, and replacement 
upon the kth failure. A policy similar to the repair number counting policy is also 
investigated by Park (1979) in which a unit is replaced at the kth failure and 
minimal repairs are performed for the first )1(k  failures. Later, Lam (1988) and 
Stadje and Zuckerman (1990) investigate the repair number counting policy, given 
that the lengths of the operating intervals decrease whereas the durations of the 
repair increase in different ways. 

Muth (1977) examines a replacement policy, similar to the reference time idea 
of the extended policy by Morimura and Makabe (1970), in which a unit is 
minimally repaired up to time T and replaced at the first failure after T. This policy 
is referred to as the reference time policy later in this review. Note that in this 
policy the maintenance action is not undertaken exactly at the reference time point 
T (unlike PM time). Makis and Jardine (1991, 1993) discuss an optimal 
replacement policy with imperfect repair at failure: a unit is replaced at the first 
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failure after some fixed time. Makis and Jardine (1992) also introduce a general 
policy in which a unit can be replaced at any time and at the nth failure the unit can 
be either replaced or can undergo an imperfect repair. Under different conditions, 
this policy can reduce to the repair number counting policy, reference time policy, 
and “Periodic replacement with minimal repair at failure” policy, respectively. 
Therefore, it is a quite general policy.

In general, the repair number counting policy is effective when the total 
operating time of a unit is not recorded or it is time consuming and costly to 
replace a unit in operation. It has been proven (Muth 1977) that the reference time 
policy yields a lower long-run expected cost per unit time than the periodic PM 
policy given that the mean residual life function of the unit is strictly decreasing 
after some age 0t . With this condition, called positive aging, the unit deteriorates 
and eventually reaches a condition where it is no longer economically justifiable to 
perform minimal repair after repair. It is shown that the repair number counting 
policy yields lower asymptotic expected cost rate than the age replacement policy. 
Also the number of failures before replacement in the repair number counting 
policy is less than that in the age replacement policy. However, all these results are 
proven numerically for the Weibull distribution (i.e., for some specific Weibull 
distribution parameter values). 

Phelps (1981) compares the “Periodic replacement with minimal repair at 
failure” policy (Barlow and Hunter 1960), the repair number counting policy 
(Morimura and Makabe 1963a,b; Park 1979), and the reference time policy (Muth 
1977), given an increasing failure rate. Phelps (1981) shows that the reference time 
policy, replacing after the first failure that occurs after reference time T, is the 
optimal of the three policies in terms of the long-run cost rate; the repair number 
counting policy is more economical than the “Periodic replacement with minimal 
repair at failure” policy. 

Note that generally there are no PMs scheduled for this type of policy. These 
policies are mainly based on counting the number of repairs and/or reference time, 
but the age-dependent PM policy and periodic PM policy rely on PM times, at 
which maintenance actions are performed. In the repair number counting and 
reference time policy, maintenance actions are not undertaken precisely at the 
reference time point T. In the repair number counting and reference time policy, 
number of repairs and/or reference time are policy decision variable(s). In the age-
dependent PM policy and periodic PM policy, PM time is one of the policy 
decision variables.  

3.2.7 On the Maintenance Policies for Single-unit Systems 

The age-dependent PM policy and periodic PM policy have received much more 
attention in the literature. Hundreds of papers and models have been published 
under these two kinds of maintenance policies, as summarized in McCall (1963), 
Barlow and Proschan (1965, 1975), Pieskalla and Voelker (1976), Osaki and 
Nakagawa (1976), Sherif and Smith (1981), Jardine and Buzacott (1985), Valdez-
Flores and Feldman (1989), Pham and Wang (1996), and Wang (2002). Detailed 
mathematical comparisons on the age and block replacement policies can be found 
in Barlow and Proschan (1965, 1975) in which the general conclusion is that the 
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age replacement policy is an economical way to the block replacement policy. 
They prove that more unfailed components under the block replacement policy are 
removed than under age replacement policy, and the total number of removals for 
both failed and unfailed components under the block replacement policy is larger. 
Berg and Epstein (1978) compare three types of replacement policies: age, block, 
failure replacement policies and provide a heuristic rule for choosing the best one. 
Berg (1976a) and Bergman (1980) prove that an age replacement policy is optimal 
among all reasonable maintenance policies. In Block et al. (1990), comparisons are 
made between the block replacement policy and “Periodic replacement with 
minimal repair at failure” policy. In Block et al. (1993), comparisons are made 
among the age replacement policy, block replacement policy, and repair 
replacement policy. The periodic PM policy is perhaps more practical than the age-
dependent PM policy since it does not require keeping records on unit usage. The 
block replacement policy is more wasteful than the age replacement policy since a 
unit of “young” age might be replaced at periodic times. Generally, the same 
argument may hold for the age-dependent PM and periodic PM policy. 

The failure limit policy, repair limit policy, and sequential policy are more 
practical, but there has been much less research done on it. The failure limit policy 
is also directly consistent with the maintenance objectives: improving reliability 
and reducing failure frequency. One of the disadvantages of the failure limit policy 
and sequential policy is that their PM intervals are not equal and thus it is wasteful 
to implement them. 

Note that maintenance policies have become more and more general because 
they include some previous policies as special cases. This is reflected in Tables 3.1 
and 3.2, and described in Sections 3.2.1 – 3.2.6. In general, optimal maintenance 
plans obtained from these general policies may result in some cost savings since 
the optimal maintenance schedules under them might be “globally” optimal 
(optimal in a larger range). However, as they become more and more complicated, 
these general policies may also cause inconvenience in implementation in practice. 
Similarly, the maintenance cost is no longer a constant and becomes more and 
more general. For example, it may be a function of unit age and number of repairs 
already performed on the unit (Note that Frenk et al. (1997) establish a general 
method for modeling complicated maintenance costs, which is also convenient for 
this case). 

Generally, each maintenance policy for one-unit systems either depends on 
counting/recording of the number of repairs, PM time, or reference time. In 
practice, counting number of repairs and recording PM time, and reference time are 
all possible ways. The current research seems to intend to use two or more of them 
as policy decision variables in a single policy.  

Note that in some policies no PMs are involved. For example, in Gasmi et al.
(2003), a system  is observed to operate in alternative states. The most common 
mode is loaded (or regular) operation. Occasionally the system is placed in an 
unloaded state, while the system is mechanically still operating; it is assumed that 
the failure intensity is lower due to this reduction in operating intensity. They use a 
proportional hazard model to capture this reduction in failure intensity due to 
switching of operating modes. In either operating state, the system is occasionally 
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shut down for repair and upon failure, one of the three actions is taken: a) minimal 
repair, b) minor repair, or c) major repair.  

3.3 Maintenance Policies of Multi-unit Systems 

The six types of maintenance policies in Section 3.2 are designed for a system 
composed of a single stochastically deteriorating subsystem. A natural 
generalization of these maintenance policies is to consider a system with a number 
of subsystems. Optimal maintenance policies for such systems reduce to those for 
systems with a single subsystem only if there exists neither economic dependence, 
failure dependence nor structural dependence. In this case, maintenance decisions 
are independent, and the “optimal” maintenance policy is to employ one of the six 
classes of maintenance policies described in Section 3.2 for each separate 
subsystem. However, if there exists dependence, for example, economic 
dependence, then the optimal maintenance policy is not one of considering each 
subsystem separately and maintenance decisions will not be independent. 
Obviously, the optimal maintenance action for a given subsystem at any time point 
depends on the states of all subsystems in the system: the failure of one subsystem 
results in the possible opportunity to undertake maintenance on other subsystems 
(opportunistic maintenance). In this chapter, economic dependence means that 
performing maintenance on several subsystems jointly costs less money and/or 
time than on each subsystem separately. Failure dependence means that failure 
distributions of several subsystems are stochastically dependent. 

Economic dependency is common in most continuous operating systems. 
Examples of such systems include aircraft, ships, power plants, telecommunication 
systems, chemical processing facilities, and mass production lines. For this type of 
system, the cost of system unavailability (one-time shut-down) may be much 
higher than maintenance costs. Therefore, there is often a great potential for cost 
savings by implementing an opportunistic maintenance policy.  

Currently, there is an increasing interest in multicomponent maintenance 
policies and models. As pointed out in van der Duyn Schouten (1995), one of the 
reasons that is often put forward to explain the lack of success in applications of 
maintenance and replacement models is the simplicity of the models compared to 
the complex environment where the applications occur. In particular, the fact that 
up to ten years ago the vast majority of the maintenance models were concerned 
with one single piece of equipment operating in a fixed environment was 
considered an intrinsic barrier for applications. Next we summarize maintenance 
policies for multi-unit systems. Cho and Parlar (1991) survey the multi-unit system 
maintenance models created before 1991, and Dekker et al.’s review (1997) is 
focused on economic dependence models published after 1991. This chapter 
emphasizes classifications and characteristics of maintenance policies though 
sometimes it cites the same existing maintenance models as the previous survey 
papers. The basic assumptions for multi-unit systems under all maintenance polices 
are that there are virtually infinitely many disposable identical units with i.i.d.
lifetimes for all items; salvage values of all units are negligible.
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3.3.1 Group Maintenance Policy 

The problem of establishing group maintenance policies, which are best from the 
point of view of the system’s reliability or operational cost, has received significant 
attention in the maintenance literature. One class of problem for group 
maintenance policies has been to establish categories of units that should be 
replaced when a failure occurs. This is particularly important when there are 
varying access costs associated with disassembly and reassembly, and 
simultaneous PM of categories of parts may be appropriate. A second class of 
group replacement studies has been concerned with reducing costs by including 
redundant parts into systems design. A third class of papers has been concerned 
with establishing group maintenance policies for systems of independently 
operating machines, all of which are subject to stochastic failures from the same 
distribution (Ritchken and Wilson 1990). For this class of problems, there are three 
existing group maintenance policies. The first policy, referred to as a T-age group 
replacement policy, calls for a group replacement when the system is of age T.  A 
second policy, referred to as an m-failure group replacement policy, calls for a 
system inspection after m failures have occurred. The third policy combines the 
advantages of the m-failure and T-age policies. This policy, referred to as an (m, T)
group replacement policy, calls for a group replacement when the system is of age 
T, or when m failures have occurred, whichever comes first. The (m, T) group 
replacement policy requires inspection at either the fixed age T or the time when m
machines have failed, whichever comes first. At an inspection, all failed units are 
replaced with new ones and all functioning units are serviced so that they become 
as good as new. The policy decision variables are m and T.

Gertsbakh (1984) introduces a policy in which a system has n identical units 
with exponential lifetimes, and it is repaired when the number of failed units 
reaches some prescribed number k, the policy decision variable. Vergin and 
Scriabin (1977) propose an (n, N) policy. Under this group maintenance policy, a 
unit undergoes preventive replacement if it has operated for N periods, and 
undergoes a group replacement if it has operated n periods and if either another 
unit fails or another unit reaches its preventive replacement age (where Nn ). 
Love et al. (1982) establish another group replacement policy for a fleet of 
vehicles. Under this group maintenance policy a vehicle is replaced when repair 
cost for the vehicle exceeds a pre-set repair limit; otherwise, it is repaired. Sheu 
and Jhang (1997) propose a 2-phase group maintenance policy for a group of 
identical repairable items. The time interval (0, T) is defined as the first phase, and 
the timer interval (T, T+W) is defined as the second phase. As individual units fail, 
individual units have two types of failures. Type I failures are removed by minimal 
repairs, whereas Type II failures are removed by replacements or are left idle. A 
group of maintenance is conducted at time T+W or upon the kth idle, whichever 
comes first. The policy decision variables are T, W, and k.

Wildeman et al. (1997) discuss a group maintenance policy considering that a 
maintenance activity carried out on a technical system involves a system-
dependent set-up cost that is the same for all maintenance activities carried out on 
that system, and grouping activities thus saves costs since execution of a group of 
activities requires only one set-up. Under this policy, a rolling-horizon approach is 
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proposed that takes a long-term tentative plan as a basis for a subsequent 
adaptation according to information that becomes available in the short term. This 
policy makes it easy to incorporate short-term circumstances such as opportunities 
or a varying use of components because these are either not known beforehand or 
make the problem intractable. 

Assaf and Shanthikumar (1987) propose a group preparedness policy for a set 
of N machines having exponential lifetimes with constant rate. A failed machine 
can be repaired at any time, and the repair is perfect. The number of failed 
machines in the system is unknown unless an inspection is carried out. Upon an 
inspection, a decision will be made on whether to repair the failed machines or not, 
based on the number of failed machines in the system, a policy decision variable. 

3.3.2 Opportunistic Maintenance Policies 

As pointed out earlier, maintenance of a multicomponent system differs from that 
of a single-unit system because there exists dependence in multicomponent 
systems. One of the dependencies is economic dependence. For example, it is 
possible to do PM to non-failed subsystems at a reduced additional cost while 
failed subsystems are being repaired. Another dependence is failure dependence, or 
correlated failures. For example, the failure of one subsystem may affect one or 
more of the other functioning subsystems, and times to failures of different units 
are then statistically dependent (Nakagawa and Murthy 1993). Berg (1976, 1977) 
suggests a preventive replacement policy for a machine with two identical 
components which are subject to exponential failure. Under this policy, upon a 
component failure the other component as well as the failed one is also replaced by 
a new one if its age exceeds a pre-determined control limit L. Later, Berg (1978) 
extends it to such an policy: both units are replaced either when one of them fails 
and the age of the other unit exceeds the critical control limit L, or when any of 
them reaches a predetermined critical age S. A unit is replaced at age T or at 
failure, whichever occurs first. Note that this policy will become two independent 
age replacement policies if L .

Zheng and Fard (1991) examine an opportunistic maintenance policy based on 
failure rate tolerance for a system with k different types of units. A unit is replaced 
(active replacement) either when the hazard rate reaches L or at failure with the 
failure rate in a predetermined interval ),( LuL . When a unit is replaced due to 
the hazard rate reaching L, all of the operating units with their hazard rate falling in 
the interval ),( LuL are replaced (passive replacement) at that time. A unit is 
subject to minimal repair at failure when the hazard rate is in interval ),0( uL .
The policy decision variables are L and u.

Kulshrestha (1968) investigates an opportunistic maintenance policy in which 
there are two classes of units, 1 and 2. Class 1 contains M standby redundant units 
so that upon the failure of the currently operating Class-1 units, a standby takes 
over. When all the Class-1 standbys have failed, the system suffers catastrophic 
failure. The Class-2 units, on the other hand, form a series system; if one of them 
should fail, the system suffers a minor breakdown. When a minor breakdown 
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occurs, there is a possible chance for opportunistic repair of those Class-1 units 
which have failed.  

Pham and Wang (2000) propose two new ( T, ) opportunistic maintenance 
policies for a k-out-of-n system. In these two policies, minimal repairs are 
performed on failed components before time  - a policy decision variable, and 
CM of all failed components is combined with PM of all functioning ones after .
At time T, another policy decision variable, PM is performed if the system has not 
been subject to a perfect maintenance before T . The policy decision variables 
are and T. Pham and Wang (2000) also extend these two policies to the one 
including the third decision variable – the number of failed components to start 
CM, considering the k-out-of-n system may still operate even if some of its 
components have failed. Chapter 8 will further discuss this policy. 

Dagpunar (1996) introduces a general maintenance policy where replacement 
of a component within a system is available at an opportunity. An opportunity 
arises if the failure of some other part of the system allows the component in 
question to be replaced. It is assumed that the opportunity process is Poisson, 
which is reasonable if the system consists of a large number of components which 
are regularly maintained. In this policy the component will be replaced if its age at 
an opportunity exceeds a specified control limit.  

Radner and Jorgenson (1963) and Wang et al. (2001) investigate an opportunis-
tic preparedness maintenance of multi-unit systems with )1(n  subsystems. Wang 
et al. (2001) examine such a preparedness policy: 

i) If subsystem i fails when the age of subsystem 0 is in the time interval 
),0[ it ,  replace subsystem i alone at a cost of iC   and at a time of iw ,

nii ,...,2,1, .

ii) If subsystem i fails when the age of subsystem 0 is in the time interval 
),[ Tti , replace subsystem i and do perfect PM on subsystem 0, 

nii ,...,2,1, . The total maintenance cost is iC0  and total maintenance 
time is iw0 .

iii) If subsystem 0 survives until its age Tx , perform PM on subsystem 0 
alone at a cost of 0C and at a maintenance time of w0  at Tx . PM is 
imperfect. 

iv) If subsystem 0 has not received a perfect PM at T, perform PM on it alone 
at time jT ( ,...3,2j ) until it gets a perfect PM; if subsystem 0 has not 
experienced a perfect maintenance and subsystem i fails after some PM, 
replace subsystem i and do perfect PM on subsystem 0, nii ,...,2,1, .
The total maintenance cost is still iC0  and total maintenance time is iw0 .
This process continues until subsystem 0 gets a perfect maintenance. 

Chapter 7 will further discuss the above preparedness maintenance policy by 
investigating its reliability and maintenance cost measures.  Chapter 6 will discuss 
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the following opportunistic maintenance policy for multi-unit systems with )1(n
subsystems and arbitrary reliability architecture: 

(i) If subsystem 0 fails at any time before T, perform imperfect repair on it at 
a cost 00C .

(ii) If subsystem i fails when the age of subsystem 0 is in the time interval 
itx0 , replace subsystem i alone at a cost iC  and at a time iw ,

nii ,...,2,1, .

(iii) If subsystem i fails when the age of subsystem 0 is in the time interval 
Txti , replace subsystem i and do perfect PM on subsystem 0, 

nii ,...,2,1, . The total maintenance cost is iC0  and total maintenance 
time is iw0 .

(iv) If subsystem 0 survives until Tx , perform PM on subsystem 0 at a cost 
0C and at a maintenance time 0w .

      



4

A Quasi-renewal Process and Its Applications 

Renewal theory had its origin in the study of strategies for replacement of technical 
components (Cox 1962). In a renewal process, the times between successive events 
are supposed to be independent and identically distributed (i.i.d). Most 
maintenance models using renewal theory were actually based on this assumption, 
i.e., “as good as new” after each maintenance. As pointed out in Chapters 1 and 2, 
“as good as new” represents one extreme type of maintenance results and usually a 
system may not be good as new but younger after maintenance, i.e., maintenance is 
imperfect. Therefore, it is useful to establish some directly effective theories which 
can be used to model imperfect maintenance. 

In this chapter, a general renewal process, a quasi-renewal process, is 
introduced and its usefulness in treating imperfect maintenance of one-unit systems 
is demonstrated. Section 4.1.1 presents the definition of the quasi-renewal process 
and discusses its properties. The quasi-renewal function of the quasi-renewal 
process is derived in Section 4.1.2. The justification of the quasi-renewal process 
in modeling imperfect maintenance and the problems of statistical hypothesis 
testing are discussed in Section 4.1.3. Using the quasi-renewal theory, eleven 
imperfect maintenance models with periodic PM, age-dependent PM, and cost 
limit replacement policies for one-component systems are developed. For each of 
the 11 maintenance models, the expected maintenance cost rate and/or availability 
are derived, and optimum maintenance policies as well as related optimization 
problems are discussed. The developed models show that the quasi-renewal 
process and its basic idea are an effective tool to deal with imperfect maintenance 
problems. This chapter is based on Wang and Pham (1996a, b, c, 1999). In Chapter 
5, the quasi-renewal process will be used to study imperfect repair of the series 
system. Chapter 9 uses it to establish inspection time sequences and Chapter 10 
uses the truncated quasi-renewal process to model warranty cost. Software 
reliability growth and testing cost by using quasi-renewal process is discussed in 
Chapter 11.  

NOTATION
T         Fixed age at which a unit is subject to PM, 0T
A   Asymptotic average availability 
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pc       PM cost at fixed age T

fc         Fixed part of imperfect repair cost at failure for each of the first )1(k
  failures  

vc        Incremental part of imperfect repair cost at failure for each of the first  
    )1(k failures  

frc    Repair (perfect or imperfect ) cost at failure after the first )1(k imperfect
repairs

)1(k Number of imperfect repairs in the sense of the fixed lifetime reduction rule 
L   Expected total maintenance cost per unit time or cost rate 
D  Expected renewal cycle length 

)(),( 11 tFtf  Probability density function (pdf) and cumulative distribution 
function (cdf) of the failure time of a new unit 

)(),( 11 tRtr      Failure rate and cumulative failure rate function of the failure time 
of a new unit 

)(1 ts   Survival function (sf) or reliability function of a new unit, )(1)( 11 tFts
p         Probability that maintenance is perfect 
q         Probability that maintenance is minimal where pq 1

,      Expected lifetime and expected repair time of a new unit 
         Lifetime reduction factor 

Incremental factor for repair time 

ACRONYMS
NBU       New better than used 
NWU      New worse than used 
NBUE     New better than used in expectation 
NWUE    New worse than used in expectation 
IFRA       Increasing failure rate in average 
DFRA      Decreasing failure rate in average 
IFR          Increasing failure rate  
DFR        Decreasing failure rate 
i.i.d.  Independently and identically distributed

4.1 A Quasi-renewal Process

The quasi-renewal process is defined and studied in Wang and Pham (1996b). In 
this section, we will introduce its definition, properties, quasi-renewal function, 
parameter estimation problems, and truncated quasi-renewal processes. 

4.1.1 Definition  

Let 0),( ttN  be a counting process, and nX  denote the time between the (n – 
1)th and the nth event of this process, 1n .
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DEFINITION 4.1 Observe the sequence of nonnegative random variables 
,...},,{ 321 XXX . The counting process 0),( ttN  is said to be a quasi-renewal 

process with parameter  and the first interarrival time 1X , if 11 ZX ,

22 ZX , 3
2

3 ZX , ..., where iZ s are i.i.d. and 0  is a constant. 

When 1  this quasi-renewal process becomes the ordinary renewal process. 
We will see that this quasi-renewal process can be used to model hardware 
maintenance process when 10 . It can also be utilized to model software 
reliability growth process in testing or operation phase, hardware repair times, and 
hardware reliability growth in burn-in stage for 1 . Later on, a quasi-renewal 
process with parameter 1  will be known as an increasing quasi-renewal 
process, and a quasi-renewal process with 10  as a decreasing quasi-renewal 
process. 

Assuming that the probability density function (pdf), cumulative density 
function (cdf), survival function (sf), and failure rate of random variable 1X  are 

)(),(),( 111 xsxFxf  and )(1 xr  respectively. Wang and Pham (1996b) show that the 
pdf, cdf, sf, failure rate, mean and variance of random variable nX  for 

,...4,3,2n are given by Equation (4.1): 
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Because the nonnegativity of 1X  and the fact that 1X  is not identically 0, we 
conclude that 0)( 11XE . Now we investigate some properties of the quasi-
renewal process.  

THEOREM 4.1 If )(1 xf  belongs to IFR, DFR, IFRA, DFRA, NBU, or NWU, then 
)(xfn is in the same category for ,...3,2n

Proof. For mathematical definitions of the above terms: IFR, DFR, IFRA, 
DFRA, NBU, and NWU, see Appendix at the end of this chapter. Suppose that the 
failure rate of nX  is differentiable with respect to time x.  From Equation (4.1) the 
derivative of the failure rate of nX  is given by 

)1(1)( 1122 xrxr nnn
.

From the above equation we can see that if )(1 xr  is increasing (decreasing) 
then )(xrn  is also increasing (decreasing). Therefore, for the first two categories: 
IFR or DFR, the conclusion follows.  

Next assume that  
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)()()()( 111 ysxsyxs .

Then it follows that  
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Therefore, if )(1 xs  is NBU (NWU) then )(xsn  is also in the same category.  
Finally, note that the derivatives with respect to x:
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Note also that                      

0.for0)(0)( 1/1
1

/1
1 xxsxs nxx

From above it follows that, if x
x xs )(/1

1  is increasing or decreasing respective-

ly, x
x

n xs )(/1  is also increasing or decreasing respectively. Thus, for the last two 
categories: NBU or NWU, the conclusion holds. This completes the proof of 
Theorem 4.1.                                                                                                            

It is worthwhile to note that if )(1 xf  is NBUE or NWUE, then )(xf n  may not 
be in the same category for ,...3,2n

The following result is due to Wang and Pham (1996b): 

THEOREM 4.2 The shape parameter of random variable nX  is the same, 
,...3,2,1,nn  for a quasi-renewal process if 1X  follows the Gamma, Weibull or  

Lognormal distribution. 

Remark. This means after “renewal” the shape parameters of the interarrival 
time will not be changed. In reliability theory, the shape parameters of a lifetime of 
a hardware product tend to relate to its failure mechanism and modes. Usually, if it 
possesses the same failure mechanism then a product will have the same shape 
parameters of its lifetimes at different environments. Therefore, the use of a quasi-
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renewal process is generally justified in the maintenance process of a hardware 
system and hardware burn-in stage. 

It is worth noting that 

1when

1when0

)1(
)1(lim)(lim 121

nn
XXXE n

n

n

n

Therefore, if the interarrival time represents the failure-free time of a hardware 
system with imperfect maintenance the average failure-free time goes to zero when 
the planning horizon is infinite. This is because the operating condition of the 
hardware system becomes generally worse and worse as time goes on if it is 
subject to imperfect maintenance. If the interarrival time represents the error-free 
time of a software system the average error-free time goes to infinity when its 
debugging process goes on for a very long time. This conclusion seems reasonable 
because the faults in the software become generally less and less when it is subject 
to testing and debugging. When the debugging time is infinite we can expect that 
there exist no faults with this software and thus average error-free time and the 
error-free time at the infinite time point is infinite.  

4.1.2 Quasi-renewal Function 

Consider a quasi-renewal process with parameter  and the first interarrival time 
1X . Clearly, the total number )(tN of  “renewals” that has occurred up to time t

and the arrival time of the nth renewal, nSS , has the following relationship: 

tSSntN n)( . 

That is, )(tN is at least n if and only if the nth renewal occurs prior to or at time t.
It is easily seen that 
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Thus, we have 
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where )()( tG n is the convolution of the interarrival times nFFF ,...,, 21  . 
In Wang and Pham (1996b), the mean value of N(t) is defined as the quasi-

renewal function M(t) . Therefore, 
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The derivative of M(t) is known as quasi-renewal density: 

)()( tMtm

In renewal theory, random variables representing the interarrival distributions 
assume nonnegative values only, and the Laplace transform of distribution )(1 tF  is 
defined by  

                        
0 11 )()(~ xdFesF sx

Thus,
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Since there is a one-to-one correspondence between distribution functions and 
its Laplace transforms, it follows that: 

THEOREM 4.3 The first interarrival distribution of a quasi-renewal process uni-
quely determines its quasi-renewal function. 

In investigating optimal hardware replacement problem, Lam (1988) uses the 
fixed life reduction idea after repair, referred to as a geometric process. Lam (1988, 
1996) studies the geometric process by means of the ordinary renewal process. As 
shown in this section, the quasi-renewal process is investigated from defining the 
quasi-renewal function, not from the ordinary renewal process.

4.1.3 Associated Statistical Testing Problems

Ascher and Feingold (1984) observe that the interarrival times between successive 
failures of a deteriorating system tend to become smaller and smaller based on 
some actual examples. One of the actual examples is the average failure-free time 
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lengths of some bus engines between successive failures: 9400, 7000, 5400, 4100, 
3300 miles. In this example, there were 191 engines run to first failure and a 
sample size of approximately 100 was for each of the other four interarrival miles. 
Since the sample sizes are large there is overwhelming evidence that the miles 
between successive failures were decreasing (p.70, Ascher and Feingold 1984). 
Generally, whether decreases in failure-free times in maintenance processes have 
geometric reduction patterns needs statistical hypothesis testing. However, since 
there may not be many failure data available in practice, geometric decay of 
failure-free times implied by a quasi-renewal process is a good choice as it can, at 
least, approximate the failure process. Besides, the quasi-renewal process makes 
imperfect repair modeling mathematically tractable as it can be seen later in this 
chapter. 

In the above example, the estimates of parameter  are respectively 

745.9400/7000ˆ1               771.7000/5400ˆ2

759.5400/4100ˆ3               805.4100/3300ˆ4

which are very close to each other. Therefore, we have no strong evidence to reject 
the hypothesis 
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To discuss this problem further, assume that n units operate at time zero 
independently with lifetimes 1

1X , 2
1X ,..., nX 1 , respectively. The times between 

failures for each of them are recorded as follows: 

n
m

nn

m

m

i

n
xxx

xxx
x

m

xx

121

2
1

2
2

2
1

1
1

th

1
2

1
1

...

...

failure)1(To
...

failure2ndTofailure1stTo

2

1

where i
jx  represents the lifetime of unit i after the  th)1( j  repair, and i, j, n  and 

lm  are all integers.
From these data we can obtain the following estimates of parameter :
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If i  is the parameter related to the th)1(i failure and the ith failure, the 
following hypothesis: 

                           kH 210 :

kaH and,...,,: 21 are not all equal 

can be tested by Analysis of Variance (ANOVA) techniques with the normality 
assumption where ),...,2,1|max( nlmk l . Note that this is generally an 
unbalanced experimental design. When nmmm 21  it becomes a balanced 
design. For pairwise comparisons, the pairwise t-test can be used. These techniques 
are available in standard textbooks on statistical design of experiments and so there 
will be no further discussion in this book. If we have no evidence to reject the null 
hypothesis then parameter  can be estimated by 
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where ),...,2,1|min(* nlmm l

For other estimation methods of parameter , we refer to Wang and Pham 
(1996e) about acceleration factor estimation. 

A quasi-renewal process may be characterized by several parameters, including 
. Their estimation can be carried out by using the maximum likelihood estimate 

(MLE). Assume that we observe one unit and its maintenance process follows a 
quasi-renewal process. Denote by it  the ith time to failure since the unit operate at 
time 0. Assume that nttt 100 . The likelihood function of this maintenance 
model is, noting Equation (4.1),   

)|()|()|(

)|()|()|(

)|()|()|(),...,,(

1
12

1
111

1

2/)1(

1
1

1
2

1
1

1
11

1

2211
1

21

n
n

n

i

nn

n
nn

n

i

nn

n

i
n

tftftf

tftftf

tftftftttL

where  represents the parameter family including parameter , specified by the 
parameter space .

From the above likelihood function, the parameters associated with the quasi-
renewal process can be estimated by the maximum likelihood method. For 
example, assume that the first failure time, 1X , of a new unit follows the normal 

distribution with mean  and variance 2 , that is  

22 2/)(2
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1
1 )2()( xexf
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and that its maintenance process can be modeled by the quasi-renewal process. 
Given the observed failure times nttt ...,,, 21  we can estimate quasi-renewal 
process parameter  and normal distribution parameters  and . The likely-
hood function becomes 
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Taking derivatives of Lln  with respect to ,  and  result in the MLE of 
parameters ,, and , which can be obtained by solving following 
simultaneous equations: 

n

i
i
i

i
i

n

i
i

i

n

i
i

i

ttnn

tn

t
n

1
12

1
2

1

21
3

1

1

ˆ
ˆˆ

ˆ
1

2
)1(

)ˆˆ(
ˆ2
1

ˆ1ˆ

If failure times of many identical units are recorded, similar MLE procedure 
can be used to estimate the associated parameters.  

It is noted that Whitaker and Samaniego (1989) discuss parameter estimation 
problems associated with the ),( qp  rule for the imperfect repair. It should be 
pointed out that statistical hypothesis testing and parameter estimation of 
maintenance models need more attention and study while most work on reliability 
and maintenance in the literature is focused on probabilistic modeling.  

4.1.4 Truncated Quasi-renewal Processes 

Bai and Pham (2005) introduce the truncated quasi-renewal processes through 
omitting a range of possible values for the total number )(tN of  “renewals”. As 
one can see in Section 10.3 of Chapter 10, truncated quasi-renewal processes arise 
naturally in warranty cost study for repairable products. There are also potential 
applications in reliability and maintenance modeling. Depending on the values
omitted from a quasi-renewal process, there are three types of truncations: 
truncation above m, truncation below m, and double truncation, where m is a fixed 
non-negative number. Here we focus on the discussion of truncation above m,
which will be used in warranty cost models in Chapter 10. 
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Model I 
A quasi-renewal process truncated above m means that for a given t, the total 
number of “renewals” )(tN  can only take values of .,,1,0 m  For such ),(tN  let 

itNPtPi )()( . Assume that the probability law governing )(tPi  does not 
change by the truncation, or in other words, all these probabilities )(tPi  are stan-
dardized, then 
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Model II 
Sometimes truncation may change the relative magnitude of )(tPi . In particular, 
let )(tN  be a quasi-renewal process truncated above m. Suppose that for 

1,,1,0 mi , )(tPi  is the same for that without truncation, so for mi ,
1

0
).(1)(

m

j jm tPtP  That is: 
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Consequently, the first and second moments of )(tN  are 
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Chapter 10 will discuss modeling of warranty cost by using truncated quasi-
renewal processes. 

The next three sections will model imperfect maintenance of a single-unit 
system by using the quasi-renewal process. The following three assumptions are 
made in this chapter: 

i) A new unit begins to operate at time 0. 
ii) The failure rate )(1 tr  of the new unit is continuous and monotonously 

increasing and differentiable. 
iii) cdf )(1 tF  of the unit is absolutely continuous and 0)0(1F .    
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4.2 Periodic PM with Imperfect Maintenance

4.2.1 Model 1: Imperfect Repair and Perfect PM 

Suppose that a unit is preventively maintained at times ...,3,2, TTT at a cost pc ,
independently of the unit’s failure history where the constant 0T  and PM is 
perfect. The unit undergoes imperfect repair at failures between PMs at cost fc  in 
the sense that upon each repair lifetime (random variable) will be reduced to a 
fraction  of its immediately previous one and all successive lifetimes are 
independent, i.e., the lifetimes follow a decreasing quasi-renewal process with 
parameter . Thus we can apply the quasi-renewal theory to model this 
maintenance process. We consider T as a decision variable,  as a parameter in 
this section. The following result is from Wang and Pham (1996b): 

PROPOSITION 4.1 The long-run expected maintenance cost per unit time, or 
maintenance cost rate, is 

T
TMcc

TL fp )(
);(                                              (4.2) 

where )(TM  is the quasi-renewal function of a quasi-renewal process with 
parameter .

We can see the form of cost rate );(TL  is the same as the well-known result 
obtained from the ordinary renewal theory based on the perfect repair assumption 
(Barlow and Proschan, 1965). However, the renewal functions are different. 

PROPOSITION 4.2 There exists an optimum *T  which minimizes );(TL  where 
*0 T  and the resulting minimum value of );(TL  is )( *Tmc f .

Proof. Note that );(TL  is continuous for T0  because we assume that 
)(1 tF  is continuous. It is easy to see that ),(TL  when T 0 from Equation 

(4.2). If we explain PM at interval T  as maintenance only at failure, i.e., no 
PM, it follows that );(TL  has a minimum for T0 .  A necessary condition 

that a finite value *T  minimizes );(TL  is that it must satisfy the following 
equation, obtained by differentiating );(TL  with respect to T and setting the 
derivative equal to 0: 

fp ccTMTmT /)()( ***

where )(m  is the renewal density. Substituting this equation into Equation (4.2) it 

follows that the minimum value of );(TL  is )( *Tmc f .                            
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4.2.2 Model 2: Imperfect Repair and Imperfect PM 

This model is identical to Model 1 in Section 4.2.1 except that the unit is 
imperfectly preventively maintained at times ...,3,2, TTT at a cost pc  where the 
constant 0T . Imperfect PM is treated by the ),( qp  rule, that is, after PM the 
unit is ‘as good as new’ with probability p and is restored to ‘as bad as old’ with 
probability pq 1 . 

PROPOSITION 4.3 The long-run expected maintenance cost per unit time, or cost 
rate, is 

T

iTMqTMpcc
pTL i

i
fp

2

12 )()(
),;(                           (4.3)

where )(iTM  is the quasi-renewal function of a quasi-renewal process with 
parameter .

Proof. For detailed proof, see Wang and Pham (1996b). The times between 
consecutive perfect PM constitute a renewal cycle. Note that the expected duration 
of a renewal cycle ),;( pTD  is 

1

1 )(),;(
i

i iTpqpTD .

Equation (4.3) follows.                                                                                       
          

Note that if 1p  (corresponding to perfect PM), the above equation coincides 
with the result of Model 1. In this section T is considered as a decision variable, 
and p are considered as parameters.  

PROPOSITION 4.4 There exists an optimum *T  which minimizes ),;( pTL  where 
*0 T  and the resulting minimum value of expected cost rate ),;( pTL  is 

n

i

i
f iTmiTqpc

1

**12 )( .

Proof.  Note that ),;( pTL  is continuous for T0  because we assume 
that )(1 tF  is continuous and that ),;( pTL  as 0T  from Equation (4.3). 
If we explain PM at an interval T  as maintenance only at failure, that is, no 
PM, it follows that ),;( pTL  has minimum for T0 . 

A necessary condition that a finite value *T  minimizes ),;( pTL  is that it 
satisfies the following equation, from Wang and Pham (1996b): 
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From this it follows that the optimum maintenance cost rate ),;( pTL  is 
n

i

i
f iTmiTqpc

1

**12 )( , where )(m  is the quasi-renewal density of the quasi-

renewal process.                                                                        

4.2.3 Model 3: Imperfect Repair and Imperfect PM  

Assume that a unit start working at time 0; upon failure i it is imperfectly repaired 
at a cost vf cic )1(  if and only if 1ki  where ...,3,2,1i , fc  and vc  are 
fixed repair cost and incremental cost respectively. The repair is imperfect in the 
sense that upon each repair the time to failure will be reduced to a fraction  of its 
immediate predecessor and be independent of all previous ones; the repair time 
will increase to a multiple  of its immediately previous one and be independent 
of all previous ones. In other words, the successive times to failure constitute a 
decreasing quasi-renewal process with parameter  and the successive repair times 
follow an increasing quasi-renewal process with parameter . Notice that the 
repair cost increases by vc  for each next imperfect repair. Boland and Proschan 
(1982) introduce this kind of increasing maintenance cost notation for minimal 
repair.

Given that the lifetime 1X of the new unit and the first imperfect repair time 1Y
are independent random variables with means  and , respectively, and suppose 
that iZ s and i s are respectively i.i.d. random variable sequences. The lifetime of 
the unit upon the first imperfect repair and the second imperfect repair time will 
become respectively 1Z  with mean  and 1  with means , where the 
constant 1 means that the repair time is increasing as the number of imperfect 
repairs increases and 10  means that the lifetime is decreased at each 
imperfect repair. Note that the lifetime of the unit upon the th)2(k  repair and the 

th)1(k  repair time are 1
2

1
2 and k

k
k

k Z  with means   2k and 2k

respectively.
After the th)1(k imperfect repair at failure, the unit is imperfectly 

preventively maintained at times ...,3,2, TTT  at a cost pc  (independently of the 
unit’s failure history), and imperfect PM is treated by the ),( qp  rule. If there is a 
failure between PMs an imperfect repair is performed at a cost c fr  with negligible 
repair time; and the repair is imperfect in the sense that upon each repair the 
lifetime of this unit will be reduced to a fraction  of its immediately previous one 
and the successive lifetimes are independent where 10 , i.e., the lifetimes 
constitute a decreasing quasi-renewal process with parameter . This section 
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considers the case that the PM time is a random variable W with mean w. This 
maintenance process will repeat itself once a perfect PM is incurred. 

One possible interpretation of this model is: when a new unit is put into 
operation, the first )1(k  repairs at failures, because the unit is young at that time, 
will be performed at a low cost vf cic )1(  for 1,...2,1 ki , and the repairs 
turn out to be imperfect. Usually, these repairs are just minor repairs because the 
unit is in a good operating condition. For example, if a new car is put into use, it 
will be in a good operating state and should not need any major repairs for some 
short period, to say, in the first half year. After the th)1(k imperfect (minor) 
repair at failure, this car will be in a bad condition and then a better or perfect 
(major) maintenance (preventive or unplanned, especially preventive) is necessary 
at a higher cost of pc  or frc .

4.2.3.1 Maintenance Cost Rate and Availability 
The following result is due to Wang and Pham (1996b), and we provide it here 
without the proof. 

PROPOSITION 4.5 The long-run expected maintenance cost per unit time, or 
maintenance cost rate, is 
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and the asymptotic average availability is given by  
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                      (4.5)

where )(tM is the quasi-renewal function of a quasi-renewal process with 

parameter  and the first interarrival time distribution )( 1
1 tF k .

In this section, T and k are decision variables; ,,  and p are parameters. 
),,,;,( pkTC  implies that the expected maintenance cost per renewal cycle C

is a function of variables T and k with parameters of ,,  and p. We will use 
similar notation throughout this book. 

Wang and Pham (1996b) prove that a necessary condition that finite values 
),( ** kT  minimize ),,;,( pkTL  is that they satisfy the following simultaneous 

equations:
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4.2.3.2 Optimization and Numerical Example 
Sometimes it may be required that while some reliability requirements are satisfied  
the optimum maintenance policy is obtained. For maintenance Model 3, noting the 
asymptotic average availability in Equation (4.5), the following optimization 
problem can be formulated in terms of decision variables T and k as well as 
parameters ,  and p:

Minimize     
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Subject to
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where constant 0A  is the predetermined availability requirement. 

Similarly, some other optimization models can be formulated and these models 
can be solved by using any nonlinear programming software. To illustrate the 
optimal maintenance model (4.6) we now present a numerical example. Note that 
the normal distribution is IFR. Assume that the lifetime, 1X , of a new unit follows 

the normal distribution with mean  and variance 2 . Then upon the 
th)1(k imperfect repair at failure, the pdf of the lifetime of this unit will become 
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1 xfxf kk
k . From Section 4.1.2, the quasi-renewal function of the 

quasi-renewal process with parameter  and the first interarrival time distribution 
)( 1

1
1 xf kk  is
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It is easy to obtain that  
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where random variable nSS  follows the normal cumulative distribution function 

with mean )1/()1(1 nk  and  variance )1/()1( 22222 nk .
Therefore, the quasi-renewal function is given by 
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where )(  is the standard normal cdf. Now assume that     
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Substituting the above parameter values and the quasi-renewal function into the 
optimization model (4.6) yields: 
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Various kinds of approximations for the standard normal )(  have been 
developed and a simple approximation with high accuracy is by Zelen and Severo 
(see Johnson and Kotz, 1970): 

)exp(29372980.01201676.04361836.01)( 2
2
1

132 xtttx     (4.7) 

where 1)33267.01( xt . The error in )(x , for 0x , is less than 5101 .
Note that )(1)( xx . Thus, for 0x  we can use this relationship and 

Equation (4.7) to approximate )(x .
Using the above approximation and nonlinear integer programming software 

we can find the optimal solution ),( ** kT  that minimizes the maintenance cost rate 
given that the availability is at least 0.94: 

36530.7 ** kT

and the corresponding minimum cost rate and availability are respectively 

9426.0)95.0,05.1,95.0;,(2332.0$)95.0,05.1,95.0;,( **** kTAkTL

The results show that the optimal maintenance policy is to perform repair at the 
first two failures of the unit at a cost of $1 and $1.06 respectively, and then 
perform PM every 7.6530 time units at a cost of $3 and repair the unit upon failure 
between PMs at a cost of $4.

4.2.4 Model 4: Imperfect Repair and Imperfect PM 

In the periodic PM Model 3 in Section 4.2.3, if we further assume that after the 
first )1(k  imperfect repairs the unit will be subject to imperfect PMs at times 

...,3,2, TTT and repairs at failure. The repair at failure is perfect and the 
corresponding repair time is a random variable Q with mean 2 . The PM is 
imperfect in the sense that after PM the unit will be as good as new with 
probability 1p  and as bad as old with probability 2p  and will fail (worst repair) 
and need repair with probability 3p  where 1321 ppp . Let us further assume 
that the perfect and worst PM times have means 54 and  respectively and the 
repair time upon failure caused by PM is a random variable V with mean 3 . The 
reason that PM may result in a unit failure is stated in Nakagawa (1987) and 
Chapter 1 of this book. 

According to the ordinary renewal reward theory, the limiting average 
availability A is

),,,,;,(),,,,;,(
),,,,;,(

),,,,;,(
321321

321
321 pppkTDpppkTU

pppkTUpppkTA

where ),,,,;,( 321 pppkTU  and ),,,,;,( 321 pppkTD  are the accumulating 
failure-free time and repair time in one renewal cycle. It is easy to obtain 
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PROPOSITION 4.6 The unit’s asymptotic average availability is 
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In this section, T and k are decision variables; 21 ,,, pp  and 3p  are 
parameters. From Equation (4.8) we can see that ),,,,;,( 321 pppkTA  is 
uniquely determined by variables T and k as well as parameters 21 ,,, pp  and 

3p . The optimal T and k which maximizes ),,,,;,( 321 pppkTA  satisfies the 
following simultaneous equations if they exist: 
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  The above two equations are obtained by differentiating asymptotic average 
availability ),,,,;,( 321 pppkTA  with respect to T and k respectively, and 
setting the derivatives equal to 0. Note that k is an integer and is regarded as a real 
number temporarily when differentiating ),,,,;,( 321 pppkTA  with respect to k.
Note also that 21 ,,, pp  and 3p  are all parameters.

4.2.5 Model 5: Imperfect Repair and Imperfect PM  

This model is exactly like Model 3 in Section 4.2.3 except that the imperfect PM is 
treated by the x rule, i.e., the age of the unit becomes x units of time younger upon 
PM (see Chapter 2); that the unit undergoes minimal repair at failures between 
PMs at cost fmc  instead of imperfect repairs in terms of parameter in Model 3. 
Assume that the Nth PM since the last perfect PM is perfect, where N is a positive 
integer. A cost Npc  and an independent replacement time V with mean v is suffered 
for the perfect PM at time NT. Given that imperfect PM at other times takes W
time with mean w and imperfect PM cost is pc . Suppose that pNp cc , wv ,
and W and V are independent of the previous failure history of the unit. 

PROPOSITION 4.7 The long-run expected maintenance cost per unit time is 
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and the asymptotic average availability is 
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Proof. The times between consecutive perfect maintenance constitute a renewal 
cycle.  From the classical renewal reward theory we have: 
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where ),,;,,( pNkTC  is the expected maintenance cost per renewal cycle, 
),,;,,( pNkTU  is the accumulated operating time in a renewal cycle, and 
),,;,,( pNkTD  is the expected duration of a renewal cycle. Following Wang 

and Pham (1996c), 
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Hence, Proposition 4.7 follows.                                                   
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In this section, T, k and N are decision variables; ,  and p  are parameters. 
From Equation (4.9) we can see that maintenance cost rate L and availability A are
uniquely determined by variables T, k and N as well as parameters ,  and p .

From Proposition 4.7, the optimum solution ),,( *** NkT which minimizes 
),,;,,( pNkTL  or maximizes ),,;,,( pNkTA  or optimizes both can be 

obtained by using a nonlinear integer programming software.

4.2.6 Model 6: Imperfect Repair and Imperfect PM

Model 6 is identical to Model 3 in Section 4.2.3 except that upon the th)1(k
imperfect repair we assume that there are two types of failures (see Beichelt 1980, 
1981), and that PMs at times T, 2T, 3T ,... are perfect. Type 1 failure might be total 
breakdowns while Type 2 failure can be interpreted as a slight and easily fixed 
problem. Type 1 failures are subject to perfect repairs and Type 2 failures are 
subject to minimal repairs. When a failure occurs it is a Type 1 failure with 
probability )(tp  and a Type 2 failure with probability )(1)( tptq where t is 
the age of the unit. Thus, the repair at failure can be modeled by the 

))(),(( tqtp rule described in Chapter 2. Assume that the failure repair time is 
negligible, and PM time is a random variable V with mean v.

Consider T and k as decision variables in this section. For this maintenance 
model, the times between consecutive perfect PMs constitute a renewal cycle. The 
long-run expected maintenance cost per system time, or cost rate, is 

),(
),(),(

kTD
kTCkTL                                               (4.10) 

where ),( kTC  is the expected maintenance cost per renewal cycle and ),( kTD  is 
the expected duration of a renewal cycle.                     

After the th)1(k imperfect repair, let pY  denote the time until the first perfect 
repair without PM since last perfect repair, i.e., the time between successive perfect 
repairs. As mentioned in Chapter 2 the survival distribution of pY is given by 

t kk
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dxxrxp

dxxrxptS
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11

0

)()(exp

)()(exp)(

which is proved in Block et al. (1985) and NAPS 03476-A, and utilized in Beichelt 
(1980, 1981a) and Sheu et al. (1995). Block et al. (1985) further prove that )(tS
has IFR if )(tr  is IFR.

Assume that tZ  represents the number of minimal repairs during the time 
interval },min{,0 pYt  and )(1)( tStS . Using the results shown in NAPS 
03476-A and used in Beichelt (1981a), we have that:  
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Let )(1 tN  and )(2 tN  denote s-expected number of perfect repairs and minimal 
repairs in (0, t) respectively; ,, 21 cc and pc  denote costs of perfect repair, minimal 
repair, and PM, respectively. Wang and Pham (1999) obtain 
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Obviously, )(1 tN  is the renewal function for the renewal process with the 
interarrival time distribution )(tS and can be determined by the solution method to 
the renewal function in renewal theory. According to Beichelt (1981a), we have for 

Tt ,
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and (4.12).  It follows that 
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Therefore, )(2 tN  can be obtained by the Laplace transform or by solving the 
integral Equation (4.15) using numerical computation. Substituting Equations 
(4.13) and (4.14) into Equation (4.10), it follows that: 

PROPOSITION 4.8 The long-run expected maintenance cost rate is given by 
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Again, the optimal maintenance policy ),( ** kT  to minimize the expected cost 
rate can be obtained from Equation (4.16) in the same manner as in Section 4.2.3.

4.3 Cost Limit Replacement Policy - Model 7 

This model is the same as Model 3 in Section 4.2.3 except that at next failures after 
the th)1(k  imperfect repair since time zero, repair cost is estimated by perfect 
inspection to determine whether to replace or imperfectly repair it. Assume that the 
repair cost has a cumulative distribution function C(x) which is independent of the 
age of the unit. If the estimated cost does not exceed a constant cost limit Q, then 
this unit is imperfectly repaired at an expected repair cost not exceeding Q.
Otherwise, it is replaced by a new one at a higher fixed cost 2c  and the 
replacement time is W with mean w. Imperfect repair is modeled by the ),( qp  rule. 
Given that the repair time is V with mean v, and that W and V are independent of 
the previous failure history of the unit. Upon a perfect repair or replacement the 
process repeats. 

This section considers k and Q as decision variables, and ,  and p as 
parameters. 

PROPOSITION 4.9 The long-run expected maintenance cost per unit time is 

0

1
11

12

)(1)(exp
)(1

)()(1
1

)1(
1

)1(

)(1
)()(1

2
)2)(1()1(

),,;,(

dtQqCtH
QqC

vQpCwQC
QpC

QCcQCcckkck

pQkL

k
kk

vf

                                                     (4.17) 
and the asymptotic average availability is 
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11 )()(  is the cumulative hazard of the unit right after 
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the thk )1( imperfect repair and )()(
0

1
1 tdCtQCc

L
 is the mean of repair 

costs less than Q. 

Proof. The times between consecutive perfect maintenance, either replacement 
or perfect repair, constitute a renewal cycle. From the classical renewal reward 
theory we have 
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where ),,;,( pQkC  is the expected maintenance cost per renewal cycle, 
),,;,( pQkU  is the accumulated operating time in a renewal cycle, and 
),,;,( pQkD  is the expected duration of a renewal cycle. Denote by 

,...,,, 210 ZZZ  the failure times of the unit before a replacement or a perfect repair 
where 00Z . Wang and Pham (1996c) show 
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Noting the results of Nakagawa and Kowada (1983): 
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Proposition 4.9 follows from the above equations .                               

The optimum maintenance policy ),( ** Qk  which minimizes ),,;,( pQkL
or maximizes ),,;,( pQkA  can be obtained using any nonlinear programming 
software.  

4.4 Age-dependent PM Policies with Imperfect Maintenance 

4.4.1 Model 8: Imperfect Repair 

The model in this section is identical to Model 3 in Section 4.2.3 except that after 
the th)1(k  repair at failure the unit will be either replaced at next failure at a cost 
of frc , or preventively replaced at age T at a cost pc ,  whichever occurs first. That 
is, after time zero a unit is imperfectly repaired at failure i at a cost vf cic )1(
for 1ki  where fc  and vc  are constants. The repair is imperfect in the sense 
that upon each repair the lifetime will be reduced to a fraction  of the immediate 
previous lifetime, and the repair time will be increased to a multiple  of the 
immediately previous one, and the successive lifetimes and repair times are 
independent. In other words, the successive times to failure constitute a decreasing 
quasi-renewal process with parameter  and the successive repair times form an 
increasing quasi-renewal process with parameter . Note that the lifetime of the 

unit after the th)2(k  repair and the th)1(k  repair time are 1
2

k
k Z and
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1
2

k
k  with means   2k and 2k  respectively, where iZ s and i s are i.i.d.

random variable sequences respectively. 
Similar to Model 3, one possible interpretation of this model is: when a new 

system is put into operation, the first )1(k  repairs at failures, because the system 
is young at that time, will be performed at low cost vf cic )1( , and the repairs 
turn out to be imperfect. Usually, these repairs are just minor repairs because the 
system is in a good operating state. After the first )1(k repairs at failures, the 
system will be in a worse operating condition and a perfect maintenance, especially 
a PM, is necessary at a higher cost. 

We consider T and k as decision variables, and as parameters. 

4.4.1.1 Cost Rate 

PROPOSITION 4.10 The long-run expected maintenance cost per unit time, or 
maintenance cost rate is 
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Proof. The times between consecutive perfect maintenances, preventive or 

unscheduled at failure, constitute a renewal cycle. From the ordinary renewal 
reward theory we have 
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where ),;,( kTC  is the expected total maintenance cost per renewal cycle and 
),;,( kTD  is the expected duration of a renewal cycle.  

     Wang and Pham (1996a) show 
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From them Proposition 4.10 follows.                                         
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     We now determine the optimum maintenance policies that minimize the 
expected maintenance cost rate. The result is summarized in Proposition 4.11. 

PROPOSITION 4.11 For a fixed value of k, an optimum value of PM time T, say *T ,
to minimize the maintenance cost rate exists, and is perhaps infinite, if  

EM )0( ;                                                      (4.19) 

if )(1 tr  is continuous and strictly increasing to infinity and Inequality (4.19) is 

satisfied,  the optimal solution  T* is unique and finite, given by 

)(1* EMT                                                  (4.20) 

where )(1 EM  is the inverse function of )(TM ; if EM )0(  the optimal solution 

is 0*T . 

Proof. Following Wang and Pham (1996c), the derivative of ),;,( kTL  with 
respect to T is given by 
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 where )(1 tr  represents the failure rate of a new component. 

     A necessary condition for *T to minimize ),;,( kTL  can be obtained by 
setting the derivative of ),;,( kTL  with respect to T equal to zero: 

0)( ETM                                                   (4.21) 

The derivative of )(TM  is
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Since )(1 tr  is continuous and increasing, )(TM  is also continuous and 
increasing in T. Note also that 0)0(M . Thus, there exists a unique and finite 
solution for Equation (4.21) only if )(1 tr  is strictly increasing to infinity and
Inequality (4.19) is satisfied. If Inequality (4.19) is satisfied and )(1 tr  is increasing, 
a solution to Equation (4.20) exists, and is perhaps infinite. If EM )0(  there is a 
unique optimal solution:  

0lim
0
0

* TT
T
T

since we assume that 0T . Therefore, Proposition 4.11 follows.                                               
      

When repair number k and the PM interval T are both decision variables, we 
can find the optimal values for k and T by solving the following simultaneous 
equations if they exist and k is taken as a real number temporarily:  
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and Equation (4.21). One can determine the optimal values for T and k from 
Equations (4.21) and (4.22) by numerical computation methods. Note that k is 
taken as a real number in Equation (4.21) but the final optimal k value should be 
rounded to an integer. 

4.4.1.2 Numerical Example 
This section illustrates the results from Section 4.4.1.1 by a numerical example.
Given the lifetime of a unit follows the Weibull distribution with a scale parameter 

1  and a shape parameter 2 , that is, 
2)(

1 11)( tt eetF . The other 
parameters are (Wang 1997)  

03.005.195.0
12$4$06.0$1$ frpvf cccc

 Then the mean life of this unit is 
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88623.0)5.1()11(1   time unit 

Substituting the above parameters into Equation (4.18) we obtain 
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105.1

)105.1(03.0
95.01
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Using nonlinear integer programming software, an optimum maintenance 
policy to minimize the maintenance cost rate can be found to be  

0599.09 ** Tk

and the corresponding optimal maintenance cost rate is  

178.2$)05.1,95.0;9,0599.0(L    per unit time 

     This result indicates that the optimal maintenance policy for Model 8 is that the 
first eight failures of the unit will be imperfectly repaired at low costs, and after the 
eighth repair at failures the unit will be either preventively replaced at the age of 

0599.0  time units at a cost of $4 or replaced at next failure at a cost of $12, 
whichever occurs first.  

Table 4.1. Optimal maintenance policies for Model 8 

Parameter(s) Changed ),( ** TkL *k *T

1.1        8frc 2.148 9 0.1182

1.0vc      8frc 2.311 7 0.1561 

6pc        8frc 2.450 10 0.2433

2pc        8frc 1.801 6 0.0899 

If pc  is changed to $8 from $4 and the other parameters are kept unchanged, 
then the optimal solution is 

1229.011742.2),( **** TkTkL

Similarly, we can change other parameters and leave the remaining unchanged, 
and compute the corresponding optimal solutions as shown in Table 4.1. Note that 
the failure rate of the unit tttr 2)()( 1

1  is continuous and strictly 
increasing to infinity. From Table 4.1 we can see that for these situations the 
optimum solutions always exist and they are finite and unique. 
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4.4.2 Model 9: Imperfect CM and Imperfect PM 

This model is exactly like Model 8 in Section 4.4.1 except that since the th)1(k
repair at failure the unit will be imperfectly maintained at age T at a cost pc  or 
perfectly repaired at next failure at a cost frc , whichever occurs first. The 
imperfect PM is treated by the ),( qp rule. In practice, after the )1(k minor 
repairs, although a PM is expected to be perfect it turns out to be not perfect due to 
maintenance cost and maintenance performers, etc. Hence, PMs are imperfect 
generally. Note that perfect PM is an extreme type of imperfect PM as discussed in 
Chapter 2. 

Considering T and k as decision variables, ,  and p as parameters in this 
section, we have the following proposition: 

PROPOSITION 4.12 The long-run expected maintenance cost per unit time is 
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Proof. See Wang and Pham (1996a) for proof. The key point of the proof is that 
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i Tisq k  and ])(1[
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j
j Tjsqp k  are the probabilities that 

PM and CM (repair) occur, respectively, in a renewal cycle (note that a renewal 
cycle may end with a perfect PM or a CM). For example, )2( 1

1 Tsq k  represents 
the probability that the unit has never failed in the interval )2,0( T  and the first PM 
turns out to be not perfect (with probability q).                                                       

When 1p , i.e., PM is perfect, Proposition 4.12 becomes identical to 
Proposition 4.10. 

It is important to determine k and T which minimize the expected maintenance 
cost rate. The optimal values for k and T can be obtained by differentiating 

),,;,( pkTL  with respect to T and k and setting them equal to zero respectively 
if they exist. Wang and Pham (1996a) prove that the optimum solution (T, k)
satisfies the following two simultaneous equations: 
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One can determine the optimal values for T and k from the above two equations 
by numerical computation methods and nonlinear programming software. Note that 
k is taken as a real number in the above equations but the final optimal k value
should be rounded to an integer.

4.4.3 Model 10: Two Imperfect Repairs 

This model is the same as Model 8 in Section 4.4.1 except that since the th)1(k
repair at failure the unit will be perfectly maintained at age T at a cost pc , or im-
perfectly repaired at next failure at a cost frc , whichever occurs first. The im-
perfect repair is modeled by the ),( qp  rule. If the repair is perfect, the next PM 
with the same cost pc  will be rescheduled at a time T since this perfect repair. If 
the repair is minimal, the unit is put back into operation and continues to operate 
until receiving a perfect maintenance, corrective or preventive. 

We consider T and k as decision variables, ,  and p as parameters in this 
section.  

PROPOSITION 4.13 The long-run expected maintenance cost per unit time is 
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Proof.  From renewal reward theory,  
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),,;,(
),,;,(),,;,(

pkTD
pkTCpkTL

where ),,;,( pkTC  is expected total maintenance cost per renewal cycle (until a 
perfect repair or perfect PM) and ),,;,( pkTD  is the mean length of a renewal 
cycle. As mentioned in Chapter 2, Brown and Proschan (1983) prove that without 
PM the survival function of the time between successive perfect repairs of a unit is 

ptstF k
p )()( 1

1 .

if its pdf is )( 1
1 tF k  and imperfect repair is modeled by the ),( qp  rule. Hence  
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The expected cost per renewal cycle is
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Using Lemma 2.1 of Fontenot and Proschan (1984), it follows that 
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Substituting 1C into the ),,;,( pkTC  expression it follows that  
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From which we obtain the expression for ),,;,( pkTL .                                    

PROPOSITION 4.14 For a fixed k value, the following conclusions hold regarding 
the optimum solution *T , which minimizes the maintenance cost rate: 

(a) The optimal age *T is infinite if pfr pcc    

(b) An optimal age *T  exists if pfr pcc  and    
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(c) The equation 0),;,(
T

pkTL  has at most one solution. If a solution 

exists it must be an optimal solution. 

(d) There is a finite unique optimal solution if pfr pcc  and the condition     
(4.23) is satisfied as well as  
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Proof. Differentiating ),,;,( pkTL  with respect to T yields 
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from which using the methods similar to Fontenot and Proschan (1984) and 
Section 4.4.1 we can see that for fixed k:

(a) If pfr pcc  then 0),,;,(
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pkTL , i.e., the maintenance cost rate function 

L is decreasing. Hence, the optimal age *T .

(b) Let
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It is easy to verify that: 
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(c) From the proof of (b) it is easy to draw such a conclusion. 

(d) Note that at this time there is a finite unique *T , which makes  
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Then the conclusion follows.                             
If k is also regarded as a decision variable, differentiating ),;,( pkTL  with 

respect to k results in 
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The optimal solution in terms of k and T which minimizes ),;,( pkTL
satisfies the following simultaneous equations if it exists: 
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k

pkTL

4.4.4 Model 10a: Two Imperfect Repairs Considering Repair Time 

Assume that in the maintenance Model 10 in Section 4.4.3 the PM time duration is 
a random variable W with mean w, and the duration of perfect repair time at failure 
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is a random variable V with mean v. The duration of minimal repair time at failure 
is negligible because it is smaller than perfect repair duration generally.

4.4.4.1 Cost Rate and Availability 

PROPOSITION 4.15 The maintenance cost rate is given by 
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Proof.   From renewal reward theory,  
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From them the expressions for cost rate and the availability follow.                  

 4.4.4.2 Optimal Maintenance Policies 
As noted in Chapter 3, sometimes it may be required that when some availability 
requirements are satisfied the optimum maintenance policy is attained or when 
some maintenance cost requirements are satisfied the optimum reliability measures 
are attained. For the maintenance model in Section 4.4.4.1, the following optimiza-
tion problem can be formulated: 

Minimize  
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where constant 0A  is the specified availability requirements, 0T , and ,...3,2k

4.4.5 Model 11: Imperfect Repair and Perfect PM 

For periodic maintenance Model 6 in Section 4.2.6 we now assume that after the 
first )1(k  imperfect repairs the system will be subject to a perfect maintenance at 
age T )0(T  or at the first Type 1 failure, whichever occurs first. This process 

continues in infinite time horizon. That is, after the th)1(k imperfect repair the 
system is subject to a perfect PM whenever it reaches age T. Otherwise, there are 
no PMs and after Type 1 failure the system age is set to zero and is counted again. 
When a failure after the first )1(k imperfect repairs occurs it is a Type 1 failure 
with probability )(tp  and a Type 2 failure with probability )(1)( tptq . Type 2 
failure is subject to minimal repair. Suppose that the minimal repair time is 
negligible, perfect maintenance (corrective or preventive) time is a random 
variable Q with mean .
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We consider T and k as decision variables, ,  and p as parameters in this 
section. For this maintenance model, the times between consecutive perfect 
maintenance, corrective or preventive, constitute a renewal cycle. The long-run 
expected maintenance cost per system time, or cost rate, is 
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Wang and Pham (1999) obtain 
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Note the derivation of Equation.(4.15). It follows that 
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Substituting Equations (4.27) and (4.28) into Equation (4.26), we have: 

PROPOSITION 4.16  The long-run expected maintenance cost rate is given by 
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The optimal maintenance policy ),( ** kT  to minimize the expected cost rate 
can also be determined from Equation (4.29) using a nonlinear integer program-
ming software. 
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4.5 Concluding Discussions

All imperfect maintenance models in this chapter are based on the quasi-renewal 
process: successive operating times of a system are independent and decreasing by 
a fraction )1( , and successive maintenance times are independent and 
increasing by a fraction )1( , or alternatively, upon each repair the time to 
failure will be reduced to a fraction  of the immediately previous one and be 
independent of all previous ones and the repair time will be increased to a multiple 

 of the immediately previous one and be independent of all the previous ones. In 
other words, the successive times to failure form a decreasing quasi-renewal 
process with parameter , and the successive maintenance times constitute an 
increasing quasi-renewal process with parameter . One can see that most results 
obtained in this chapter are in closed forms. Based on these results the optimal 
maintenance policies can be easily obtained by using any nonlinear programming 
software. Therefore, the quasi-renewal process is effective to treat hardware 
imperfect maintenance. 

For most technical systems, such as cars or refrigerators, when a new one is put 
into use, it will be in a good operating state and may not need major repairs at the 
beginning period. After a period of operating, to say, after a certain number of 
imperfect (usually minor) repairs at failure the system will be in a worse operating 
condition and then a better or perfect maintenance (preventive or unplanned, 
especially preventive) is necessary at a higher cost to bring the system to a better 
operating condition with higher reliability. Therefore, the imperfect maintenance 
models discussed in this chapter will be practical in reliability and maintenance 
practice.      

Appendix

Assume that a unit has a distribution function F(t) and survival function 
)(1)( tFts  with mean . We have the following definitions (For details see 

Barlow and Proschan 1965): 

s is NBU if )()()( ysxsyxs  for all 0, yx .

 s is NWU if )()()( ysxsyxs for all 0, yx .

s is NBUE if )()( tsdxxs
t

 for all 0t .

 s is NWUE if )()( tsdxxs
t

 for all 0t .

s is IFRA if xxs /1)( is decreasing in x for 0x .

  s is DFRA if xxs /1)( is increasing in x for 0x .
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s is IFR if and only if )(/)()( tstFxtF is increasing in t for 0x .

 s is DFR if and only if )(/)()( tstFxtF is decreasing in t for 0x .

Minimal repair:  restore the system to its condition just prior to failure, i.e., if a 
system fails at age t and undergoes minimal repair, then the repaired system 
has survival function )(/)()( tstxsxs .



5

Reliability and Optimal Maintenance of Series Systems 
with Imperfect Repair and Dependence 

The series system is one of the most important and common systems in reliability 
theory and applications. This chapter discusses availability, maintenance cost, and 
optimal maintenance policies of the series system with n constituting components 
under the general assumption that each component is subject to correlated failure 
and repair, imperfect repair, and arbitrary distributions of times to failure and to 
repair under shut-off rules. Imperfect repair is modeled through quasi-renewal 
processes: the successive times to failure form a decreasing quasi-renewal process 
and the successive repair times constitute an increasing quasi-renewal process. 
System availability, mean time between system failures, mean time between 
system repairs, asymptotic fractional down time of the system, etc., are derived, 
and a numerical example is presented to compare with the models by Barlow and 
Proschan (1975). Then two classes of maintenance cost models are proposed, and 
system maintenance cost rates are modeled. Finally, properties of system 
availability and maintenance cost rates are studied. Optimization models to 
optimize system availability and/or system maintenance costs are furnished, and 
optimum system maintenance policies are discussed through a numerical example. 

5.1 Introduction 

In reliability engineering the series system is an important system as most systems 
in practice can be regarded or simplified as series systems. Its reliability, 
availability and maintenance have been studied in the reliability literature. Barlow 
and Proschan (1975) study the availability of the series system assuming that the 
repair at failure is perfect. Zhao (1994) extends their availability results to a 
general repair case. Schneeweiss (2005) investigates the availability of series 
systems without aging during repairs, proving the steady-state availability of a 
series-system with no aging of components during the repair of another one can be 
interpreted as a conditional probability of the well-known s-independent case 
conditioned on allowing for at most one failed component at any time. Trivially, 
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this conditional probability is larger than the standard probability, i.e., the product 
of all components’ probabilities (Pham 2003a). Blumenthal et al. (1976) discuss 
the transient reliability behavior of series system. Khalil (1985) investigates some 
shut-off rules for the series system. Wang and Pham (2006) study availability 
measures, maintenance cost modeling and optimal maintenance policies of series 
systems whose components are subject to imperfect repair as well as correlated 
failure and repair. This chapter introduces their work in which imperfect CM is 
modeled in a way that after repair the lifetime of each component will decrease to a 
fraction of its preceding one, and the repair time will increase to a multiple of its 
preceding one, given all lifetimes are independent and so are all repair times. In 
other words, the successive times to failure constitute a decreasing quasi-renewal 
process with parameter  and the successive repair times form an increasing quasi-
renewal process with parameter . The correlated failure and repair for each 
component are modeled by arbitrary bivariate distributions. 

The rest of this chapter is organized as follows. Section 5.2 explores system 
reliability measures: asymptotic average system availability, mean time between 
system failures, mean time between system repairs, etc. Section 5.3 investigates 
system maintenance costs. Section 5.4 discusses the optimal system maintenance 
policies combining both system availability and maintenance cost rate. Several 
numerical examples are presented to demonstrate models derived.  

The following notations will be used throughout this chapter: 

NOTATION

POS   Period of Service of a component. It begins when the component is new 
and ends when it is replaced by a new one (perfect repair) 

n          Number of components in the system 
i           Index of component position or component position identification, 

nii ,...,2,1,
k           Component identification number for each component position, or 

number of times which a new component has occupied this component 
position, ,...2,1k .

1ik   Maximum number of (imperfect) repairs on any component at 
component position i where 1ik

j           Index : number of distinct contiguous periods the component has been 
operating in a single POS for any component position; )1( j is the 
number of  failures/imperfect repairs; ikjj ,...,2,1,  for component 
position i

ikZ      POS of component k at component position i

ijkX     Time to failure of component k in component position i which has been 
repaired )1( j  times.  

kiX 1      Time to the first failure of component k in component position i

ijkY   Time of the jth imperfect repair of the kth component in component 
position i where 1,...,2,1 ikj
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kiki
Y     Time of the perfect repair of the kth component in component position i

ij        The expected value of ijkX : E[Xijk]

ij        The expected value of ijkY : E[Yijk]

i     
ik

j ij1
, total operating time of a component in component position i

in a POS

i          ik

j ij1 , total repair (perfect and imperfect) time of a component in 

component position i in a POS 
)(tU     System uptime accumulated during [0, t]
)(tD     System downtime accumulated during [0, t]
)(tUi    Operating-time in component position i during [0, t)
)(tDi    Downtime in component position i resulting from failures there in [0, t]

)(~ tNi   Number of failures in component position i during [0, t]

)(~ tN     Total number of system failures during [0, t]

)(~ tNij   Number of failures of components at component position i for which 
each has been repaired )1( j  times during [0, t]

)(tUij   Accumulated operating time of the component in position i which has 
been repaired )1( j times during [0, t]

a.s.     Almost surely:  a statement is true with probability one 
i Mean reduction factor of time to failure for components at component 

position i
i Mean repair time growth factor for components at component position i

States, time to failure, time to repair and their relationship of components at 
component position i are shown in Figure 5.1 (Wang and Pham 2006). The vertical 
axis represents component state: up or down, and the horizontal axis is system 
operating time. 

Up       11iX        21iX                  1iikX
            12iX          22iX               2iikX

                                                                                                                      Time 
Down

              11iY            21iY                  1iikY
               12iY         22iY                2iikY

                                      1iZ                                                  2iZ

Figure 5.1. States of components in component position i
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This chapter assumes: 
i) Each of the n components in the series system is new and starts to 

operate at time 0. 
ii) The component in component position i is repaired at the jth failure if 

and only if ikj . The repair is imperfect and modeled by the quasi-
renewal process. 

iii) The component in component position i is replaced at the ki
th failure by 

a new one where ki is an integer. This is a perfect repair. 
iv) The time to failure and corresponding time to repair of each 

component in the system are correlated.  
v) The times to failure or times to repair of the components in the same 

component position between the POSs are stochastically independent 
and have the same distributions if the corresponding components have 
the same history of repair. 

vi) The steady-state availability exists. 
vii) Two or more components cannot fail at the same time. 

In addition, we assume that the series system is subject to the same shut-off rule 
as the one described in Barlow and Proschan (1975), and studied in Khalil (1985): 
while a failed component is in repair, all other components remain in “suspended 
animation”. After the repair is completed, the system is returned to operation. At 
that instant, the components in “suspended animation” are as good as they were 
when the system stopped operating. In other words, the failure of any one 
component shuts off all other components in this series system. 

Generally, when a new component is put into operation, the first )1(k  repairs 
at failures will be performed at a low cost. This is because the system is young at 
that time and these repairs turn out to be imperfect. Usually, these repairs may be 
minor repairs because the component is in good operating condition. After the 

th)1(k imperfect repair, the component may eventually be in a deteriorating 
operating condition and then a perfect (major) repair may be necessary.         

5.2 System Availability Indices Modeling

Note that we consider the case that the time to failure of component k at position i
which has been repaired for )1( j  times is correlated with the jth repair time. The 
dependence of the time to failure ijkX and the time to repair ijkY is modeled by the 
joint distribution density ),( yxfij  in this chapter. Assume that the marginal pdfs of 

ijkX and ijkY are )(gand)( yxf ijij , respectively, and  

ijijijk dxxxfXE
0

)()(       and     )( ijkYE ijij dyyyg
0

)( .

Next we derive the asymptotic availability of the system. Note that )(tUi  is the 
operating time in the component position i and the component in component 
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position i will not operate during repair of components in other positions per the 
shut-off rule. Note also that a series system functions if and only if all its 
constituting components function. Therefore, )()( tUtU i . Since ttDtU )()(
and )()( tUtU i  we have 
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where )(~))(( tNtUN ijijij  and 0),( ttNij  is the renewal counting process 
associated with 1, kX ijk  . 

By the strong law of large numbers it follows that 
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Because )(
..sa

i tN   as  t  , we have by the strong law of large numbers, 
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The reverse inequality can be shown similarly.  Thus, the above Limit (5.1) holds. 

From the elementary renewal theorem it follows that   
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Since 1/)(0 ttU  for  all 0t , and the above asymptotic expression exists 
(the steady-state availability exists as per the assumptions in Section 5.1), it 
follows from the Lebesgue dominated convergence theorem that  
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Now we derive the limiting MTBSF  and MTBSR . The average of 
system up times in [0, t] will be approximately 
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The difference between the above expression and the average of system up 
times is a term that converges to 0 with probability 1 as t . Noting that the 
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and Equation (5.2), we have 
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The average system downtime, , during  [0, t] will be approximately 
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The difference between the above expression and the average system downtime 
is a term that converges to 0 with probability 1 as t . Wang and Pham (2006) 
prove the following results: 
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Note that in the above expressions, the dependence of the time to failure ijkX
and the time to repair ijkY  is allowed. 

Suppose that in this series system of n components upon each repair the time to 
failure of component i will decrease to a fraction i  of its immediately previous 
one and the repair time will increase to a multiple i of its immediately previous 
one where successive times to failure are independent and so are successive repair 
times, nii ,...,2,1, . In other words, the successive times to failure compose a 
decreasing quasi-renewal process with parameter i  and the successive repair 
times form an increasing quasi-renewal process with parameter i  for component i.
Accordingly, upon each repair the expected time to failure of the component will 
decrease to a fraction i of its immediately previous value and the expected repair 
time will increase to a multiple i of its previous value, i.e.,

ijijiijiji )1()1(                                (5.9) 

where 11 ikj  and 11ik  for component position i. Note that )1( ik is
the maximum number of imperfect repairs at component position i in a POS and 
that 1ik  indicates perfect repairs only for component position i. Obviously, that 

1i  also corresponds to a perfect repair only for the component in component 
position i.
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Generally in practice 10 i  and i1 . However, this chapter considers 
imperfect repair and assumes that the factors 1, ii  for ni1  later in this 
chapter. 

From the above relationship (5.9), it follows that the average accumulating 
operating time in a POS for component position i resulting from failure there is 
given by 
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     Similarly, the average accumulating down time (including perfect repair time) 
in a POS for component position i resulting from failure there is 
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     Alternatively, assume that the perfect repair time is i , which is independent of 
other imperfect repair times. Then the average accumulating down time in a POS 
for component position i resulting from failure there is 
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where 1ik .      
     Upon substituting Equations (5.10) and (5.11) into Equations )3.5()1.5(  and 
simplifying, the following proposition follows: 

PROPOSITION 5.1 The mean asymptotic availability of the series system defined in 
Section 5.1 is 
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The limiting average functioning time between system failures (MTBSF) is                                   
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The limiting mean time between system repairs (MTBSR) is
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The asymptotic fractional down time due to the failure from component position i 
is
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The asymptotic number of failures in component position i per unit of time is 
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The asymptotic number of failures of the system per unit of time is 
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We can see that the above results )ga12.5( depend only on the expected time 

to failure 1i  and the expected repair time 1i  of each new component (not yet 
repaired) in the system as well as the maximum number of imperfect repair 

)1( ik , factors i  and i  but not on distributions of actual times to failure and 
repair of the components. Thus, these asymptotic results hold for arbitrary 
distributions of times to failure and repair, and are mathematically very simple in 
spite of the fact that the age distribution of components in the system quickly 
becomes stochastically very complicated. 

It follows that that from Equations (5.10) and (5.11), 

11
lim iii k

i

11
lim iii k

i

which are identical to total operating time and down time for component position i
in a POS for the perfect repair case respectively. Note 1i  corresponds to a 
perfect repair for the component in component position i. Therefore, the limiting 
values from the above results )ga12.5( for the imperfect repair case when 

1i  and 1i  can be used for the perfect repair case. 

EXAMPLE 5.1. Barlow and Proschan (1975) study a system of four components in 
series with expected times to failure and repair given in Table 5.1. Given the time 
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to failure and the time to repair of each component are independent they compute 
the availability measures for the perfect repair case. For this example, Wang and 
Pham (2006) consider imperfect repair case as described in the assumptions in 
Section 5.1, and assume that each component can be imperfectly repaired at most 
( 1ik ) times. When each component fails at failure ik , it undergoes a perfect 
repair (note that perfect repair times at different repair stages with different 
deteriorating component conditions may be different in practice). Correlated failure 
and repair are allowed. ik , i  and i  values for each component are summarized 
in Table 5.1. 

Table  5.1. System parameters 

Component
index Component type 

Mean time to 
failure 1i

(hours)

Mean repair 
time 1i

(hours)
ik i i

1
2
3
4

Power supply 
Analog equipment 
Digital equipment 
Mechanical 

50
100
1000

10000

0.1
0.2
1.0
20.0

6
5
6
7

0.90
0.90
0.95
0.92

1.05
1.05
1.05
1.05

Table 5.2. Comparison of numerical results 

 Availability measures  Perfect repair 
 (Barlow-Proschan)

 Imperfect repair 
 (Wang-Pham) 

 Limiting availability 0.993 0.9903

 Limiting average of system up times (hrs) 32.15 25.5890 

 Limiting average of system down times (hrs) 0.225 0.2516 

 Limiting number of system failures per hour  0.0387 

1,avD 0.002 0.0029 

2,avD 0.002 0.0027 

3,avD 0.001 0.0013 

4,avD 0.002 0.0029 

1N 0.020 0.0254 

2N 0.010 0.0121 

3N 0.001 0.0011 

4N 0.0001 0.0001 
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Using the formulae derived in this section, Wang and Pham (2006) evaluate 
availability measures for this system. The obtained numerical results are shown in 
Table 5.2 in which the numerical availability indices for the perfect repair case by 
Barlow and Proschan (1975) are also listed. Comparing these results with those by 
Barlow and Proschan, we can see that:  

(a) The system availability and the limiting average of system up times for 
the imperfect repair case are significantly smaller than for the perfect 
repair case.

(b) The long-run fraction of the time that the system is down due to the 
failure of each of the four component types, and the long-run average 
number of failures per hour of each of the component types are larger for 
imperfect repair case. Obviously this is because the repair is imperfect, 
i.e., repair doesn’t make a component “good as new”.  

(c) If 1ik  for all four components, these results and those by Barlow and 
Proschan will be the same. Alternatively, the limiting results for the 
imperfect repair case when 1i  and 1i  for all four components 
can expect to be the same as those by Barlow and Proschan (1975). This is 
because imperfect repair can include perfect repair as special case. 

5.3 Modeling of Maintenance Costs 

Section 5.2 has studied one system performance measure – system availability 
indices. For a repairable system the maintenance cost per unit of time, or 
maintenance cost rate is another interesting system performance measure. For 
example, a car owner may want to know how much to spend on his car 
maintenance every year. This section investigates the system maintenance cost 
rate. Two maintenance cost models will be presented, following Wang and Pham 
(2006). Note assumption (vii) in Section 5.1: no more than one failure occurs at the 
same time. 

5.3.1 Cost Model 1   

Assume that it costs id  dollars per unit of down time for component i to perform 
repair. id  consists of two parts: 0d  and imd , where 0d  is the loss cost per unit of 
system down time because the system is not available (loss from service 
interruption) and the same for all component positions, and imd  is the repair cost 
per unit of time for the component in component position i where 1 i  n.
Obviously, imi ddd 0 . Repair cost rate imd  may include two parts: materials 
and labor costs, and can be estimated from historical repair data, material cost, 
labor rate, etc. It follows that the total cost of the series system maintenance and 
service interruption accrued during the time interval [0, t] is 
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Next we consider another type of repair cost for each component in the system: 
repair cost is in a lump sum instead of cost per unit of time.

5.3.2 Cost Model 2 

Suppose that component position i costs 1id  dollars to imperfect repair and service 
interruption each time it fails and 2id  dollars to perfect repair and service 
interruption every ik repairs, regardless of the time to complete repair. Assume 
further that 21 ii dd . 1id  and 2id  may include system loss cost, materials cost, 
and labor cost, and can be estimated from service importance, historical repair 
data, material cost, labor rate, etc. Note that service interruption cost may tend to 
be related to time to repair in many situations, as in Cost Model 1. Therefore, Cost 
Model 1 and Model 2 should be chosen per actual application. Note that a lot of 
research in the maintenance and reliability field considers repair/maintenance cost 
only and ignores system loss cost. Then the total cost of system maintenance and 
service interruption accrued during [0, t] is 
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where x  means the largest integer less than or equal to x.
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The limiting system maintenance cost per unit of time, or maintenance cost rate is 
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It is easy to verify that 1C = 2C  when iid = 21)1( iii ddk , i.e., when the 
total repair cost in a POS per Cost Model 1 is equal to the total repair cost in a POS 
per Cost Model 2. 

5.4 Optimal System Maintenance Policies

5.4.1 Optimality of Availability and Maintenance Cost Rates 

In Sections 5.2 and 5.3 we have derived systems availability measures and 
maintenance cost measures respectively. Next, we discuss how to determine the 
optimal number of repairs for each component position in a POS that maximizes 
the limiting system availability and/or minimizes the limiting system maintenance 
cost rate. Note that the number of all repairs on a component in component 
position i in a POS is ik  where 1ik . We have the following propositions from 
Wang and Pham (2006):
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PROPOSITION 5.2 The optimal value for the vector of repair numbers 
),...,,( 21 nkkk  in a POS is )1,...,1,1( , given any of the following criteria: 

maximization of the limiting system availability avA , or MTBSF, or minimization 
of MTBSR, or fractional system down time avD  .

     Proof. Consider avA  first.  Let  
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it follows that  0)(xW  for  0x   and then 0)(xG  for  0x .

Therefore, we have that 
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It follows that 0)( jAav  for nj ,...,2,1 , and then the maximum system 
asymptotic availability is obtained when 121 nkkk .

Next we consider the asymptotic mean functioning time between system 
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From them Proposition 5.2 follows.           

The above proposition is intuitively obvious. 1,,, 4321 kkkk  and they are all 
integers. Note that avA  is limiting average availability over infinite POSs which 
may be insensitive to changes of ik values.

PROPOSITION 5.3 The necessary condition for minimizing 1C  is to do perfect 
repair only on the component in the component position which has the largest 
maintenance cost per unit of time. 

Proof. See Wang and Pham (2006). An interpretation to this proposition is 
given after the following proposition.                                                                     

                                    
PROPOSITION 5.4 For the component position with the smallest maintenance cost 
per unit of down time, say,  position j,  there may exist a finite unique number of all 
repairs in a POS,  say, jk ,   for all components in this position if  

jji
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i
n

i

ddd )(
1

1

1

and it is the optimal solution for component position j to minimize 1C . Otherwise, 
the minimum system maintenance cost is obtained when jk . 

 Proof.  Following Wang and Pham (2006), let  
n
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and                                     },...,,min{ 21 nj dddd
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If at least one ik  for njji ,...,1,1,...,2,1 , then 0j   and 
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C .  Note that   
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is increasing in ik  and its minimum value is obtained when 1ik  for i =1,2,..., n.
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  then 0j  and thus  01

jk
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Therefore, there may exist an optimal jk  which minimizes 1C when the above 
condition is satisfied. 

On the other hand, if jji
i

i
n

i

ddd )(
1

1

1

, then 0j  and thus 01

jk
C

for any 1jk . Hence, the minimum 1C  is obtained when jk .                  

Propositions 5.3 and 5.4 imply that each component may not be treated as a 
single-unit system individually and local optimal maintenance policies for 
individual components may not result in the global optimal maintenance policy for 
the whole system. Now let’s see a numerical example. Assume that in Example 5.1 
in Section 5.2,  ,201d 802d , 183d , 2.0and 4d  dollars per hour. Note 

2.02170.0)( 4
1

1

1

ddd ji
i

i
n

i

   at this time. 

Using nonlinear integer programming software, and noting that 1,,, 4321 kkkk
and they are all integers, we obtain that if there is no constraint on 4k , the 
minimum system maintenance cost per hour 1C  is $0.2 which is reached when 

12k together with,  ,11k 13k , and 4k . One explanation may be that 
it is most expensive to restore the component at component position 2 once it fails. 
Note that the minimum system maintenance cost per hour of $0.2 is equal to 4d .
This is because the component at component position 2 is always repaired if 

4k . 4d  is so low as compared with repair cost ,, 21 dd and 3d  that to 
always repair the component at component position 4 is of low cost for the entire 
system. However, this special situation may rarely happen in practice since loss 
cost from service interruption needs to be very low at this time. 
     If 4.44d  then
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4.40.1960)( 4
1

1

1

ddd ji
i

i
n

i

at this time 

and the optimal system maintenance cost rate is attained when repair numbers 
14321 kkkk . Note this 4k  is finite. The corresponding 993049.0avA .

Propositions 5.3 and 5.4 can be explained as follows. When the component in 
component position j with the smallest maintenance cost jd  is in repair, the 
components in the other component positions which have larger maintenance costs 
per unit of time will be suspended (neither age nor experience repair) and thus 
result in no additional repair cost. If the component in position j fails frequently, 
the other components with larger repair cost per unit time will be subject to less 
repair costs. Hence, there exists a trade-off between the increase of the 
maintenance cost resulting from frequent repair of the component in position j and 
less maintenance costs resulting from the suspended animation of the other 
components during the repair of the component at position j.

Similarly, we can consider minimizing system maintenance cost rate 2C .
Existence of the optimal solution to minimize 2C  can also be explained from the 
physical meaning. According to the meaning of id , when the number of imperfect 
repairs in a POS becomes larger the repair time and repair frequency will become 
larger and thus the maintenance cost per unit of time will increase. On the other 
hand, if only perfect repair is performed, the maintenance cost rate may be big 
because 21 ii dd . Hence there may exist a trade-off between them, and so an 
optimal solution. 

EXAMPLE 5.2. Suppose that in Example 5.1, repair costs for four components are 
10,1 2111 dd , 10,15 4131 dd , 212d  14,18,16 423222 ddd  in 

dollars. Determine the minimum system maintenance cost per hour using cost 
model 2 in Section 5.3.2. 

Note that 1,,, 4321 kkkk  and they are all integers. Using nonlinear integer 
programming software, Wang and Pham (2006) obtain the minimum system 
maintenance cost per hour: 

5,2,3,4hen         w178596.0$ 4321min2 kkkkC

and the corresponding limiting system availability: 

0.991594avA .

5.4.2 Optimal Repair Policy  

From Section 5.4.1, we can see that when the minimum system maintenance rate 
1C  is obtained, the corresponding system availability may be so low that it may 

not be acceptable in practice. Therefore, both the system availability and 
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maintenance cost rate must be considered together to obtain the optimal system 
maintenance policy. For example, in view of the maintenance cost constraints, one 
may determine the optimal number of repairs in a POS for all component positions 
to maximize the system availability. This class of problems can be formulated as: 

Optimization Problem 1     

Maximize        
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where constant 20C  is the predetermined requirement for system maintenance cost 
per unit of time.

Optimization Problem 2 

 Minimize               

)1(
1

1
)1(1

)1(
1

1
)1(

1

1
1

1

1
1

1

i

i

i

i

k
ii

i

i

k
iin

i

k
ii

i

i

k
ii

i
n

i
d

C

   Subject to              

integer,...,,
,...,1,

1,...,,
)1(

)1(

21

0
21

0
1 1

n

ii

n

n

i
k
ii

ii
av

kkk
nikk

kkk

NkAN
i

where constant 0N  is the pre-specified requirement for the number of failures of 

the system per unit of time, and 0
ik  is the upper bound for the ik , ni ,...,1 .

Note Proposition 5.4. Thus, a upper bound 0
ik  for the ik  where ni ,...,1  is set 

for Optimization Problem 2.  
Similarly, according to different requirements and circumstances we can devise 

different optimization models based on the system availability and maintenance 
cost rates derived in Sections 5.2 and 5.3.  These models can be solved using any 
nonlinear programming software. Now let’s see an example. 

EXAMPLE 5.3 Assume that in Example 5.2, 18.0$20C  per hour of down time. 
Determine the maximum system availability subject to this cost constraint. 
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Using optimization model 1, the optimal solution can be found to be 

1233when0.992354 4321max, kkkkAav

If  20.0$20C  per hour, 

1121when0.992893 4321max, kkkkAav

If  5$20C  per hour, 

1111 when993049.0 4321max, kkkkAav

At this point, the system availability is equal to the one for the case of perfect 
repair only given by Barlow and Proschan (1975) because the maintenance cost 
constraint is not tight. 

5.5 Concluding Discussions 

This chapter models imperfect repair using the quasi-renewal process: upon repair 
the time to failure of a unit will decrease to some proportion of its immediately 
previous one and be independent of all previous ones, and the repair time will 
increase to a multiple of its immediately previous one and be independent of all 
previous ones, i.e., the successive times to failure follow a decreasing quasi-
renewal process and the successive repair times form an increasing quasi-renewal 
process. One can see that the quasi-renewal process makes availability and 
maintenance cost modeling of the series system mathematically tractable given 
repair is imperfect. Most results obtained in this chapter are in closed forms. The 
optimization problems proposed in this chapter and optimal maintenance policies 
can be easily solved using mathematical programming software. 

Availability indices derived in this chapter are compared with the well-known 
results by Barlow and Proschan (1975) which assume perfect repair through an 
example of a four-components series system. The comparison reveals: (a) The 
system availability and the limiting average of system up times for the imperfect 
repair case are smaller than for the perfect repair case; (b) The long-run fraction of 
the time that the system is down due to the failure of each of the four components, 
and the long-run average number of failures per hour of each of the four 
components are larger for imperfect repair case. If 1ik  for all four components, 
results in this chapter and those by Barlow and Proschan (1975) will be the same. 
Alternatively, the limiting results for the imperfect repair case when 1i  and 

1i  for all four components can expect to be the same as those by Barlow and 
Proschan. 

Many systems are the series system in practice, and their maintenance and 
availability are subject to various shut-off rules (Khalil 1985). Further work on 
optimum maintenance and availability modeling of the series system can be 
performed for other shut-off rules.  



6

Opportunistic Maintenance of Multi-unit Systems 

Block, age and sequential PM policies have been studied extensively in the 
literature, as shown in Chapter 3. However, these PM policies are designed for a 
system composed of a single stochastically deteriorating subsystem (McCall 1965). 
A natural generalization of the underlying maintenance model is to consider a 
system with multi-subsystems. Optimal maintenance policies for such systems 
reduce to those for systems with a single subsystem only if there exists no 
economic dependence, failure dependence and structural dependence. In this case, 
maintenance decisions are also independent and the optimal policy is to employ an 
optimal block, age, failure limit, or sequential PM policy for each separate 
subsystem. However, if there is economic dependence, then the optimal 
maintenance policy is not one of considering each subsystem separately and 
maintenance decisions will not be independent, as mentioned in Chapter 1. 
Obviously, the optimal maintenance action for a given subsystem at any point of 
time depends on the states of all subsystems, i.e., maintenance is opportunistic. 
Radner and Jorgenson (1963), Cho and Parlar (1991), Dekker and Smeitink (1991), 
Zheng (1995), Jesen (1996), Wang and Pham (1996), and Wang (2002) summarize 
existing work on multi-component systems and opportunistic maintenance.  

Chapters 1 and 3 indicate that most existing maintenance models in the 
reliability and maintenance literature have been developed for one-unit systems, 
and maintenance models for multi-subsystem systems are only a small proportion. 
It should also be noted that economic dependence is ignored in some previous 
maintenance models of multi-unit systems. Some models consider economic 
dependence but they suppose that all maintenance is perfect. This chapter, based on 
Wang (1997), investigates the optimal PM policy for a system with economic 
dependence and imperfect repair.  

We assume that this system consists of n+1 subsystems and all of them are 
monitored. We suppose also that in this system one subsystem has increasing 
failure rate and the remaining n subsystems have constant failure rates. Next, the 
subsystem with increasing failure rate is denoted by subsystem 0 while the 
remaining subsystems are labeled by subsystem 1, subsystem 2,..., subsystem n.
The failure rate function for each subsystem is given by niiti ...,,1,0,),(
where  
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                  niit ii ,...,1,,)(      and 

                                                   0)(0 t

Since subsystem 1, subsystem 2,..., and subsystem n fail exponentially, they 
will never be replaced before failure, hence no PM will be performed on them.  

The following notation will be used in this chapter: 

NOTATION
T        Critical age at which a PM is performed on subsystem 0 

it        Critical age of subsystem i for ni ,...,2,1

i       Failure rate of subsystem i  for ni ,...,2,1
n       Number of subsystems with constant failure rates  

000 ,CC    PM cost of subsystem 0 at T and repair cost at its failure

000 , ww   PM time of subsystem 0 and perfect repair time at its failure  

ii wC ,       Cost and time to replace subsystem i  for ni ,...,2,1

ii wC 00 ,  Cost and time to maintenance subsystem 0 and i together, 
nii ,...,2,1,

p       Probability that repair is perfect in section 6.1 
q         Probability that repair is minimal, 1qp  in Section 6.1 

)(tp    Probability that maintenance or repair is perfect in Section 6.2 
)(tq     Probability that maintenance or repair is minimal, 1)()( tqtp  in

     Section 6.2 
iq0    Probability that the renewal cycle ends with a replacement of subsystem 

i and PM of subsystem 0 together 
00q       Probability that the cycle ends with a perfect repair of subsystem 0  

di        Probability that the renewal cycle ends on the interval 1, ii tt
L        Asymptotic system maintenance cost per unit of time 
A         Asymptotic average system availability 
B         Random variable: the renewal cycle duration 
D        Expected duration of a renewal cycle 
C         Expected system maintenance cost per renewal cycle 
U         Expected accumulating system failure-free time per renewal cycle 

iS     Time spent on replacing subsystem i alone, nii ,...,2,1,

S     i
n

i
S

1

Y  Age of subsystem 0 when perfectly repaired or preventively maintained, 
whichever occurs first 

Z  Time spent on performing perfect repair or PM on subsystem 0, possibly 
with other subsystems (at end of cycle). The minimal repair time is 
ignored 

iV     Duration of the interval over which subsystem i alone would be replaced 
R          Expected system maintenance (down) time per renewal cycle 
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)(x    Probability density function of Y
)(),( 00 tft   Failure rate and probability density function of the life of 

subsystem 0 
)(),( 00 tFtF  Cumulative failure distribution and survival function of Subsystem 

0

     Since this chapter assumes that there exists economic dependence, it spends less 
cost and time to repair subsystem 0 and any other subsystem together than to repair 
each subsystem separately, and the optimal action for subsystem 0 depends on the 
state of the other (exponentially failing) subsystems. Throughout this chapter, we 
will make such an assumption, i.e.,

iiiiii wwwwwCCCCC 000000 ,and,                 (6.1) 

     Radner and Jorgenson (1963) devise an opportunistic maintenance policy. 
Using a dynamic programming formulation, Radner and Jorgenson show that the 
optimum replacement policy is what they call a ),( Tti  type of policy. Barlow and 
Proschan (1975), and Khalil (1985) propose and study such a shut-off rule for 
system maintenance, which is called shut-off rule 1 in Chapter 1: 
     While a failed subsystem is in replacement or maintenance, all other subsystems 
remain in “suspended animation (do not age or fail)”. After the repair is completed, 
the system is returned to operation. At that instant the subsystems in “suspended 
animation” are as good as they were when the system stopped operating. 
      The maintenance policy by Radner and Jorgenson (1963) and the shut-off by 
Barlow and Proschan (1975) and Khalil (1985) are practical in many engineering 
applications. Let x be the age of subsystem 0 since last replacement of subsystem 0 
and T be some fixed time – a decision variable. This chapter considers the 
following opportunistic maintenance policy, based on the maintenance policy by 
Radner and Jorgenson (1963), the above shut-off rule used by Barlow and 
Proschan (1975) and Khalil (1985), and the imperfect repair concepts discussed in 
Chapter 2: 

(i) If subsystem 0 fails at any time before T, perform imperfect repair on it at 
a cost 00C .    

(ii) If subsystem i fails when the age of subsystem 0 is in the time interval 
itx0 , replace subsystem i alone at a cost iC  and at a time iw ,

nii ,...,2,1, .

(iii) If subsystem i fails when the age of subsystem 0 is in the time interval 
Txti , replace subsystem i and do perfect PM on subsystem 0, 

nii ,...,2,1, . The total maintenance cost is iC0  and total maintenance 
time is iw0 .

(iv) If subsystem 0 survives until Tx , perform PM on subsystem 0 at a cost 
0C and at a maintenance time 0w .
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 Note that in the above maintenance policy the repair before T is imperfect, and 
PM at T, if any, is perfect. The reason for such a policy is that before T the system 
is young and in a good operating condition and thus no major repair is needed. 
Therefore, after repair the subsystem is not as good as new. However, when 
subsystem 0 survives until Tx  it is in a bad operating condition and a perfect 
PM is necessary. The treatment methods for imperfect repair discussed in Chapter 
2 will be used in this chapter.  

 The optimal maintenance policy for this opportunistic maintenance model of 
multi-component systems is characterized by n+1 decision variables, and is 
obtained by determining the optimal ),,...,,( 21 Tttt n  to maximize the system 
availability or minimize the system maintenance cost rate or optimize one when the 
requirements for the other are satisfied. It is worth noting that to achieve good 
operating characteristics of systems, we might take into account system availability 
because while the system cost rate is minimized the system availability, however,  
may not achieve an acceptable level, as demonstrated in Chapter 5. 

 The above maintenance policy is plausible. Since we assume that it spends less 
cost and time to perform maintenance on subsystem 0 and any other subsystem 
together than on each subsystem separately, the optimal action for subsystem 0 will 
depend on the state of other subsystems. If an exponentially failing subsystem, say 
subsystem i, is good at some time, two actions are possible for subsystem 0: 
perform maintenance on it or do nothing. If subsystem i has failed, then there are 
again two possible actions: perform maintenance on the exponentially failing 
subsystem only or on both subsystems.  

 From Equation (6.1) we can see that for multi-component systems this 
opportunistic maintenance policy may result in higher system availability as 
compared with the case that each subsystem is separately maintained. This is 
because while any subsystem fails and is under maintenance the whole system is 
down, and it will save time to do PMs on unfailed subsystems during this down 
period and thus reduce the system downtime. Therefore, the optimal maintenance 
model in this chapter can be expected to be effective to approximate any type of 
multi-component systems. 

6.1 Optimal Maintenance Policies by the (p, q) Rule 

Suppose that the imperfect repair of subsystem 0 at failure is treated by the ),( qp
rule. Given that the perfect repair time is 00w , note that 00C  is the imperfect repair 
cost of subsystem 0 in this case. The PM time at T and the perfect repair time at 
failure are assumed to be different. In this section, PM of subsystem 0 at T or PM 
of subsystem 0 together with another subsystem before T are assumed to be 
perfect. Next we will first derive the long-run system maintenance cost per unit of 
time, or system maintenance cost rate, and the asymptotic average system 
availability, and then investigate other system operating characteristics and 
optimization problems.
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6.1.1 Modeling of Availability and Cost Rate 

Given the above opportunistic PM policy, the times between consecutive perfect 
repairs or PMs of subsystem 0 constitute a renewal cycle. From the  renewal 
reward theory we have 

);,...,,,(
);,...,,,();,...,,,(

21

21
21 ptttTD

ptttTCptttTL
n

n
n                                   (6.2) 

);,...,,,();,...,,,(
);,...,,,(

);,...,,,(
2121

21
21 ptttTRptttTU

ptttTUptttTA
nn

n
n                   (6.3) 

Note that  
);,...,,,();,...,,,();,...,,,( 212121 ptttTRptttTUptttTD nnn

     Next, without loss of the generality, we assume that nttt 21 . Let us 
first study the expected duration );,...,,,( 21 ptttTD n . The renewal cycle duration B
is the sum of three random variables. The duration and expected duration are 
respectively

ZYSB

)()()()();,...,,,( 21 ZEYESEBEptttTD n                     (6.4) 

     We evaluate the probability density and mean of Y first. Let iU  be the time to 
failure of subsystem i after it , given that subsystem i is good at it  ( ni ,...,2,1 ),
and 0U  is time to the first perfect repair of subsystem 0 since time 0.  Let 00t .
Noting shut-off rule 1, then, 

),,...,,min( 1100 TUtUttUY nn                          (6.5) 

     The random variables iU  ( ni ,...,2,1 ) are statistically independent. For 

iUi ,0  has an exponential distribution with failure rate i . Let us denote the 
cumulative distribution of new subsystem 0 by 0F . Let 00 1 FF . We assume 
that 0F  is absolutely continuous with density 0f  and that 0)0(0F . The failure 
rate of subsystem 0 is supposed to be continuous and increasing. The distribution 
function and failure rate of the time between successive perfect repairs at failure, 
will be denoted by )(and)( trtH H  respectively. We shall use the relationships, 

proven by Brown and Proschan (1983), that  )()( 0 tFtH p   and )()( 0 tptrH

where )(1)( tHtH  if there is no PM (see Chapter 2). The density of )(tH  is 
herein denoted by )(th . The cumulative distribution function of Y for TY  is 
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with probability mass at TY
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Therefore, the expected value of Y is given by 
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where Ttn 1 .

     Second, we derive the expected value of S. According to the previous definition, 
iV  is the duration of the interval over which subsystem i alone would be replaced if 

it were to fail ( ni ,...2,1 ). Then 

niiwVESE
niitYV

iiii

ii

,...2,1,)()(
,...2,1,),min(

     Note that iV  has a probability density equal to that of Y for itY , and 
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     Finally, let us derive an expression for E(Z). Denote by id  the probability that 
the renewal cycle ends on the interval 1, ii tt :
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     Let iq0  represents the probability that the renewal cycle ends with a 
replacement of subsystem i and subsystem 0 together. Then 
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and 00q , the probability that the cycle ends with a perfect repair of subsystem 0, is 
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It follows that the third term in Equation (6.4) is given by 

0100)( wdwqZE
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This completes the derivation of the expected duration );,...,,,( 21 ptttTD n  in 
Equation (6.4). 
     Next we derive the expected system maintenance cost rate. Noting that the 
expected number of replacements of subsystem i alone is )( ii VE  we obtain the 
corresponding expected replacement cost for subsystem i in one renewal cycle as 

)( iii CVE  where ni ,...,2,1 .  The probability of a replacement of subsystem 0 
and i together multiplied by the corresponding cost is iiCq 00 , ,i ni ,...,1 .  Using 
Lemma 2.1 of Fontenot and Proschan (1984), the probability that subsystem 0 is 
subject to PM at T , multiplied by the sum of the costs of PM at T and minimal 
repair of subsystem 0 during ],0[ T , results in

T
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The probability that subsystem 0 is subject to perfect repair at its failure in the 
time interval ),0[ T , multiplied by the cost of repair at its failure is 0000Cq . Due to 
the same lemma of Fontenot and Proschan (1984), the expected minimal repair 
cost of subsystem 0 during a single renewal cycle,  if the renewal cycle ends with a 
perfect repair of subsystem 0, alone or together with another subsystem, is given 
by 
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     Substituting the above results into Equations (6.2) and (6.3), and noting the 
relationships  

);,...,,,()( 21 ptttTUYE n and );,...,,,(=Z)+E(S 21 ptttTR n ,

we have the following proposition: 

PROPOSITION 6.1 The long-run system maintenance cost per unit of time, or system 
maintenance cost rate, and the asymptotic average system availability are 
respectively:
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From Proposition 6.1, the optimal opportunistic PM policy ),...,,,( **
2

*
1

*
ntttT  that 

minimizes the system maintenance cost rate or that maximizes the system 
availability can be obtained by a nonlinear programming software. Obviously, it 
would be difficult to obtain the analytical optimal solution. 

Next we discuss the other operating characteristics of this opportunistic PM 
model.  

6.1.2 Other Operating Characteristics 

To evaluate the performance of the imperfect opportunistic PM policy in this 
chapter, and to predict supply and maintenance requirements, let us investigate its 
other operating characteristics besides system maintenance cost rate and 
availability. First, we note that for this imperfect maintenance model, four different 
maintenance actions are observed:  

(i) Repair of a failed subsystem 0. 
(ii) Replacement of a failed part with a constant failure rate by itself. 
(iii) The joint opportunistic maintenance of a failed subsystem with a constant 

failure rate and subsystem 0 unfailed. 
(iv) Perfect maintenance of subsystem 0 unfailed at age T.

In addition to the system availability and maintenance cost rate derived in the 
last section, other important operating characteristics of this maintenance policy 
are the expected number of each of these maintenance actions per unit time, and 
expected maintenance cost of each of these maintenance actions per unit time. 
Another characteristic of interest is the probability of at least m failures of one of 
the subsystems in the interval (0, t) (see McCall 1963). In this section, the 
following operating characteristics will be investigated: 

00r      Expected rate of perfect repair of subsystem 0 

fr0       Expected rate of failure of subsystem 0 

ir         Expected rate of failure of subsystem i, ,i ni ,...,2,1

ir0        Expected rate of joint opportunistic replacement of failed subsystem i and
    unfailed subsystem 0, ,i ni ,...,2,1
r0         Expected rate of PM of subsystem 0 at age T

pr0       Expected rate of total perfect maintenance of subsystem 0 

00c      Expected rate of expenditure on repair of failed subsystem 0  

ic        Expected rate of expenditure on replacement of subsystem i

ic0     Expected rate of expenditure on joint replacement of subsystems 0 and i

0c          Expected rate of expenditure on PM of subsystem 0 at age T
),( tmPi  Probability of at least m failures of subsystem i in the interval (0, t),   

,i ni ,...,1,0
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Let us consider the subsystems with constant failure rates first. Clearly,  

niir ii ,...,2,1,         (6.17)    

or including iw , the time to replace subsystem i,

nii
ww

r
ii

i

ii

i
i ,...,2,1,

1
=

1
1         (6.18) 

Therefore, 
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i
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1
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Using the elementary renewal theorem we obtain that the rate of perfect 
maintenance of subsystem 0, is asymptotically equal to the reciprocal of the 
expected value of Y, the time to the first perfect maintenance of subsystem 0, that 
is,

1
0 )()(lim YEtr pt

Thus, for large value of t
1

0 )(YEr p                                                   (6.20) 

On the other hand, from the foregoing definitions for rates of maintenance, 

i
n

ip rrrr 010000                                             (6.21)

That is, this expected value, pr0 , can be partitioned into three parts: the 
expected rate of PM at age T, the expected rate of repair of subsystem 0 at failure, 
the expected rate of joint opportunistic replacement with another subsystem. We 
can also see this relationship from the derivation of Equation (6.8).  By the law of 
large numbers, the fraction of the total number of replacements of subsystem 0 that 
are preventive is equal to 1p , the probability that, starting with a new subsystem 0, 
this subsystem will not be replaced in the interval (0, t). From Equation (6.7) of 
Section 6.1.1, we have 
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Hence, in the long run, the expected rate of PM of subsystem 0 is 
1

10 )(YEpr                                                      (6.23) 

or, including replacement and maintenance time, 
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The expected expenditure on PM is given by 
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Hence, in the long run, i
n

r00
, the expected rate of repair of subsystem 0 plus 

the expected rate of joint opportunistic replacement of subsystem 0 is given by 

1
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From Section 6.1.1, 
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where oiq s are given by Equations (6.11) and (6.12). 
Therefore, 
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Since the probability that subsystem 0 will be replaced jointly with subsystem i
is iq0 , the asymptotic expected rate of opportunistic replacement of subsystem 0 
and i is given by 

niiYEqr ii ,...,2,1,)( 1
00         (6.28) 

Noting that 00q  is the probability that subsystem 0 will be perfectly repaired at 
failure, we have 

)( 1
0000 YEqr                         (6.29) 

or including maintenance time, 
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Accordingly, the expected rate of expenditure on opportunistic replacements is 
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Since the repair of subsystem 0 at failure is perfect with probability p, the rate 
of failure of subsystem 0 is given by 
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pYESEZEq
qprr f
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Accordingly, the expected rate of expenditure on repair of subsystem 0 at 
failure is

1
)()()(00

0000
00000 pYESEZEq

CqCrc f                       (6.34) 

Because the lifetime of subsystem i follows the exponential distribution, the 
probability of at least m replacements of subsystem i in the interval (0, t) is 

nii
j
tttmP

j
i

imji ,...,1,
!
)()exp(),(       (6.35) 

6.1.3 Optimization Models 

So far we have derived the system reliability measures: system availability, 
expected rate of failure of subsystem 0, expected rate of failure of subsystem i, etc.,
and system maintenance cost measures: system maintenance cost rate, expected 
rate of expenditure on repair of failed subsystem 0, expected rate of expenditure on 
replacement of subsystem i, etc.  To obtain the optimal system maintenance 
policies the system reliability measures and system maintenance cost measures 
must be both acceptable. For example, if it is required that while the expected rate 
of failure of subsystem 0 is less than 0A  the system maintenance cost rate is 
minimized. For such a problem, we can formulate the following optimization 
model from Equations (6.15) and (6.33): 
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where r  is the predetermined requirement for expected rate of failure of 
subsystem 0. 
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This model can be solved by nonlinear programming software to obtain an 
optimal system maintenance policy ),,...,,( ***

2
*
1 Tttt n .

6.2 Optimal Maintenance Policies by the (p(t), q(t)) Rule 

Suppose that the imperfect repair of subsystem 0 at failure is treated by the 
))(),(( tqtp  rule introduced in Section 2.1.1. Note that 00C  is the imperfect repair 

cost of subsystem 0 in this case, and the PM time at T and the perfect repair time at 
failure are assumed to be different. In this section, PM of subsystem 0 at T or PM 
of subsystem 0 together with another subsystem before T are assumed to be 
perfect. Next we will derive the long-run system maintenance cost per unit of time, 
or system maintenance cost rate, and the asymptotic average system availability.

6.2.1 Modeling of Availability and Cost Rate 

Given that the above opportunistic PM policy, the times between consecutive 
perfect repairs or PMs of subsystem 0 constitute a renewal cycle. From the renewal 
reward theory, 
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Note that  

);,...,,,();,...,,,();,...,,,( 212121 ptttTRptttTUptttTD nnn

Next without loss of the generality we assume that nttt 21 .  Let us first 
investigate the expected duration );,...,,,( 21 ptttTD n . The renewal cycle duration B
is the sum of three random variables. The duration and expected duration are 
respectively

ZYSB

)38.6()()()(
)();,...,,,( 21

ZEYESE
BEptttTD n

For the three terms in Equation (6.38), we evaluate the probability density and 
mean of Y first. Let iU  be the time to failure of subsystem i after it , given that 
subsystem i is good at it  ( ni ,...,2,1 ), and 0U  is time to the first perfect repair of 
subsystem 0 since time 0.  Let 00t . Noting shut-off rule 1, then 
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),,...,,min( 1100 TUtUttUY nn

The random variables iU  ( ni ,...,2,1 ) are statistically independent. For 

iUi ,0  has an exponential distribution with constant failure rate i . Denote the 
cdf of new subsystem 0 by 0F .  Let 00 1 FF . We assume that 0F  is absolutely 
continuous with density 0f  and that 0)0(0F . The failure rate, )(0 t , of 
subsystem 0 is supposed to be continuous and increasing. The cdf and failure rate 
of the time between successive perfect repairs of subsystem 0 at failures will be 
denoted by )(and)( trtH H  respectively. We shall use the facts, proven by Block 
et al. (1985), that 

t
dxxxptH

0 0 )()(exp)(   and )()()( 0 ttptrH

where )(1)( tHtH , given that there is no PM and 
0 0

1
0 )()()( dxFxFxp

(see Chapter 2). The derivative of )(tH  is herein denoted by )(th .
It is easy to verify that the cumulative distribution function of Y for TY  is 

given by 
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Then the distribution of Y has probability density  
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with probability mass at TY
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Therefore, the expected value of Y is given by 
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where Ttn 1 .
Second, we explore the expected value of S. According to the previous 

definition, iV  is the duration of the interval over which subsystem i alone would be 
replaced if it were to fail ( ni ,...2,1 ). Then 
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Note that iV  has a probability density equal to that of Y for itY , and 
probability mass )Pr( itY  concentrated at it .  Therefore,  
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Recall that 
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Finally, let us derive an expression for E(Z). Denote by id  the probability that 
the renewal cycle ends on the interval 1, ii tt :

TttnitYtd niii 101 ,0,,...,2,1,0,,Pr  
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Let iq0  represents the probability that the renewal cycle ends with a 
replacement of subsystem i and subsystem 0 together. Then, 
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and 00q , the probability that the cycle ends with a perfect repair of subsystem 0, is 
given by  
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It follows that the third term in Equation (6.38) is given by 
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This completes the derivation of the expected duration );,...,,,( 21 ptttTD n .           

Now we derive the expected system maintenance cost rate. Noting that the 
expected number of replacements of subsystem i alone is )( ii VE , it follows that 
the corresponding expected replacement cost for subsystem i in one renewal cycle 
is niCVE iii ,...,2,1,)( .  The probability of a replacement of subsystem 0 and i
together multiplied by the corresponding cost is iiCq 00 , nii ,...,2,1, . The 
probability that subsystem 0 alone is subject to perfect repair at its failure in the 
time interval ),0( T , multiplied by the cost of repair at its failure is 0000Cq .

Next we investigate the expected imperfect repair cost of subsystem 0 during a 
single renewal cycle. Consider the non-homogeneous Poisson process 0),( ttN
with intensity function )(0 t  and successive arrival times ,..., 21 ss  At time ns  we 
flip a coin. Designate the outcome by nW  which takes the value 1 (head) with 
probability )( nsp  and the value 0 (tail) with probability )( nsq . Let
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According to Savits (1988), the processes 0),( ttI  and 0),( ttM  are 
independent non-homogeneous Poisson processes with respective intensities 

)()( 0 ttp  and )()( 0 ttq . Hence, the conditional probability that k minimal repairs 
occur given that no perfect repair in ],0[ y  is given by 
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with mean of 
y

dtttq
0 0 )()( .

Using the foregoing result of Savits (1988), the probability that subsystem 0 is 
subject to PM at T , multiplied by the sum of the costs of PM at T and minimal 
repair of subsystem 0 during ],0[ T , results in

T

n dtttqCCd
0 00001 )()(+ .

Using this result by Savits (1988) again, the expected minimal repair cost of 
subsystem 0 during a single renewal cycle, if the renewal cycle ends with a perfect 
repair of subsystem 0, alone or together with another subsystem, is given by 
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where  

y
dtttqy

0 0 )()()(                                         (6.47a) 

From the above analysis it follows that the expected system maintenance cost 
during one renewal cycle is given by 
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Substituting the above results into Equations (6.36) and (6.37), and noting that 
);,...,,,()( 21 ptttTUYE n and );,...,,,(=Z)+E(S 21 ptttTR n , the following result 

follows:

PROPOSITION 6.2 The long-run system maintenance cost per unit of time, or system 
maintenance cost rate, and the asymptotic average system availability are, 
respectively,
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From Proposition 6.2, the optimal opportunistic PM policy ),...,,,( **
2

*
1

*
ntttT  to 

minimize the system maintenance cost rate or to maximize the system availability 
can be obtained by a nonlinear programming software. Next we discuss the other 
operating characteristics of this opportunistic PM model. 

6.2.2 Other Performance Measures 

As in Section 6.1.2, we can derive other important operating characteristics of this 
policy, such as the expected number of each of these maintenance actions per unit 
time, and expected maintenance cost of each of these maintenance actions per unit 
time, in addition to the system availability and maintenance cost rate derived in 
Section 6.2.1. For example, using the elementary renewal theorem, the rate of 
perfect maintenance of subsystem 0, is asymptotically equal to the reciprocal of the 
expected value of Y, the time to the first perfect maintenance of subsystem 0, i.e.,

1
0 )()(lim YEtr pt

Thus, for large value of t,
1

0 )(YEr p                                                 (6.51) 

On the other hand, from the definitions for rates of maintenance (replacement),

i
n

p rrrr 010000                                           (6.52)

That is, this expected value, pr0 , can be partitioned into three parts: the 
expected rate of PM at age T, the expected rate of perfect repair of subsystem 0 at 
failure, and the expected rate of joint opportunistic replacement with another 
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subsystem. We can also see this relationship from the derivation of Equation 
(6.41).  By the law of large numbers, the fraction of the total number of perfect 
maintenance of subsystem 0 that is preventive equals 1p , the probability that, 
starting with a new subsystem 0, this subsystem will not be perfectly maintained in 
the interval (0, T). From Equation (6.40) of Section 6.2.1, we have 

n

j jj

T
tTdtttpp

10 01 )(exp)()(exp                     (6.53) 

where )(tp  is the probability that a repair of subsystem 0 at failure is perfect. 
Hence, in the long run, the expected rate of PM of subsystem 0 is 

1
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or, including replacement and maintenance time, 
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Hence, in the long run, 
n

ir
0 0 , the expected rate of perfect repair of subsystem 0 

plus the expected rate of joint opportunistic replacement of subsystem 0 is: 
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From Section 6.2.1, 
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where iq0 s are given by Equations (6.44) and (6.45).  
Therefore, 
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1)(                                        (6.57) 

Other operating characteristics can be derived in a way similar to Section 6.1.2. 
Results can be found in Wang (1997).      

6.2.3 Optimal Maintenance Policy 

To obtain the optimal system maintenance policies, the system reliability measures 
and system maintenance cost measures must both be acceptable. Based on the 
obtained system reliability measures – system availability, expected rate of failure 
of subsystem 0, expected rate of failure of subsystem i, etc., and system 
maintenance cost measures – system maintenance cost rate, expected rate of 
expenditure on repair of failed subsystem 0, expected rate of expenditure on 
replacement of subsystem i, etc., we can formulate different optimization models. 
For example, based on Equations (6.49) and (6.50), we can have the following 
optimization model: 
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Maximize
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where  is the predetermined requirement for the rate of perfect maintenance of 
subsystem 0. 

The above optimization model can be solved by nonlinear programming 
software to obtain the optimal system maintenance policy ),,...,,( ***

2
*
1 Tttt n .

6.3 Concluding Remarks 

The optimal maintenance of a system with 1n  subsystems is studied in this 
chapter. We assume that in this system there is economic dependency, i.e., both 
maintenance costs and times are less for several subsystems simultaneously than 
for each subsystem taken separately. We also suppose that repair is imperfect and 
the imperfect repair is modeled by the ),( qp  rule and ( )(),( tqtp ) rule. The 
realistic shut-off rule is used in this chapter. The system availability, system 
maintenance cost rate, and other operating characteristics of this multi-unit system 
are derived and the optimum system maintenance policies to optimize the system 
operating characteristics are proposed.  
     For multi-component systems the opportunistic maintenance policy in this 
chapter may result in higher system availability as compared with the case that 
each subsystem is separately maintained. This is because while any subsystem fails 
and is under maintenance the whole system is down, and it will save time to do 
PMs on unfailed subsystems during this down period and thus reduce the system 
downtime. 
     Noting the relationship between the ),( qp  rule and ( )(),( tqtp ) rule, the results 
in Section 6.2 are general. Both the ),( qp  rule and ( )(),( tqtp ) rule are convenient 
to model imperfect maintenance of multi-component systems.
     Different from single component systems, one of the key problems for multi-
component systems is economic dependence. Imperfectness of maintenance is 
another important factor. This chapter considers both factors which affect optimal 
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maintenance policies of multi-unit systems and produces some results on this 
aspect. The maintenance policies are realistic and the results obtained in this 
chapter can be expected to be useful in practice. Further work includes extending 
this work to multi-unit systems with two or more IFR subsystems which are 
subject to imperfect maintenance and economic dependence or considering other 
shut-off rules. Various shut-off rules for system maintenance can be found in 
Khalil (1985). 



7

Optimal Preparedness Maintenance of Multi-unit 
Systems with Imperfect Maintenance and Economic 
Dependence

A system is placed in storage and is called on to perform a given task only if a 
specific but unpredictable emergency occurs. Some maintenance actions may be 
taken while the system is in storage and the objective is to choose the sequence of 
maintenance actions resulting in the highest level of system “preparedness for field 
use”. This maintenance policy is known as the preparedness maintenance policy 
(McCall 1963). In Menipaz (1978), various inspection and preparedness models 
are examined, which deal with stochastically failing systems, in which failure is 
detected by inspection only. He provides the analysis of various models and 
various objective functions, and the analysis of those models while the 
maintenance costs are changing over time. The preparedness maintenance of a 
multi-unit system with 1n  subsystems subject to imperfect maintenance and 
opportunistic maintenance is presented in this chapter, following Wang (1997) and 
Wang et al. (2001). It is assumed that in the system the total maintenance costs and 
times are less for several subsystems simultaneously than for each subsystem 
separately as they often do in practice, i.e., economic dependence exists. An 
opportunistic maintenance policy is incorporated in this model. It is also assumed 
that PM is imperfect since in practice most maintenance actions tend to make 
systems not “as good as new” but younger, as discussed in Chapter 1. The system 
storage ‘availability’, system maintenance cost rate, and other operating 
characteristics of this multi-unit system are discussed. The optimum opportunistic 
preparedness maintenance policies to optimize the system operating performance 
and to provide the best operational readiness are then investigated.

7.1 Introduction 

This chapter discusses an optimal preparedness maintenance policy for a system 
with n+1 subsystems considering imperfect maintenance and economic 
dependency. Assume that the system is placed in storage and is called upon to 
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perform a given task only if a specific but unpredictable emergency occurs. Some 
maintenance actions may be taken while the system is in storage or long-term cold 
standby and the objective is to choose the maintenance action sequence providing 
the best level of preparedness. McCall (1963, 1965) applies this preparedness 
maintenance policy to ballistic missile maintenance and obtains an optimal 
preparedness maintenance policy. The ballistic missile studied was composed of 
one uninspected subsystem: the rocket engines, as well as three subsystems which 
are continuously inspected – the nozzle control units, the guidance and control 
system, and the re-entry vehicle. Obviously, to keep ballistic missiles at the highest 
level of operational readiness and thus to prevent them from failure in use they 
should be subject to frequent inspection and maintenance when in storage. 

The main difference between the preparedness maintenance model for missiles, 
rockets, etc. and the other maintenance models for automobiles, aircraft, etc. lies in 
the way in which failures are detected. With the automobiles, aircraft, etc., failure 
occurring while the system is not in operation will be detected whenever an 
attempt at operation is made. The state of the system is always known with 
certainty. In fact, continuous operation provides assurance that the state of the 
system is always known with certainty. However, in a missile system, such a 
failure will go undetected indefinitely; the state of the system (at least some of its 
subsystems) is not known with certainty unless some definite maintenance or 
inspection action is taken. The difference directly affects the design of optimal 
maintenance policies for each kind of system. Those for automobiles must be 
designed to overcome the effects of uncertainty about when failures will occur. 
The policies for missile systems must overcome the same uncertainty, plus another 
as well: uncertainty about the actual state of the system at any given time – that is, 
whether it is good or has failed (McCall 1965). If the actual state of the system is 
known with certainty, either through continuous inspection or continuous 
operation, the theory of maintenance for the preparedness model becomes the same 
as for the other maintenance models such as the age replacement policy and block 
replacement policy. In this sense, the theory of maintenance for the preparedness 
model is more general than the other maintenance models. 

The preparedness model is characterized by three different uncertainties. First, 
it is impossible to predict the exact time of system failure. Second, the time of 
emergency use is also not susceptible to exact prediction. Finally, the state of the 
system is known only at the time of certain maintenance or inspection actions 
(Radner and Jorgenson 1963). 

This chapter considers imperfectness of PM and economic dependence in this 
multi-unit system, i.e., maintenance costs and times are less for several subsystems 
simultaneously than for each subsystem taken separately. We suppose that the 
times to failure of the subsystems in this system are stochastically independent. We 
also assume that one subsystem in this system has an increasing failure rate while 
the remaining n subsystems have constant failure rates. The subsystem with an 
increasing failure rate is a uninspected subsystem and the other n subsystems are 
inspected ones. The optimal policy for these kinds of systems possesses an 
opportunistic characteristic. For example, the failure of one subsystem results in a 
possible opportunity to perform PM on other subsystems.  
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NOTATION

i    Failure rate of subsystem i, ,i ni ,...,2,1
n      Number of subsystems with constant failure rates  
T        Time interval at the end of which a PM is performed on subsystem 0 

it        Critical age of subsystem i, ,i ni ,...,2,1

0C       PM cost of subsystem 0 at jT

0w    PM time of subsystem 0  

ii wC ,     Cost and time to replace subsystem i, ,i ni ,...,2,1

ii wC 00 ,  Cost and time to maintenance subsystem 0 and i  together, ,i ni ,...,2,1
p       Probability that PM is perfect 
q         Probability that PM is minimal, 1qp

iq0     Probability that the renewal cycle ends with a replacement of subsystem i
and PM of subsystem 0 together 

id       Probability that the renewal cycle ends on the interval 1, ii tt
L        Asymptotic system maintenance cost per unit of time 
A         Asymptotic average system (storage) ‘availability’ 
D       Expected duration of a renewal cycle 
C        Expected system maintenance cost per renewal cycle 
U        Expected accumulating system failure-free time per renewal cycle 
R         Expected system maintenance (down) time per renewal cycle 
B         Random variable: the renewal cycle duration  

iS        Random variable: time spent on replacing subsystem i alone in one 
renewal cycle, ,i ni ,...,2,1

Y       Random variable: age of subsystem 0 when perfectly preventively 
maintained  

Z       Random variable: time spent on performing perfect repair or perfect PM 
on subsystem 0, possibly with other subsystems (at end of renewal cycle) 

iV    Random duration of the interval over which subsystem i alone would be 
replaced 

)(x  Probability density function of Y
)(),( 00 tft   Failure rate and probability density function of the life of subsystem 

0
)(),( 00 tFtF  Cumulative failure distribution and survival function of subsystem 0 

The distinctive feature of preparedness models is that the state of the system is 
ascertained only at the time of inspection or maintenance. Next, the subsystem with 
increasing failure rate )(0 t  is denoted by subsystem 0 while the remaining 
subsystems are labeled by subsystem 1, subsystem 2,..., and subsystem n. The 
failure rate function for each remaining subsystem is denoted by ),(ti

nii ,...,1,  where  

niit ii ,...,1,,)(    and 
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0)(0 t

Since subsystems 1,2,..., n fail exponentially, they are never replaced before 
failure, that is, no PM will be performed on them.  

As stated at the beginning of this chapter, we assume that it spends less cost 
and time to perform maintenance on subsystem 0 and any other subsystem together 
than to do maintenance on each subsystem separately, that is, 

iiiiii wwwwwCCCCC 000000 ,and,                     (7.1) 

At any point in time the maintenance performer must choose among four 
alternatives: perform maintenance on the un-inspected subsystem; on an inspected 
subsystem; on the un-inspected subsystem and an inspected subsystem together; or 
do nothing (no maintenance). Using a dynamic programming formulation, Radner 
and Jorgenson (1963) show that the optimum maintenance policy is what they call 
a ),( Tti  type of policy and proposed an opportunistic maintenance policy. Note 
that shut-off rule 1 for maintenance by Barlow and Proschan (1975) and Khalil 
(1985) is realistic: 

While a failed subsystem is in repair or maintenance, all other subsystems 
remain in “suspended animation”. After the repair or maintenance is 
completed, the system is returned to operation. At that instant the 
subsystems in “suspended animation” are as good as they were when the 
system stopped operating. 

Let x be the age of subsystem 0 since last replacement of subsystem 0.  This 
chapter investigates such an opportunistic preparedness maintenance policy, based 
on the preparedness maintenance model developed by Radner and Jorgenson 
(1963), the shut-off rule by Barlow and Proschan (1975) and Khalil (1985), as well 
as the method to model imperfect maintenance studied by Brown and Proschan 
(1983) and Fontenot and Proschan (1984): 

(i) If subsystem i fails when the age of subsystem 0 is in the time interval 
),0[ it , replace subsystem i alone at a cost of iC   and at a time of iw

,i ni ,...,2,1 .
(ii) If subsystem i fails when the age of subsystem 0 is in the time interval 

),[ Tti , replace subsystem i and do perfect PM on subsystem 0  
,i ni ,...,2,1 . The total maintenance cost is iC0  and total maintenance 

time is iw0 .

(iii) If subsystem 0 survives until its age Tx , perform PM on subsystem 0 
alone at a cost of 0C and at a maintenance time of 0w  at Tx .  PM is 
imperfect. 

(iv) If subsystem 0 has not received a perfect PM, perform PM on it alone at 
time jT ( ,...3,2j ) until it receives a perfect PM. If subsystem 0 does not 
receive a perfect maintenance and subsystem i fails after some PM,  
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                                          Critical Age 
     
  Replace Subsystem i only                            Joint Maintenance of              PM of Subsystem 0 only
            ( iC , iw )                    Subsystems i and 0                        ( 0C , 0w )

                                                                  ( iC0 , iw0 )
                                         

   0                                      it                                                               T 
                                                                                                                      

Figure 7.1. Opportunistic maintenance policy 

replace subsystem i and do perfect PM on subsystem 0, ,i ni ,...,2,1 ,
and the total maintenance cost is still iC0  and total maintenance time is 

iw0 . This process continues until subsystem 0 receives a perfect mainte-
nance. 

The optimal maintenance policy for this opportunistic preparedness mainte-
nance model of multi-component systems is characterized by )1(n  decision 
variables ),,...,,( 21 Tttt n , and is obtained by determining the optimal ),,...,,( 21 Tttt n

that maximizes the system availability, or minimizes the system maintenance cost 
rate, or optimizes one when the predetermined requirements for the other are 
satisfied. It is worth noting that to achieve good operating characteristics of 
systems, we might take into account system availability because while the system 
cost rate is minimized the system availability may sometimes not be maximized 
and is even very low, as shown in Chapter 5. 

From Equation (7.1) we can see that for multi-component systems this oppor-
tunistic maintenance policy may result in higher system availability as compared 
with the case that each subsystem is separately maintained. This is because while 
any subsystem fails and is under maintenance the entire system is down, and it will 
save time to do PM on unfailed subsystems during this down period and thus 
reduce the system downtime. Note that shut-off rule 1 is plausible for the series 
system. The optimal maintenance policy discussed in this chapter can be expected 
to approximate any type of multi-component systems since maintenance time is 
short relative to operating time. 

In this chapter, we suppose that imperfect PM of subsystem 0 is modeled by the 
),( qp  rule. Upon each PM there is a perfect inspection requiring negligible time 

and yielding perfect information as to whether PM is perfect or minimal. Assume 
further that PM of subsystem 0 together with another subsystem between jT s are 
assumed to be perfect, ,...3,2,1, jj  Next we will first derive the long-run 
expected system maintenance cost per unit of time, or system maintenance cost 
rate, the asymptotic average system (storage) ‘availability’, and then evaluate other 
system operating performance characteristics and investigate the optimal mainte-
nance polices. 
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7.2 System Maintenance Cost Rate and ‘Availability’ 

Given the above opportunistic preparedness maintenance policy, the times between 
consecutive perfect maintenance of subsystem 0 constitute a renewal cycle. From 
the  renewal reward theory, the system maintenance cost rate is 

);,...,,,(
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21

21
21 ptttTD

ptttTCptttTL
n

n
n

                                  (7.2) 

Asymptotic average system storage ‘availability’ is defined as: 
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where );,...,,,( 21 ptttTC n  is the expected system maintenance cost per renewal 
cycle, );,...,,,( 21 ptttTD n  is the expected duration of a renewal cycle, and 

);,...,,,( 21 ptttTU n  and );,...,,,( 21 ptttTR n  are, respectively, the accumulating 
system storage time and the maintenance time of this system in one renewal cycle.  
Obviously,

);,...,,,();,...,,,();,...,,,( 212121 ptttTRptttTUptttTD nnn

Next, without loss of the generality, we assume that nttt 21 . Let us 
first evaluate the expected duration );,...,,,( 21 ptttTD n . The renewal cycle 
duration B is the sum of three random variables. The duration and expected 
duration are respectively 

ZYSB

)()()()();,...,,,( 21 ZEYESEBEptttTD n                          (7.4) 

First, we investigate the cumulative distribution function (cdf), probability 
density function (pdf) and mean of Y. Let iU  be the time to failure of subsystem i
after it , given subsystem i is good at it  ( ni ,...,2,1 ). Let H  denote the time until 
subsystem 0 alone is subject to a perfect PM. Noting shut-off rule 1 and the 
memoryless property (Ross 1983) of the exponential distribution, then the age of 
subsystem 0 is given by 

),...,,min( 11 HUtUtY nn

Random variables iU  ( ni ,...,2,1 ) are statistically independent and iU  has an 
exponential distribution with failure rate i . Let us denote the cdf of new 
subsystem 0 by )(0 tF . Let 00 1 FF . We assume that 0F  is absolutely 
continuous with density )(0 tf  and that 0)0(0F . The failure rate of subsystem 0 
is supposed to be increasing. It is easy to show that random variable H has a 
discrete distribution given by 
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and the cdf of Y  for Ty  is as follows: 
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Next we derive the pdf of Y.  let,,...,2,1For ni
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Then Y has probability density given by, for Ty
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with probability mass at TY
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For jTYTj )1( , ,...,3,2, jj Y has probability density as follows: 
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It follows that the expected value of Y is given by 
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where Ttn 1 . For each of the integrals in the first sum we have (Radner and 
Jorgenson 1963; McCall 1965): 
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Second, we derive the expected value of S. Recall that iV  is the duration of the 
interval over which subsystem i alone would be replaced if it were to fail, 
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Finally, let us derive an expression for E(Z).  Denote by id  the probability that 
the renewal cycle ends on the interval 1, ii tt , i.e.,

                     TtniitYtd niii 11 and,,...,2,1,,Pr  
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where )](exp[1 1 jjjj ttM   and 1nd  is the probability that the renewal 
cycle ends at T.

It is easy to verify that the probability that the renewal cycle ends on the 
interval jTTj ,)1(  and at jT , ,...3,2, jj respectively, from Equations (7.7a) 
and (7.7b): 
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Denote by iq0  the probability that the renewal cycle ends with a replacement of 
subsystem i and subsystem 0 together. Noting that for two independent exponential 
random variables 21 and ZZ  with rate 1  and 2  respectively, there exists the 
following equation (Ross 1993): 
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The probability that the renewal cycle ends with a replacement of subsystem 0 
alone is given by 

][exp1

12
210 n

j

j
n

j
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Therefore, it follows that the third term in Equation (7.4) is given by 
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This completes the derivation of the expected duration of a renewal cycle  
);,...,,,( 21 ptttTD n .

Wang et al. (2001) investigate the expected system maintenance cost over a 
single renewal cycle, and here we use their result without proof: 
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Substituting the above results into Equations (7.2) and (7.3), and noting that 

);,...,,,()( 21 ptttTUYE n and

);,...,,,(=Z)+E(S 21 ptttTR n ,

we obtain the following proposition: 

PROPOSITION 7.1 The long-run expected system maintenance cost rate, and the 
asymptotic average system (storage) ‘availability’ are respectively: 
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From Proposition 7.1, the optimal opportunistic preparedness maintenance 
policy ),...,,,( **

2
*
1

*
ntttT  that minimizes the system maintenance cost rate or 

maximizes the asymptotic average system storage ‘availability’ can be obtained by 
using nonlinear programming software. 

Next we discuss the other operating performance characteristics of this 
opportunistic preparedness maintenance model.  

7.3 Other Operating Characteristics

To learn more about this imperfect opportunistic preparedness maintenance and to 
predict supply and maintenance requirements, let us investigate its other operating 
characteristics. First, we note that for this imperfect preparedness maintenance 
model, three different maintenance actions are observed:

(i) Replacement (perfect repair) of a failed subsystem with a constant failure 
rate by itself. 

(ii) Joint opportunistic maintenance of a failed subsystem with a constant 
failure rate and subsystem 0 unfailed. 

(iii) PM of unfailed subsystem 0 at some time jT where j is a natural number. 

Besides the system storage availability and maintenance cost rate derived in the 
last section, other important operating characteristics of this preparedness 
maintenance policy are the expected number of each of these maintenance actions 
per unit time, and expected maintenance cost of each of these maintenance actions 
per unit time. Another characteristic of interest is the probability of at least m
failures of one of the subsystems in the interval (0, t)  (McCall 1963, 1965; Radner 
and Jorgenson 1963). Overall, the following operating characteristics will be 
investigated in this section: 

ir    Expected rate of replacement of subsystem i,  ,i ni ,...,2,1

ir0   Expected rate of  joint opportunistic replacement of failed subsystem i and
   unfailed subsystem 0, ,i ni ,...,2,1

00r     Expected rate of planned maintenance of  subsystem 0 at times jT

pr0    Expected rate of total perfect maintenance (alone and joint) of subsystem 0 
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fjr  Expected rate of joint opportunistic maintenance of subsystem 0 with 
another subsystem 

00c    Expected rate of expenditure on PM of subsystem 0 at times jT

ic      Expected rate of expenditure on replacement of subsystem i

ic0   Expected rate of expenditure on joint replacement of subsystem 0 and 
subsystem i

),( tmPi    Probability of at least m failures of subsystem i in the interval (0, t)
where t is constant  and ,i ni ,...,1,0

                  
Let us consider the subsystems with constant failure rates first. The time to 

failure for each of the inspected subsystems is an exponential random variable with 
rate i . Obviously,  

niir ii ,...,2,1,         (7.17)    

or including iw ,  the time to replace subsystem i,
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Therefore, 
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     Using the elementary renewal theorem we know that the rate of perfect 
maintenance of subsystem 0, is asymptotically equal to the reciprocal of the 
expected value of Y, the time to the first perfect maintenance of subsystem 0, that 
is,

1
0 )()(lim YEtr pt

where )(YE  is given in Equation (7.8). Thus, for large value of t,

1
0 )(YEr p                                               (7.20) 

On the other hand, from the foregoing definitions for rates of maintenance we have

i
n

p rrr 01000                                            (7.21)

     That is, this expected rate, pr0 , can be partitioned into two parts: the expected 
rate of perfect PM at some time jT and the expected rate of joint opportunistic 
replacement with another subsystem. We can also see this relationship from the 
derivation of Equation (7.8). By the Law of Large Numbers, the fraction of the 
total number of perfect PM of subsystem 0 is equal to pd0  given in Equation 
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(7.11a) for large t. Hence, in the long run, the expected rate of perfect PM of 
subsystem 0 is given by 
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or, including maintenance time, 
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It follows that the expected rate of PM of subsystem 0 is 
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The expected expenditure on planned maintenance is given by 
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It is easy to see that in the long run, i
n r01 , the expected rate of joint opportunistic 

maintenance of subsystem 0 is 
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From Section 7.2 , 
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where oiq s are given by Equation (7.11). 
Therefore, 
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     Since the probability that subsystem 0 will be replaced jointly with subsystem i
is iq0 , the asymptotic expected rate of opportunistic replacement of subsystem 0 
and i is given by 

niiYEqr ii ,...,2,1,)( 1
00       (7.26) 

or including maintenance time, 
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Accordingly, the expected rate of expenditure on opportunistic maintenance is 
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     Because the lifetime of subsystem i follows the exponential distribution, the 
probability of at least m replacements of subsystem i in the interval (0, t) is given 
by 

nii
j
tttmP

j
i

imji ,...,1,
!
)()exp(),(        (7.29) 

7.4 Optimization Models 

So far we have derived the system reliability measures – system storage 
availability, probability of at least m failures of subsystem i in the interval (0, t), 
expected rate of failure of subsystem i, etc., and system maintenance cost measures 
– system maintenance cost rate, expected rate of expenditure on planned 
maintenance of subsystem 0, expected rate of expenditure on replacement of 
subsystem i, etc. To obtain the optimal system maintenance policies the system 
reliability measures and system maintenance cost measures must both be 
acceptable. For example, it may be required that the system maintenance cost rate 
is minimized while the system availability is not less than some predetermined 
requirement 0A . For such a problem, we can formulate the following optimization 
model from Equations (7.15) and (7.16): 

Maximize  
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where 0L  is the pre-determined requirement for system maintenance cost rate. 

This model can be solved by nonlinear programming software to obtain an 
optimal system preparedness maintenance policy ),,...,,( ***

2
*
1 Tttt n . Similarly, based 
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on other operating characteristics derived we can formulate other optimization 
models as needed. 

7.5 Concluding Discussions

Different from single component systems, one of the key problems for multi-
component systems in modern maintenance practice is economic dependence 
(Wang et al. 2001). Besides, maintenance is often imperfect. This chapter has 
considered these two factors which greatly impact on optimal maintenance policies 
in multi-unit systems and presents some results on this aspect. Moreover, 
maintenance time is not ignored in this work. Both system reliability and 
maintenance cost measures are incorporated in the optimal opportunistic 
maintenance models in this chapter so that the optimal maintenance policies 
obtained may be optimal not only in terms of maintenance costs but also in terms 
of reliability measures. Therefore, the opportunistic maintenance model of the 
multi-component system with )1(n  decision variables ),,...,,( 21 Tttt n  introduced 
in this study is more realistic and the results obtained in this chapter expect to be 
effective in practice.  

 If the actual state of the system is known with certainty, either through 
continuous inspection or continuous operation, the theory of maintenance for the 
preparedness model becomes the same as for the regular maintenance models. In 
this sense, the theory of maintenance for the preparedness model is more general 
than the regular maintenance models.

This chapter has discussed optimal preparedness maintenance policy of multi-
unit systems with one IFR subsystems given economic dependence and 
imperfectness of maintenance. It can be extended to multi-unit systems with two or 
more IFR subsystems which are subject to imperfect maintenance and economic 
dependence. Another extension is to use other shut-off rules.  

Jia and Christer (2002) consider the periodic testing of a preparedness system 
where, in addition to working and failed state recognition, a working but defective 
state also exists, and demonstrate their availability models in the context of a 
missile buffer system. The possible extension is to consider a working but 
defective state for subsystem 0. 

The imperfect PM is modeled by the (p, q) rule in this chapter. Similarly, one 
can consider other imperfect maintenance modeling methods discussed in Chapter 
2, for example, the (p(t), q(t)) rule. 



8

Optimal Opportunistic Maintenance Policies
of k-out-of-n Systems 

A k-out-of-n:G system is an important system in reliability engineering and could 
include series and parallel systems as special cases. This chapter introduces 
opportunistic maintenance of a k-out-of-n:G system with imperfect PM and 
economic dependence, studied by Pham and Wang (2000). Two new ( T, )
opportunistic maintenance models with consideration of reliability requirements 
and allowing partial failure are presented. In these two models, only minimal 
repairs are performed on failed components before a fixed time  and CM of all 
failed components are combined with PM of all functioning but deteriorated 
components after  and number of failed components triggering maintenance can 
be specified in advance or considered as a decision variable; If the system survives 
to another fixed time T without perfect maintenance it will be subject to PM at time 
T. and T are decision variables. System cost rate and availability are investigated 
for nonegligible maintenance time. The results, including 13 maintenance models 
as special cases, generalize and unify some previous work in this area.

8.1 Introduction 

In this chapter, a k-out-of-n system is defined to be a complex coherent system 
with n independent components such that the system operates if and only if at least 
k of these components function successfully. For a complex and expensive system, 
it may not be advisable to replace the entire system just because of the failure of 
one component, especially for a k-out-of-n system . In fact, the system comes back 
into operation on repair or replacement of the failed component by a new one or by 
a used but operative one. Such maintenance actions do not renew the system 
completely but enable the system to continue to operate (Kapur et al. 1989).
However, the system is usually deteriorating with usage and time. At some point of 
time or usage it may be in a poor operating condition and a perfect maintenance is 
necessary. Based on this situation, we formulate the following maintenance policy 
for a k-out-of-n system. 
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The new system starts to operate at time 0. Each failure of a component of this 
system during the time interval ),0(  is immediately removed by a minimal 
repair. Components which fail in the time interval ),( T  can be left idle. A CM on 
the failed components together with PM on all unfailed but deteriorating ones is 
performed at a cost of fc  once exactly m components are idle, or PM on the whole 
system is carried out at a cost of pc  once the total operating time reaches T,
whichever occurs first. That is, if m components fail in the time interval ),( T ,
CM combined with PM is performed; if less than m components fail in the time 
interval ),( T , then PM is carried out at time T. After a perfect maintenance, 
either a CM combined with PM or a PM at T, the process repeats. 

           Minimal repair, No PM 
                                                                CM with PM    PM 

0                      m components failed         T     time                      

Figure 8.1. The ),( T  opportunistic maintenance policy of k-out-of-n systems 

This maintenance policy is shown in Figure 8.1. In this policy and T are 
decision variables. We assume that m is a pre-determined positive integer, 

11 knm , and T . According to different reliability and cost 
requirements, m may take different values. Obviously, 1m  means that the 
system is subject to maintenance whenever one component fails after . For a 
series system (n-out-of-n system) or a system with critical applications m may 
basically be required to be 1. If m is chosen as 1kn  then k-out-of-n system is 
maintained once the system fails.  In most cases, the whole system is subject to a 
perfect CM together with a PM upon a system failure ( 1knm ) or partial 
failure, that is, some components may fail but the system still functions. However, 
if inspection is not continuous and the system operating condition can be known 
only through inspection, m can be a number greater than ( 1kn ). We assume 
that if CM together with PM is carried out both are perfect, and that CM combined 
with PM takes 1w  time units and PM at time T takes 2w  time units. 

The justification for this policy is that before  every component in the system 
is young and no major repair is necessary and only minimal repairs, which may not 
take much time and cost, are performed. The component is deteriorating as time 
passes and after time has elapsed the component may be in a weak operating 
condition and has a larger failure rate, and consequently a major or perfect repair is 
needed. Because there is economic dependence and availability requirements (less 
frequent shut-offs for maintenance), however, we may not replace it immediately 
but start CM until the number of failed components reaches some pre-specified 
number m. In fact, when the number of failed components reaches m, the 
remaining )( mn  operating components may degrade to a worse operating condi-



 Optimal Opportunistic Maintenance Policies of k-out-of-n Systems 153 

tion and also need PM. Note that as long as m is less than )1( kn  the system 
will not fail and will continue to operate.   

As pointed in Chapter 1, economic dependence means that it takes less cost and 
time to perform maintenance on several components jointly than on each 
component separately. For a multi-component system, if there is strong economic 
dependency joint maintenance should be considered. The optimal maintenance 
policy for this kind of systems possesses an opportunistic characteristic, that is, the 
optimal maintenance actions for one component depends on the states of the other 
components (Zheng 1995). Obviously, the maintenance policy proposed above is 
an opportunistic one. 

In this chapter, the following assumptions are made: 

i) All failure events are s-independent. 
ii) Each component has increasing failure rate (IFR). 
iii) Minimal repair takes negligible time since minimal repair time is small    

relatively to perfect maintenance time. 
iv) Minimal repair costs are random variables which depend on age and 

number of minimal repairs. 
v) The planning horizon is infinite. 
vi) k-out-of-n system consists of n i.i.d. components. 

We assume that for each component in the system the cost of the ith minimal 
repair at age t consists of two parts: the deterministic part ),(1 itc which depends on 
the age of this component and the number of minimal repairs i, and the age-
dependent random part )(2 tc . This general cost structure was used by Sheu (1991) 
in study of an age replacement model.  

It is well-known that for a single-unit system PM is justified only if it has IFR. 
The above assumption that failure rate of each component has IFR is still necessary 
for the k-out-of-n system. This is because the system may be subject to a PM at 
time T. This requires that the system is IFR after . The following proposition 
states the relationship between component and system failure rates: 

PROPOSITION 8.1 If a k-out-of-n system is composed of independent, identical, IFR 
components, the system also has IFR.

     Proof. Assume that reliability of each component at some time is p. The 
survival function of a k-out-of-n system is given by 
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Using binomial theorem it follows that  
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It is easy to prove that 
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     Since [ )1/()1( pyp ] is increasing in p, it is easy to see that )(/)( prprp is
decreasing in p.  Similar arguments are also found in Barlow and Proschan (1975), 
and Ross (1983). Note that the failure rate of a k-out-of-n system is given by 
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where ),...,()( pprpr .
     It follows from the above equation that )(ths  has IFR noting that )(tq  has IFR, 

)(tF  is a decreasing function of t, and )(/)( prprp is decreasing in p.      
     The following notation will be used throughout this chapter:  

NOTATION

fc   Cost of CM together with PM of a system 

pc   Cost of PM alone of a system 
))(),,(( 21 tcitcg   Cost of  the ith minimal repair at age t, where g is a positive,  

  non-decreasing and continuous function 
),(1 itc  Deterministic part of cost of  the ith minimal repair at age t, which 

depends on the age and the number of minimal repairs 
)(2 tc   Random part of cost of  the ith minimal repair at age t
)(xVt   Cumulative distribution function of )(2 tc
)(xvt   Probability density function of )(2 tc

T,   Two decision variables constituting  the ),( T  policy, 
)(tf Probability density function of a component
)(tF Cumulative density function of a component 
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)(tF Survival function of a component, )(1)( tFtF
)(tG   Residual survival function of a component

)(1 yF kn   Survival function of the time to failure of a k-out-of-n system
)(tq Failure rate of a component

)(tQ Cumulative failure rate of a component, dxxqtQ
t

0
)()(

n Number of components in a system 
k Minimum number of operating components to make a system 

function
m Minimum number of failed components needed to start 

maintenance.
1w   Time to perform CM together with PM   

2w   Time to perform PM alone 
p Probability that PM is perfect 
q p1  in Section 8.3 

)(tN   Number of minimal repairs during time interval ),0( t
)(tM   Expected number of minimal repairs during time interval ),0( t

),( TL    Long-run expected system maintenance cost per unit time, or cost 
rate

8.2 Perfect PM

We shall now characterize the classes of possible maintenance actions. Note that at 
any instant of time, the following alternative maintenance actions for a k-out-of-n
system are to be performed, per the maintenance policies described in Section 8.1: 

i) Keep the present system and no maintenance actions are given. 
ii) Performed minimal repair on a component of the system (before time ).
iii) Performed perfect repair on all failed components together with PM on all   

unfailed but deteriorating components (after time ).
iv) Performed PM on the system at time T.

     Assume that each component in the k-out-of-n system has cumulative 
distribution function (cdf) )(xF , and probability density function (pdf) )(xf . Then 
their failure rates (or the hazard rates) are )(/)()( xFxfxq  and cumulative 

failure rates are 
x

dttqxQ
0

)()(  which have a relationship with their survival 

functions )(exp)( xQxF , where )(1)( xFxF . It is further assumed that 
the failure rate is differentiable, monotonely increasing, and remains undisturbed 
by minimal repair. 
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     If there is no PM, the residual survival function of each component is given by 
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     Let nYYY ...,, 21  be i.i.d. random variables with survival distribution )( yG ,  and 

)()2()1( nYYY  be the corresponding order statistics. Note that the order 
statistics may be interpreted as successive times of failures of components in the 
systems, and the )1( kn th order statistic is just the time to failure of the k-out-
of-n system. The order statistic )( jY  has survival distribution, njj ,...,2,1, ,
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     In this section we assume that PM at time T is perfect. According to renewal 
theory, the times between consecutive perfect maintenance, preventive or 
corrective, constitute a renewal cycle. From the classical renewal reward theory, 
the long-run expected system maintenance cost per unit time, or cost rate,  is 

),(
),(),(

TD
TCTL

where ),( TC  is the expected system maintenance cost per renewal cycle and 
),( TD  is the expected duration of a renewal cycle.   

     Let ,..., 21 ZZ  be i.i.d. random variables with distribution function )( yFm ,  and 

),min(* TZZ ii , ,...2,1, ii Then a renewal cycle consists of maintenance time 

and *
iZ  duration.  It is easy to verify 
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Next we evaluate expected system maintenance cost per renewal cycle 
),( TC .  Note that  ),( TC  consists of three parts:  minimal repair cost, cost of 

CM combined with PM, and cost of PM at time T.  For each component the 
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failures between ),0(  occur in accordance with a non-homogeneous Poisson 
process of rate )(tq . The cost of  the ith minimal repair at age t is ))(),,(( 21 tcitcg ,
where g is a positive, non-decreasing and continuous function of t, and is a 
positive, non-decreasing  function of i. Suppose that the random part )(2 tc  at age t
has distribution function )(xVt , density function )(xvt  and finite mean )]([ 2 tcE .
The total minimal repair cost for a k-out-of-n system in one cycle is given by   

))(),,(( 21

)(

1
ii

N

i
smr SciScgnEC                                                

where )(N  is number of minimal repairs during time interval ),0(  . 
     The further derivation of this cost expression needs a proposition from Sheu 
(1991) and we now state it without proof: 

PROPOSITION 8.2 Let 0),( ttN  be a non-homogeneous Poisson process with 

intensity )(tq  and 
t

duuqtNEtM
0

)()]([)( . Denote the successive arrival 

times of this process by ,..., 21 SS  Assume that at time iS  a cost of 
))(),,(( 21 ii SciScg  is incurred. Suppose that )(2 yc at age y is a random variable 

with finite mean )]([ 2 tcE  and g is a positive, non-decreasing and continuous 
function. If )(tA  is the total cost incurred over ],0[ t , then  

`    
t

dyyqytAE
0

)()()]([

where )]](),1)(,(([[)( 21)()( 2
ycyNycgEEy yCyN  which is the expectation 

with respect to random variables )( yN  and )(2 yc . 

     According to the above proposition the total minimal repair cost in one cycle is 
given by 

0
)()( dyyqynCsmr                                               (8.4) 

The total cost of PM at time T and CM combined with PM is given by 
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From Equations (8.3) and (8.5) the following proposition follows: 
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PROPOSITION 8.3 If PM is always perfect, then the long-run expected system 
maintenance cost per unit time, or cost rate, for a k-out-of-n system is given by 
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and the limiting average system availability is 
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     In what follows, we shall attempt to minimize ),( TL  with respect to and T.
Differentiating ),( TL  with respect to T and , respectively, we have 
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A necessary condition that a pair ),( ** T  minimizes ),( TL  is that it satisfies  
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0),(and0),(
T

TLTL

The optimal ),( T  maintenance policy is obtained by solving the above equations.  

8.3 Imperfect PM: Case 1

Section 8.2 assumes that PM is always perfect. In practice, however, this 
assumption may not be realistic in some cases. This section is different from 
Section 8.2 in that PM at time ,...3,2, TTT is imperfect and after PM a k-out-of-n
system is good as new with probability p (perfect PM) and is bad as old with 
probability pq 1  (minimal PM). Other assumptions and notations are identical 
to those in Section 8.2. 
     According to renewal theory of stochastic processes, the times between 
consecutive perfect maintenance, preventive or corrective, constitute a renewal 
cycle. From the classical renewal reward theory, the long-run expected system 
maintenance cost per unit time, or cost rate with parameter p,  is 

)|,(
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pTCpTL

where )|,( pTC  is the expected system maintenance cost per renewal cycle and 
)|,( pTD  is the expected duration of a renewal cycle. 

     Let ,..., 21 ZZ  be i.i.d. random variables with distribution function )( yFm , and 

)oneperfectfirsttheuntilPMofnumber|,min(* kkTZZ ii , ,...2,1i Note that a 
renewal cycle is completed either by any CM together with PM or by a perfect PM 
at time kT, and the probability that a PM alone is perfect is p. Then a renewal cycle 
consists of maintenance time and the *

iZ  duration. It follows from above 
arguments that 
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     Let pT  be the first perfect PM-alone time point. Note that events }{ TTp ,
}2{ TTp , }3{ TTp ,… are mutually disjoint events satisfying sample space  

1j p jTT . Note also that a renewal cycle is completed either by any CM 
combined with PM or by a perfect PM at time kT.  Note also that the probability 
that a PM alone is perfect is p. Pham and Wang (2000) prove 
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     Let CM be the event that CM together with PM is performed in a renewal cycle. 
Pham and Wang (2000) show that the probability that CM combined with PM is 
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     The above expression at Equation (8.7d) also has direct meaning. For example, 
term )2( TFq m  represents the probability that less than m components have 
failed in the interval )2,( T  and the first PM turns out to be not perfect (with 
probability q). Obviously,  
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It follows from Equations (8.7a – e) that 
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     Next we determine expected system maintenance cost per renewal cycle 
)|,( pTC , which  consists of three parts:  minimal repair cost, PM cost and cost 

of CM together with PM. The total minimal repair cost in one cycle is the same as 
the one in Equation (8.4). Again note that a renewal cycle is completed either by 
any CM together with PM or by a perfect PM, and that the probability that a PM 
alone is perfect is p. Similarly to the derivation of the expected maintenance time, 
it is easy to show that the total cost of PM alone and CM combined with PM is 
given by 
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(8.8)
From Equations (8.7) and (8.8) the following proposition follows: 
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PROPOSITION 8.4 If the PM is perfect with probability p and minimal with 
probability pq 1 , then the long-run expected system maintenance cost per unit 
time, or cost rate, for a k-out-of-n system is given by 
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(8.9)

and the limiting average system availability is 
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Obviously, if we set 1p  in Equations (8.9) and (8.9a) then we obtain 
Equations (8.6) and (8.6a). The optimal ),( T  maintenance policy with parameter 
p can be obtained in the same method as in Section 8.2.  

8.4 Imperfect PM: Case 2

The model in this section is exactly like the model in Section 8.2 except that after 
PM with probability p the system is good as new, and with probability iq  exactly i
components become failed (all other components become good as new) and are 
subject to perfect CMs immediately where ni ,...,2,1  and n

i i pq1 1 . 
Obviously, the latter case may happen in practice (Nakagawa 1987) and consequ-
ently a longer maintenance time and a larger maintenance cost are incurred since 
an additional CM on the failed component(s) due to PM is needed. It should be 
noted that only the components which have failed due to PM will be repaired 
immediately. Notice also that more than m components may fail due to PM since 
PM may cause adjacent damage (Nakagawa 1987) and becomes a worst PM. 
     Now we discuss modeling of system maintenance cost rate and availability. 
According to renewal theory, the times between consecutive perfect maintenance, 
preventive or corrective, constitute a renewal cycle. The long-run expected system 
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maintenance cost per unit time, or maintenance cost rate with parameters p and iq
for ni ,...,2,1 , is 

),|,(
),|,(),|,(

i

i
i qpTD

qpTCqpTL

where ),|,( iqpTC  is the expected system maintenance cost per renewal cycle 
and ),|,( iqpTD  is the expected duration of a renewal cycle.   
     Let ,..., 21 ZZ be i.i.d. random variables with distribution function )( yFm , and  

),min(* TZZ ii , ,...2,1, ii  Let iw1  represent their total CM time when exactly 
i components failed after PM at time T. Note that the a renewal cycle is completed 
either by any CM together with PM, by CM alone right after T, or by a perfect PM; 
and that the probability that a PM alone is perfect is p. Thus, a renewal cycle 
consists of maintenance time and the *

iZ  duration. It follows from the above 
arguments that 
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     Next we evaluate the expected system maintenance cost per renewal cycle 

),|,( iqpTC , which  consists of four parts: minimal repair cost, cost of PM 
alone, cost of CM alone right after T,  and cost of CM together with PM. The total 
minimal repair cost in one cycle is the same as the one in Equation (8.4). Let fic
represent their total subsequent CM cost when exactly i components have failed 
due to PM. It is noted that a renewal cycle is completed either by a CM combined 
with a PM, by a CM alone right after T, or by a perfect PM at time T, and that the 
probability that a PM is perfect is p. It follows that the total cost of PM and CM 
after  is given by 
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We may assume that fic  above has such a cost structure: 

sfi cicc 00

where 00c  represents one-time shut-off cost and cs  represents the cost of parts and 
labor and incremental system-unavailable-for-work cost. However, if fic  has other  
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cost structures, the results in this section are still valid. 
From Equations (8.10) and (8.11) the following proposition follows: 

PROPOSITION 8.5 If PM is perfect with probability p and causes exactly i compo-
nents to fail where pq

n

i i 1
1

 and the failed components due to PM are 
subject to perfect CM immediately, then the long-run expected system maintenance 
cost rate for the system is given by 
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(8.12)
and the limiting average system availability is 
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   (8.12a)

     Obviously, if we set 1p  in Equations (8.12) and (8.12a) then we obtain 
Equations (8.6) and (8.6a). The optimal ),( T  maintenance policy with parameters  
p and iq  can be obtained in the same way as in Section 8.2.  

8.5 Special Cases

The three models in Sections 8.2, 8.3 and 8.4 include some previous maintenance 
models as special cases. A summary is given below. Since Proposition 8.3 is a 
special case of Propositions 8.4 and 8.5, the discussions in this section will be 
focused on Proposition 8.3.  The following special cases are in terms of Equation 
(8.6) except case 10 and case 11.  

Case 1 ( 0,0,1 21 wwmkn ): this is the classical age-replacement 
policy which was called policy I in Barlow and Hunter (1960). If we set parameters 

,0,1 21 wwmkn and 0  in Equation (8.6), then we obtain the well-
known result by Barlow and Hunter (1960): 
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Case 2 ( 0,0,1 21 wwknm , yeyG )( ): Nakagawa (1985) 
investigates this case. If we set parameters 0,0,1 21 wwknm  and 

yeyG )(  in Equation (8.6) then the cost rate becomes 
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which agrees with Equation (8) in Nakagawa (1985). 

Case 3 ( ctcitcgTwwmkn ))(),,((,,0,1 2121 ): this is policy II 
discussed by Barlow and Hunter (1960), i.e., the classical periodic replacement 
with minimal repair at failures. If we set parameters ,1mkn  ,021 ww

T , and ctcitcg ))(),,(( 21  in Equation (8.6), the system maintenance cost 
rate becomes 

T
cTcQ

TTL p)(
),(

which is the same as the well-know result by Barlow and Hunter (1960). 

Case 4 ( )(,))(),,((,,0,1 2121 TccctcitcgTwwmkn p ):  This 
is the case treated by Tilquin and Cleroux (1975). If we set ,1mkn

ctcitcgTww ))(),,((,,0 2121  and )(0 Taccp  in Equation (8.6), 
then the system maintenance cost rate becomes 

T
TacTcQTTL )()(),( 0

which is the same as the cost rate in Tilquin and Cleroux (1975). 

Case 5 ( )())(),,((,,0,1 2121 yctcitcgTwwmkn ):  this is the case 
investigated by Boland (1982). 

Case 6 ( ictcitcgTwwmkn ))(),,((,,0,1 2121 ): Boland and 
Proschan (1982) study this case. In particular, they considered the cost structure 

icaci  in which minimal repair cost is increasing with the number of minimal 
repairs.

Case 7 ( ctcitcgwwmkn ))(),,((,0,1 2121 ): this is the policy 
considered by Tahara and Nishida (1975). If we set ,0,1 21 wwmkn and

ctcitcg ))(),,(( 21   in Equation (8.6), then the expected systems maintenance cost  
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rate is 
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which agree with Equation (23) in Tahara and Nishida (1975). 
     It is noted that Tahara and Nishida (1975) discuss the optimality of the ),( T
policy for a one-unit system by means of dynamic programming techniques and 
showed that the ),( T  maintenance policy is optimal. 

Case 8 ( ctcitcgTwwmkn ))(),,((,,0,1 2121 ): Muth (1977) 
studies this case. If we set parameters ,,0,1 21 Twwmkn and

ctcitcg ))(),,(( 21  in Equation (8.6), we obtain the same result as in Muth (1977) 
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Case 9 ( )())(),,((,,0,1 2121 tctcitcgTwwmkn ): Yun (1989) 
considers this case. If we set parameters ,,0,1 21 Twwmkn and 

))(),,(( 21 tcitcg )(tc  in Equation (8.6), we obtain the same result as in Yun 
(1989): 
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Case 10  ( 0,0,1 21 wwmkn ) for Equation (8.9): Nakagawa (1979) 
deals with this case. If we set ,0,1 21 wwmkn  and 0  in Equation 
(8.9), then the cost rate becomes 
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which is the same as Equation (1) in Nakagawa (1979). 

Case 11 ( 0,1mkn ) for Equation (8.12a): Chan and Downs (1978) 
study this case. If we set ,1mkn 111 ww , qq1  and 0  in Equation 
(8.12a), then the limiting system availability becomes 
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which is the same as Equation (1) in Chan and Downs (1978). 

Case 12 ( kn ):  this case corresponds to optimal ),( T  maintenance policy of a 
series system. If we set kn  and 1m  in Equation (8.6), it follows that the long-
run expected system maintenance cost rate for a series system with n component is 
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Case 13 ( 1,1 nk ): in this case the k-out-of-n system is reduced to a parallel 
system. If we let 1k  and nm , it follows that the long-run expected system 
maintenance cost rate for a parallel system with n components is  
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If we further set 0  and 021 ww , then the above equation becomes 
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which is the same as the result in Yasui et al. (1988). 

8.6 Optimization Problems 

In Sections 8.2, 8.3 and 8.4 we investigate expected system maintenance cost rate 
and availability. In some cases, the optimal maintenance policies may be required 
that while some availability requirements are satisfied the maintenance cost rate is 
minimized, or while maintenance cost rate is less than some predetermined value 
the system availability is maximized. For example, for the maintenance model in 
Section 8.2 the following optimization problem can be formulated in terms of 
decision variables T and :
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Maximize
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where constant 0L  is the predetermined maintenance cost rate requirement. 

For maintenance model in Section 8.3 the following optimization problem can 
be formulated in terms of decision variables T and :
           
Minimize 
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                                               (8.14) 
where constant 0A  is the predetermined availability requirement. 

The optimal maintenance policy ),( **T  can be determined from it by using 
nonlinear programming software. Similarly, other optimization models can be 
formulated. 

8.7 Numerical Example 

Consider a 2-out-of-3 system. Assume that the time to failure of each unit follow a 
Weibull distribution with shape parameter  and scale parameter which has pdf
given by 

0,,0exp)(
1

yyyf y
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and has failure rate  
1

)( yyq

     Suppose that 2 and 500  (days) and )()())(),,(( 2121 ycycyciycg
in this example. Since 12  the lifetime of each unit has IFR and by 

Proposition 8.1 life of this system has IFR. Assume that yyc 1)(1  and )(2 yc
follow the normal distribution with mean 1. Then  

y

ycycE

ycyNycgEEy yCyN
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)()(

))(),1)(,(([)(

21

21)()( 2

     Since the aircraft unit system is considered to be critical and very important, m
is taken to be 1. The following parameters are assumed:  

         51w  days       22w  days          59fc     
                       40pc                1p                    99.00A

Let

5)002.0(3)002.0(3exp

exp)002.0(3exp6500

22

6002.0

6002.0

2
2
122

1

T

duu
T

Substituting the above data and parameters into optimization model (8.14) in 
Section 8.6 results in: 

Minimize 
59)002.0(3)002.0(3exp19500/)(6 2222/5

5
22 T

L

Subject to     

T

duu
A
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2
2
122

1

      
     Various kinds of approximations for the integral in the above optimization 
model have been developed and a simple approximation with high accuracy is by 
Zelen and Severo (1964): 
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4432
2
12

2
1 019527.0000344.115194.196854.112exp ttttduu

t

The error, for 0t , is less than 4105.2  (see Johnson and Kotz 1970). 
By nonlinear optimization software the optimal solution for the above 

optimization model is found to be 

 days86.410days24.320 ** T

which results in the minimum system maintenance cost rate given by 

0.182),( ** TL

     That is, the optimal maintenance policy from optimization model (8.13) is that 
before time 24.320* (days) only minimal repairs are performed; after 

24.320* the failed unit will be subject to perfect repair and the two unfailed 

will undergo PM once any unit fails, or PM at 86.410*T (days), whichever 
comes first (i.e., CM combined with PM or PM only at T, whichever occurs first). 
Or, we can say that after 24.320* : the failed unit will be subject to perfect 
repair together with PM on the remaining two once any unit fails; If no unit fails 
until time 86.410*T (days), PM is carried out at 86.410*T .

Other numerical examples can be found in Pham and Wang (2000). 

8.8 Concluding Discussions

This chapter deals with the opportunistic maintenance of k-out-of-n systems. In 
many applications, the optimal maintenance actions for one component often 
depend on the states of the other components and system reliability requirements. 
Three new ( T, ) opportunistic maintenance models with consideration of 
reliability requirements are investigated. In these models only minimal repairs are 
performed on failed components before time  and CM of all failed components 
are combined with PM of all functioning but deteriorated components after . If 
the system survives to time T without a perfect maintenance it will be subject to 
PM at time T. Considering the maintenance time, system asymptotic cost rate and 
availability are derived and the results obtained generalize and unify some previous 
research in this area. 

In all three maintenance models PM on non-failed but deteriorated components 
is also carried out at the moment when CM activities are called for after . Such 
maintenance policies may reduce the number of unexpected CM activities at fairly 
low costs, since CM together with PM can be performed without substantial 
additional expenses. Besides, the following points should be noted:  

1)  Some group replacement policies (see Section 3.3.1) do not consider system 
reliability structure and reliability requirements. For a k-out-of-n system, when one 
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of its components is down if we repair or replace it there will be a one-time shut-
off during which system will not be available. In fact, even if we do not take any 
action on this component the system may still operate as long as the number of 
failed components does not exceed kn . However, once the number of failed 
components surpasses kn  the system fails. Thus, most maintenance actions may 
start earlier than that moment in practice.  

2)  Equations (8.6), (8.6a), (8.9), (8.9a), (8.12), and (8.12a) are still valid if CM 
and PM costs as well as  maintenance time of a system are random variables. In 
this case, fc , pc , 1w  and 2w  represent expected costs of CM combined with PM 
and PM alone, expected maintenance time of CM combined with PM and PM 
alone, respectively in Equations (8.6), (8.6a), (8.9), (8.9a), (8.12) and (8.12a). 

3)  m could be a decision variable according to different situations. Its optimal 
value, together with the optimal values of  and T, can be found by minimizing 
the system maintenance cost rate in Equations (8.6), (8.6a), (8.9), (8.9a), (8.12) and 
(8.12a) in terms of decision variables T,  and m.

4)  m could take a natural number greater than )1( kn depending on differ-
ent reliability and cost requirements.  



9

Reliability and Optimal Inspection-maintenance 
Models of Multi-degraded Systems 

In practice, the failure rate of a system may depend not only on the time, but also 
upon the state of the system. The system may not fail fully, but can degrade. Its 
operating condition can be characterized by a finite number of states: states of 
degradation. The failure rate transition process from one degradation state to the 
next degradation state might take faster rate as system reaches the last stages of 
degradation. Therefore, the state-dependent transition rates for the degradation 
process should be considered. In some cases if the degradation level exceeds a 
particular limit the system may not operate successfully and fail. This chapter 
investigates multi-state degraded systems subject to multiple competing failure 
processes including two independent degradation processes and random shocks, 
following Li and Pham (2005a, 2005b). We first discuss system reliability models 
and then optimal inspection-maintenance. This chapter also presents a 
methodology to generate the system states when there exists multi-failure 
processes. The system reliability model can be used not only to determine the 
reliability of the degraded systems in the context of multi-state functions but also 
to obtain the states of the systems by calculating the system state probabilities. A 
generalized condition-based inspection-maintenance model, consisting of the time 
sequence for inspection and PM threshold levels, is presented. An average long-run 
maintenance cost rate function is derived based on expressions for degradation 
paths and cumulative shock damage. A quasi-renewal process introduced in 
Chapter 4 is employed to develop the inter-inspection sequence. The PM 
thresholds for degradation processes and inspection sequence are the decision 
variables of the proposed inspection-maintenance model. The optimum solution to 
minimize the average long-run maintenance cost rate is discussed. Numerical 
examples are given to illustrate these system reliability and inspection-maintenance 
models. 

In recent years, increasing research on degraded systems and their reliability as 
well as inspection and maintenance has been conducted. Pham et al. (1996) present 
a model for predicting the reliability of a k-out-of-n:G system in which components 
are subject to multi-stage degradation as well as catastrophic failures. Due to the 
aging effect, the failure rate of the component will increase. Pham et al. (1996) 
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consider the state-dependent transition rates for the degradation process. Because 
of degradation, the catastrophic state-dependent failure rate may increase as time 
progress as well based on the Markov approach. Sim and Endrenyi (1993) propose 
a Markov model for a continuously operating device with deterioration and 
Poisson failures. In the Markov diagram, the distribution of the inter-arrival 
between successive degradation stages is assumed to be exponentially distributed 
with constant rates.

Lam and Yeh (1994b) study state-age-dependent replacement policies for a 
multi-state system subjected to both deterioration and random shocks. The 
deteriorating process of the system was modeled based on a semi-Markov process. 
They assumed that the inter-arrival time between two successive states follows a 
continuous distribution )(tFi  with a finite mean.   

Other reliability models considering the degradation and catastrophic failures 
are developed. Zuo et al. (1999) present a mixture model assuming that the whole 
population can be divided into two independent sub-populations where one sub-
population is subjected to degradation and the other is subjected to catastrophic 
failure. Hosseini et al. (2000) develop a condition-based maintenance model for a 
system subject to deterioration-failures and to Poisson-failures using the 
Generalized Stochastic Petri Nets. Xue and Yang (1995) model the lifetime 
distribution of the multi-state deterioration systems based on the continuous-time 
Markov process and semi-Markov process.  

Pham et al. (1997) create models for predicting the availability and mean 
lifetime of multistage degraded systems with partial repairs. The transition 
(degradation, partial failure, and repair rates) rates are assumed constant. Klutke 
and Yang (2002) study the availability of maintained systems subject to both the 
effects of the degradation and random shocks. They assumed that shocks occur 
according to a Poisson process and the shock magnitudes are independent and 
identically distributed random variables. Recently, Pham and Xie (2002) investing-
ate a generalized surveillance model consisting of dual mutually dependent 
stochastic processes for surveillance systems. Their model can be used to under-
stand better both the inspection process and the repair unit itself and to provide 
information that can be used to assist inspectors in scheduling and prioritizing their 
future inspections. 

This chapter first discusses the reliability model and then optimal inspection-
maintenance model of a degraded system subject to multiple competing failure 
processes including two degradation processes and random shocks. We assume 
that these three processes are independent and any of them would cause the system 
to fail based on the threshold value of each process. Applications of such systems 
can be found in the space shuttle computer complex due to critical mission phases 
such as boost, reentry and landing and in the electric generator power systems. 
More applications related to this can be found in Pham (1991). The system can also 
fail catastrophically whether it is either in a good state or in any of the degraded 
states due to random shocks. It should be noted that each competing process can be 
considered as a component in a series system in which system failure occurs when 
any component fails. In other word, the system fails whichever cause occurs first. 
This chapter also models the performance of the systems from a perfect condition 
to degradation stages. 
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The following notation and symbols will be used throughout this chapter: 

Notation

)(tYi     The ith degradation process, 2,1, ii

)(tD    Cumulative random shock damage by the time t.
)(

1
)(

tN

i iXtD

where iX s  are i.i.d. with pdf )(xf X , cdf )(xFX and the kth

convolution )()( xF k
X         

S      Critical threshold value for the shock process. The system will fails 
due to random shocks when StD )(

Gi   Critical value for degradation process i for 2,1i  where the 
system will fail due to degradation when ii GtY )(

U      },0,1,...,{ FM  a system state space  
M        Perfect (good) state 
0       Degraded failure state 

M-1,…,1   Intermediate degradation states 
 F       Catastrophic failure state 

      }0,1,...,{M a system degradation state space without catastrophic 
failure

i     }0,1,...,{ iiiM a state space corresponding to degradation process i

i0     Degraded failure state due to the ith degradation process 

iM   Good state of degradation process i, 2,1,ii
R   21  Cartesian product of 1  and 2

Ri    The ith equivalence class, Mi ...,1,0
)(tR   Reliability function 

r.v.             Random variable
Cc             Cost per CM action 
Cp             Cost per PM action 
Cm             Loss per unit idle time 
Ci             Cost per inspection 
L1              PM critical threshold value for degradation process 1 
L2              PM critical threshold value for degradation process 2 

)(tC              Cumulative maintenance cost up to time t
E[C1]  Average total maintenance cost during a cycle 
E[W1]  Mean cycle length 
E[NI]  Mean number of inspections during a cycle 
E[ ]  Mean idle time during a cycle 

NiiI         Inspection sequence 

NiiU   Inter-inspection sequence 

NiiW   Renewal times 
T             Time to failure 



174 Reliability and Optimal Maintenance 

Pi+1 Probability that there are a total of )1(i inspections in a renewal 
cycle

Pp                Probability that a renewal cycle ends by a PM action 
Pc               Probability that a renewal cycle ends by a CM action 

),,( 121 ILLEC  Expected long-run cost rate function 

9.1 Reliability Modeling

In this section, we discuss models for evaluating the reliability of multi-state 
degraded systems subject to multiple competing failure processes. Two of them are 
the continuous and increasing degradation processes (processes 1 and 2) and the 
third one is random shocks. The performance of the systems can vary from a 
perfect condition as good as new to degradation stages as time passes since the 
multi-state reliability model in this section, from the multi-state perspective, can be 
capable of handling a wide range of performance (Li and Pham 2005b). The 
remaining of this section is organized as follows. Section 9.1.1 describes the multi-
state system description, modeling assumptions and methodologies. It also presents 
a method to determine the system state and to view degradation process in terms of 
multi-state. In Section 9.1.2, we present a model for evaluating the reliability of 
multi-state degraded systems with random shocks. Section 9.1.3 delivers numerical 
examples to illustrate the obtained results.  

9.1.1 System Description and Modeling Methodologies  

Assume a system is subject to a variety of three independent competing failure 
processes in which two of them are degradation processes: degradation process 1 
measured by the function )(1 tY and degradation process 2 measured by )(2 tY ), and 
the third is a random shock process )(tD ; whichever occurred first would cause the 
system to fail. 

Initially, the system is considered to be in a good state (i.e., M1 and M2). As 
time passes, it can either go to the first degraded state (i.e., 1)1(M  or 2)1(M )
upon degradation or can go to a catastrophic failed state (state F) subject to random 
shocks. When a system reaches the first degraded state, it can either stay in that 
state until the mission time, or it can go to the second degradation state (i.e.,

1)2(M  or 2)2(M ) upon degradation, or can go to a failed state (F state) upon 
random shocks.  

The same process will be continued for all stages of degradation except the last 
degradation state (i.e., either stage 01 or stage 02). If the system reaches the last 
degradation state, it cannot perform its functions satisfactorily (it considers to reach 
an unacceptable limit) and be treated as a failure (state 0). Figure 9.1 shows the 
system state transition diagram of the multiple competing transition processes. In 
Figure 9.1, the top portion represents degradation process 1; the bottom represents 
degradation process 2; F represents a catastrophic failure state due to random 
shocks. 
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Figure 9.1. Flow diagram of the system subjected to multiple failure processes

In this section, we have the following assumptions: 

i) The system consists of )2(M states where state 0 and state F are both 
complete failure states, state i is a degradation state, and Mi1 . 

ii) No repair or maintenance is performed on the system. 
iii) )(tYi , 2,1i is a non-negative non-decreasing function at time t, since 

degradation is an irreversible accumulation of damage. 
iv) )(tYi , 2,1i and D(t) are statistically independent. The independence 

assumption implies that the state of one process will have no effect on the 
state of the others.  

v) At time 0t , the system is at state M.
vi) The system can fail either due to each degradation process when 

ii GtY )( , 2,1i or due to random shocks (it goes to a catastrophic 

failure state F) when SXtD
tN

i i )()(
)(

1

vii) The critical threshold value Gi depends upon the function of states of the 
degraded systems. 

In this section, degradation paths are modeled by some continuous probabilistic 
functions. Note that the operating condition of the system is characterized by a 
finite number of states: system state space U . Therefore, we need to discretize 
continuous processes. In Step 1 below, we discuss a procedure how to discretize 
the two degradation processes in order to obtain 1  and 2 which correspond to 
degradation process 1 and 2, respectively. After obtaining the degradation process 
space 1  and 2 , Step 2 presents a methodology how to establish a relationship 
between the system state space U , and the degradation and random shock state 
spaces },,{ 21 F .

Degradation 2 
(M-1)2 12 02M2

M1 (M-1)1 11 01

D(t) > S
F

Degradation 1 
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Step 1: Characterizing Degradation Processes into Discrete State Sets 
The two degradation processes cases are considered here. A general situation is to 
allow each degradation process to be discretized into a number of different states. 
The state space denoted by }0,1,...,{ 1111 M corresponds to degradation process 
1 with )1( 1M  states. Similarly, the state space denoted by }0,1,...,{ 2222 M
associates with degradation process 2 having )1( 2M  states. M1 and M2 may or 
may not be the same and, iM , 2,1i .
     We view the degradation process from the perspective of a finite number of 
states. For example, when the value )(1 tY of degradation process 1 falls into a pre-
defined interval, then its corresponding state will be determined. Let us define as 
follows: ],0[ MW ,…, ],( 12 WW are the intervals on the degradation 1 curve (see 
Figure 9.2a)  corresponding to state M1, 01, where 11 WWW MM  and 

],0[ MA ,…, ],( 12 AA  are intervals associated with degradation process 2 curve (see 
Figure 9.2b) corresponding to state M2, 02, where 11 ... AAA MM .

        a) States for degradation 1       b) States for degradation 2 

Figure 9.2. Degradation process function in terms of multi-state

     Mathematically, the relationship between the degradation process states 
}0,1,...,{ 1111 M , }0,1,...,{ 2222 M  and their corresponding degradation 

intervals are given as follows: 

Degradation Process 1        Degradation Process 2

MWtY )(0 1   state 1M       MAtY )(0 2    state 2M
     11 )( MM WtYW   state 1)1(M 12 )( MM AtYA state 2)1(M

      
         112 )( WtYW  state 11                  122 )( AtYA  state 21
          )(111 tYWG  state 10                    )(212 tYAG  state 20

W1

WM-1 

WM

   M1  (M-1)1                01

A1

AM-1 

AM

    M2   (M-1)2                  02
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Step 2: Constructing System State Space based on Degradation States 
The system state space is defined as },0,1,...,{ FMU , consisting of 2M
states. This step will create a method to develop a function to generate a relation-
ship between the system state space U  and degradation state spaces F,, 21 .
For example, at a given time t, suppose that degradation process 1 is at state 

11i , and degradation process 2 is at state 22j , what is the system state?  
     Assume that at the current time the system is not in a catastrophic failure state. 
So state F can be ignored for the time being. So, we can simply look at ways to 
define a function that represents relationship between U  and },{ 21  instead of 

U  and },,{ 21 F . The operation can be described by a mapping function 
}0,1,..,{: 21 MRf where },|),{( 22112121 jijiR

is a Cartesian product as the input space domain and shown in Figure 9.3.      
                
                            
                          21R                                               Hc

     Figure 9.3. A mapping function 

     The matrix Hc given below is an output space consisting of 1M  elements 
corresponding each input space domain through the function f:

                                            111 10 M

MM

H c

0

0

00

1

0

2

2

2

     The top row of Hc represents the state from degradation process 1. The very left 
column represents the state from degradation process 2. The elements of Hc

represent kjif ),( 21  where 11i 22, j  and k . Note that in matrix Hc,
all the elements in the first row and first column are zeros except the one denoted 
by  (will explain this later) since the system will go to a degraded failure state 
(state 0) when either of degradations reaches state 2,1,0 ii . Besides, some 
elements in matrix Hc are also zeros since we define when degradation 1 is in some 
low state 1l ( )0( 111 Ml  and degradation 2 is also in some low state 2l

)0( 222 Ml . Hence, we consider it as degradation failure. It is also observed 
that MMMf ),( 21 , since initially the system is in a brand new state (state M).
     As mentioned above, the first element in Hc is marked by  which means that it 
does not exist. The reason is as follows. Note that we define the time-to-failure as 

f
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})(or)(,)(:inf{ 2211 StDGtYGtYtT                      (9.1) 

It should be noted that all the three processes are competing with each other for 
the life of a system. However, there is only one of the three processes, whichever 
occur first, that when exceeding its corresponding critical threshold value, will 
cause the system to fail. Hence, the following events will not happen: 

0})(,)(,)({ 2211 StDGtYGtYP

0})(,)(,)({ 2211 StDGtYGtYP

0})(,)(,)({ 2211 StDGtYGtYP

 .0})(,)(,)({ 2211 StDGtYGtYP

Since },)(,)(,)({)0,0( 221121 StDGtYGtYPf the combination of )0,0( 21f
does not exist. The function }0,1,..,{: 21 MRf  is defined to satisfy 
following conditions: 

i) 0)0,(),0( 21 afbf where 12 ,ab , MMMf ),( 21

ii) f  is a monotonic non-decreasing in each variable. For instance,     

11212,1 if),()( lablfbaf    and 222121 if),(),( lblafbaf

     Figure 9.4 demonstrates the system state generating box. There are two inputs i1
and j2 and an output k. The inside mapping mechanism is performed by the 
function f. At time t, suppose that degradation 1 is at state i1 and degradation 2 is at 
state j2; i1 and j2 are as inputs; via matrix cH , system state k is then generated as 
output. 

                 

                                                                                                                                        

Figure 9.4. A representation of system state generating box

     It is observed that in matrix Hc different state combination inputs can generate 
the same results of the system state. To explain this, we need the following 
definition on the equivalence class: 

DEFINITION The ith equivalence class Ri is defined as follows:  

}),(|,  where),{( 21221121 ijkfjkjkRi , i=0,1,…,M           (9.2) 

Ri represents all possible state combinations which generate the system state i. 
R0,…, RM  are disjointed sets which partition R into M+1 equivalence classes, so
that

f
k

i1

j2



 Reliability and Optimal Inspection-maintenance Models of Multi-degraded Systems 179 

                        
M

i
iRR

0

.                                           (9.3) 

     Next we give an example to illustrate the concepts. Assume the state spaces for 
degradation process 1 and degradation process 2 are: }0,2,3,4{ 11111  and 

}0,1,2,3{ 22222  respectively. The system state space is: },0,1,2,3{ FU . The 
matrix Hc is defined as follows: 

             11111 43210

32220

22210

22100

0000

3

2

1

0

2

2

2

2

cH

R is numerated as follows: 

)}3,4(),3,3(),3,2(),3,1(),2,4(),2,3(),2,2(),1,4(),1,3(),1,2(
)2,1(),1,1(),0,4(),0,3(),0,2(),0,1(),3,0(),2,0(),1,0{(

21212121212121212121

212121212121212121R

According to the Hc, the equivalence classes can be obtained as follows: 

)}1,1(),0,4(),0,3(),0,2(),0,1(),3,0(),2,0(),1,0{( 21212121212121210R
)}1,2(),2,1{( 21211R

)}3,3(),3,2(),3,1(),2,4(),2,3(),2,2(),1,4(),1,3{( 21212121212121212R
)}3,4{( 213R

and
3

0i
iRR .

9.1.2 Reliability Modeling 

Now we are ready to derive the pdf and the system mean time to failure based on 
the state probabilities given in Section 9.1.1. First we derive the probability in each 
state. Initially, the system is in a brand-new state, i.e., in state )( MRfM . The 
probability for state M is given by 

 ))(()( Mtt RfPMP                                                 (9.4)                   

As defined in Section 9.1.1, Ri represents all possible state combinations generating 
the system state i. The probability in state i is the union of all the elements in Ri :

)}({)( it RfPiP                                                     (9.5)                      

The probability for a catastrophic failure state F is given by 
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})(,)(,)({)( 2211 StDGtYGtYPFPt                         (9.6) 

The reliability R(t) can be calculated as follows: 

)7.9()(

}1statesystem{)(

1

M

i t iP

PtR

where )(tPt is the probability in state i.
The mean time to failure is expressed as 

0
}{][ dttTPTE

Li and Pham (2005a) prove that 

dtetGtYPGtYP
j

SFTE tj

j

j
X 2)}()({})({

!
)(][ 220 211

0

)(

               (9.8) 

Equation (9.8) shows that the mean time to failure )(TE  would depend on the 
expression of })({})({ 2211 GtYPGtYP . The pdf of time to failure, )(tfT is,
therefore, as follows: 

         }{)( tTP
dt
dtfT

     
0

)(2
2211 )(

!
)(})({}({

2

j

j
X

tj

SF
j
etGtYPGtYP

dt
d              (9.9) 

9.1.3 Numerical Examples                                                        

Consider a system subjected to two degradation processes and random shocks. 
Assume that degradation process 1 is described as the function )()(1 tBgAtY
where the random variables A and B are independent and both follow the normal 
distributions with mean 90 and variance 2.5, and mean 78 and variance 6, 
respectively, i.e., )5.2,90(~ NA , )6,78(~ NB . The degradation function is 

assumed as 3)( ttg . Suppose that critical threshold values: 25001G  and 
15003W , 20002W , 25001W .

     Assume that degradation process 2 is described by )/()(2
BBtBBt eAAeWtY

where the random variables AA and BB are independent and follow the uniform 
distribution with interval [0,100] and exponential distribution with parameter 0.1 
respectively: ]100,0[~ UAA , )01.0(~ ExpBB . Assume critical values G2 = 5000, 

,26002A  5001A 0, and 7000W .

     Suppose that the random shock is represented by 
)(

0
)(

tN

i iXtD with critical 

value 200S , where )1.0(Exp~iX  and iX s are i.i.d.
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     Assume that the states associated with degradation process 1 and degradation 2 
are, respectively, }0,1,2,3{ 11111  and }0,1,2{ 2222 . We define the system 
state space as },0,1,2,3{ FU  and the matrix Hc is given as follows: 

               1111 3210

)10.9(

321

320

000

0

0

2

1

0

2

2

2

cH

Then we obtain 

1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

1 2 1 2 1 2

{(0 ,1 ), (0 ,2 ), (1 ,0 ), (2 ,0 ), (3 ,0 ), (1 ,1 ), (2 ,1 ), (3 ,1 ),
        (1 ,2 ), (2 ,2 ), (3 ,2 )}
R

The equivalence classes can be listed as follows: 

0 1 2 1 2 1 2 1 2 1 2 1 2{(0 ,1 ), (0 , 2 ), (1 ,0 ), (2 ,0 ), (3 ,0 ), (1 ,1 )}R
{1R )2,1( 21 }

)}2,2(),1,2{( 21212R
)}2,3(),1,3{( 21213R        

3

0i
iRR               

     According to the above Hc, the probability of the system in state 3 is the sum of 
the probability )2,3( 21f  and of probability )1,3( 21f and is calculated as follow: 

        3(3) ( ( ))t tP P f R                                     

      

2

0.010.01 1

6

( )2

0

1500 (90 78 ) 11 0.4 0.01
100 0.012.5 6

                         (200)
!

tt

t j
X

j

t t
tt

te F
j

      

 (9.11) 

     Figure 9.5 shows the probability for the system in state 3 as a function of time t
where the solid line represents the compound Poisson process

)(

0
)(

tN

i iXtD
with rate 04.  and the dotted line represents the compound Poisson process 
with rate .8.  In Figure 9.5, we observe in this example that, as t reaches to 50 
the system probability in state 3 quickly approaches to zero when the rate is given 
as .8.  and as a stable condition with 04. .
     Since )}2,2(),1,2{( 21212R , the probability in state 2 is given by 
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)200(

!

)}2,2({)}1,2({)2(

)(

0

2

2121

2 j
X

j

t

ttt

F
j
teUV

fPfPP
                                    (9.12)                    
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Figure 9.5. Probability plot for state 3 vs. time

Figure 9.6 shows the probability in state 2 as a function of time t where the 
solid line represents the compound Poisson process 

)(

0
)(

tN

i iXtD with rate 
04. , and the dotted line represents the compound Poisson process with rate 
.8.        

Figure 9.6. Probability plot for state 2 vs. time
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      From Figure 9.6 we observe that before the time t progresses to 5 the 
probability in state 2 stays close to zero for both the rate .8. and 04. . It 
should be noted that the two curves are almost the same for rate 8.  and 

04. . Similar observations are true for the probability in state 1 except that the 
curve rising starting point is 15 not 5. For details, see Li and Pham (2005b).    

 We can also easily obtain the probability in state 0 as follows: 

)}1,1()0,3()0,2()0,1()2,0()1,0({)0( 212121212121 ffffffPPt

         )200(
!

)( )(

0

2
332211

2 j
X

j

t F
j
teYXYXYX                                 (9.13)                      

where 
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Figure 9.7 shows the probability in state 0 vs. time t where the solid line repre-
sents the compound Poisson process 

)(

0
)(

tN

i iXtD with rate 04. , and the 
dotted line represents the compound Poisson process with rate .8.  From Figure 
9.7, we observe that the probability in state 0 is almost close to zero as t reaches 
100 or higher for the rate .8.

The probability in state F is calculated as 

                              })(,)(,)({)( 2211 StDGtYGtYPFPt

                                        )200(
!

1 )(

0

22 j
X

j

t F
j
teKL                            (9.14) 

where 
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Figure 9.7. Probability plot for state 0

Figure 9.8 shows the probability in state F as a function of time t where the 
solid line represents the compound Poisson process

)(

0
)(

tN

i iXtD with rate 
04. , and the dotted line represents the compound Poisson process with rate 
.8.  The two curves exhibit quite different shapes. 

Figure 9.8. Probability plot for state F

Finally, the system reliability )(tR is given by 

1}statesystem{)( PtR

               
3

1

)(
i

t iP

              )200(
!

)(

0

2
33

2 j
X

j

t F
j
teYX                                          (9.15)                     

where 
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Figure 9.9 shows the system reliability vs. time t where the solid line represents 
the compound Poisson process with rate 04. , and the dotted line represents the 
compound Poisson process with rate .8.  As for the rate .8.  we can see that 
the system likely will fail after time t equals to 50.  

Figure 9.9. Reliability function 

      This section discusses a generalized model for evaluating the reliability of 
multi-state degraded systems, without maintenance and repair, considering two 
degradation processes and random shocks. The model can be used not only to 
determine the reliability of the degraded systems in the context of muli-state 
functions but also to obtain the states of the systems by calculating the system state 
probabilities. Next section will incorporate maintenance and repair strategies into 
the developed model and investigate the trade-off between the maintenance cost 
and reliability. 

9.2 Optimal Inspection-maintenance 

In this section, we will present a generalized condition-based maintenance model 
subject to multiple competing failure processes including two degradation 
processes and random shocks. An average long-run maintenance cost rate function 
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is derived based on the expressions for the degradation paths and cumulative shock 
damage, which are measurable. A quasi-renewal process is employed to develop 
the inter-inspection sequence. Upon inspection, a decision will be made as to 
whether one needs to perform maintenance, either preventive or corrective, or to do 
nothing. The PM thresholds for degradation processes and inspection sequence are 
decision variables. This section also discusses an algorithm based on the Nelder-
Mead downhill simplex method (Rardin 1998) to obtain the optimum solution 
minimizing the average long-run maintenance cost rate. Numerical examples are 
given to illustrate the results using the optimization algorithm. 
     In some production systems failures are not possible to detect but can only be 
determined by an inspection (Bris et al. 2003). Various inspection policies and 
models for systems with a degradation process have been proposed. Grall et al.
(2002a) study a system subject to a random deterioration process. They develop a 
model based on a stationary process to determine both the PM threshold and 
inspection dates that minimized the average long-run cost rate.  
     Grall et al. (2002b) recently study the inspection-maintenance strategy for a 
single unit deteriorating system based on a Gamma process in which it has the 
stationary and independent increment property. They create the inspection-
maintenance strategy consisting of PM threshold and inspection schedule that 
minimized the maintenance cost function based on regenerative and semi-
regenerative properties.  
     Chelbi and Ait-Kadi (1999) address the optimal inspection strategies for 
deteriorating equipment subject to PM and CM. Klutke and Yang (2002) study the 
availability of maintained systems subject to both the effects of the degradation and 
random shocks. They considered the degradation process as a deterministic 
function of time t and the shocks occur according to a Poisson process in which the 
shock magnitudes are independent and identically distributed random variables.  
     This section considers systems with inspection-based maintenance subject to 
three failure processes that are competing for the life of such systems. Same as in  
Section 9.1, two of them are degradation processes (degradation process i
measured by ( )iY t  for 2,1i ) and the third is a random shock process measured 
by the function )(tD . The three processes are independent and any of them would 
cause the system to fail. The failure of the system is defined as when 

1 1 2 2( ) , ( )  or ( )Y t G Y t G D t S  whichever occurs first. Note that the state of the 
systems can only be revealed through an inspection,  
     This section discusses optimal inspection-maintenance policies, consisting of 
the time sequence for inspection and PM threshold levels for both degradation 
processes, to determine trade-off between the failure frequency and system total 
cost.
     The optimal inspection-maintenance policies in this section differ from others. 
First, a system with three competing processes instead of one is considered. 
Second, it is assumed that the degradation and shock damage are measurable. 
Otherwise there are some parameters associated with the processes that can be 
traced (such as vibration analysis for tool wear and failure). The maintenance 
decision is made based upon the threshold levels of the degradations and 
cumulative shock damage, not on the distribution parameters or transition 
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probability as in other studies (Grall et al. 2002b; Chelbi and Ait-Kadi 1999). 
Third, the modeling method is other than Markov, semi-Markov and the stationary 
processes. 
     This section uses the two degradation path functions as follows:  

i) Function )()( tBgAtY : random-coefficient degradation path, where 
0A  and 0B  are independent random variables and )(tg  is an 

increasing function of time t. The random variable A represents a measure 
of the initial degradation value and B represents the measure of the 
coefficient of the degradation. 

ii) Function )/()( BtBt eAWetY : the randomized logistic degradation path 
function, where A and B are independent non-negative random variables, 
and W is a constant. The random variable A represents the initial threshold 
level of degradation and B describes the rate at which degradation 
accumulates. 

Note that logistic function )/()( btbt eaety  for 0a  and 0b , as an S-
shaped curve, for example, describes well the degradation process and it matches 
the path of the cumulative degradation of many systems in practice. The S-shaped 
curve reflects an initial run-in period of low usage, following by a period of steady 
rate of the usage, and finally ending with an increasing rate of use due to the aging 
of the system. Unlike most other work, the degradation path in this section is a 
stochastic process associated with the two random variables, not a deterministic.
This section assumes the shock process is modeled according to a compound 
Poisson process 

)(

0
)(

tN

i iXtD  where iX s are i.i.d. and )(tN  follows a Poisson 

distribution with parameter 1 : )(~)( 1PoissontN .
     Maintenance has evolved from simply the model which reacts to machine 
breakdowns, to the time-based model, and to today’s condition-based model. This 
section considers condition-based maintenance where there are two possible 
maintenance actions: PM or CM. The need for PM or CM is determined upon each 
inspection and the inspection cycles is reduced according to a quasi-renewal 
process as the system ages. The system is inspected at times nII ,...,1 . Upon 
inspection, one of the following two choices has to be made: 

i) Do nothing but determine the time for the next inspection. 
ii) The system has failed and a maintenance (PM or CM) action is begun 

instantaneously. 

Since the state of the system can only be determined through inspection, the 
determination of the inspection times ,...},...,{ 1 iII and PM thresholds ),( 21 LL  will 
certainly make a great influence on the maintenance cost rate as well as the total 
system cost. This section uses a condition-based maintenance model to determine 
the optimal inspection schedule and PM thresholds ),( 21 LL  for complex repairable 
systems. Both the decision variables – inspection times and PM thresholds are 
important for trading off the cost between the maintenance (both PM and CM), 
inspection and the losses due to system idle. 
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The rest of Section 9.2 is organized as follows. The inspection-maintenance 
policy is described in Section 9.2.1. A new mathematical cost rate model is derived 
in Section 9.2.2. An optimization algorithm based on Nelder-Mead downhill 
simplex method is presented in Section 9.2.3. Numerical examples are given in 
Section 9.2.4. 

9.2.1 A General Inspection-maintenance Policy 

This section assumes: 
i) The system failure is only detected by each inspection. Inspections are 

assumed to be instantaneous, perfect and non-destructive. Since the 
system is not continuously monitored, if the system fails it will remain 
failed until the next inspection, which causes a loss of Cm per unit time. In 
that case, a maintenance action is begun instantaneously at the 
inspection’s time.

ii) After a maintenance action, either PM or CM, the system state will 
become as good as new. 

iii) A CM action will cost more than a PM action. Similarly, a PM action will 
cost much more than an inspection itself. This implies that ipc CCC .

iv) The three processes: )(),( 21 tYtY and )(tD are independent.  
v) No continuous monitoring is performed on the system. 
vi) CM or PM time is negligible. 

Although continuous monitoring process to some systems is feasible, the cost to 
monitor the process and the labor extensive would not make it realistic in practices. 
Therefore the criteria we consider in this section is to improve the system 
performance by performing periodic inspections with a maintenance action if 
necessary as the same token by minimizing the total system maintenance cost. 
Since deterioration while running leads to system failure, it proves to be better to 
assume that, as we take into account in this section, the degradation paths are 
continuous and increasing functions.  

The length of the inspection will be reduced as the system ages. In other words, 
the intervals between successive inspections become shorter as the system ages. A 
quasi-renewal process is applied in this section to develop the inter-inspection 
sequence. Inspection time is constructed as ,11

1II
n

j
j

n  where 10

and 1I  is the first inspection time. We define 1
1

1 IIIU n
nnn  as the inter-

inspection interval and NiiU  are a decreasing geometric sequence. According to 
the state detected at the inspection ,...1, nI n , one of the following actions is 
taken:

i) If both degradation values are below their PM thresholds and the shock 
damage value is less than its threshold, in other words, if 

1 1 2 2{ ( ) , ( ) } { ( ) },n n nY I L  Y I L D I S  then the system is still in a 
good condition. In this case, we do nothing but determine the next 
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inspection at nnn UII 1  where nU  is the inter-inspection time betwe-

en nth and thn )1(  inspection interval. 
ii) If there is a degradation process that falls into the PM zone 

)2,1,)(( iGIYL inii  and the other two processes are less than their 
corresponding critical thresholds, then the system is called for a PM action 
and it is instantaneously performed accordingly. 

iii) If any of the processes is exceeding its corresponding critical threshold 
value ( ))(or,2,1,)( StDiGtY ii , then the system is called for a CM 
action and it is instantaneously performed. In this case, the system has 
failed and a CM is performed on the system. 

Figure 9.10. Evolution of the system condition 

We assume that after a maintenance action, i.e., PM or CM, the system will 
again be as good as new. A new sequence of inspection begins which is defined in 
the same way and the system maintenance follows the same decision rules outlined 
above. Figure 9.10 shows the evolution of the system where )(1 tY and )(2 tY

1 ii III 1 ii III

Y2(t)

G2

L2

Y1(t)
G1

L1

D(t)
S

W1 Wi1
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represent the degradation process 1 and process 2, respectively, and )(tD  repres-
ents a cumulative shock damage. NiiW  is a renewal sequence. 

Figure 9.11 shows the maintenance zones on the )(),( 21 tYtY  plane. iG  and iL
are the CM and PM critical thresholds for )(tYi , respectively, 2,1i .

                                           CM Zone 
                                        

                                            PM Zone                       CM
                                            
                                                                                   Zone

Figure 9.11. Maintenance zone projected on )(),( 21 tYtY

9.2.2 Average Long-run Maintenance Cost Analysis 

In this section we derive the average long-run maintenance cost per unit time, and 
next section will discuss minimizing the average long-run maintenance cost rate by 
determining the PM critical threshold values ),( 21 LL and inspection sequence. 

9.2.2.1 Expected Maintenance Cost in  a Cycle  
Suppose that the time horizon is infinity. From the basic renewal theory, we have 

][
][)(lim

1

1

WE
CE

t
tC

t
.

The expected total maintenance cost per cycle, ][ 1CE , is given as 

            ][][][ 1 ECPCPCNECCE mccppIi                                (9.16) 

where Ci is the cost associated with each inspection, Cp is the cost associated with a 
PM action, and Cc is the CM action cost. Since failure is not self-announcing and it 
can be occurred at any given instant time T within the inspection time interval 

],[ 1ii II , the system will remain idle during the interval ],[ 1iIT . The cost 
coefficient mC  is defined as the penalty cost per unit time associated with such an 
event.

1) Let }1{ iNP I  be the probability that there are a total of (i+1) inspections 
in the cycle. The expected number of inspections during a cycle, ][ INE , is given 
by

No Actions 

Y2(t)

G2

L2

Y1(t)G1L1
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1
0

[ ] ( 1)I i
i

E N i P                                              (9.17) 

where }1{1 iNPP Ii .

It can be obtained that 

                                   }1{1 iNPP Ii
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1
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j
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where )17,...,1()1( jE i
j  denotes the renewal cycle ending at the jth possibility at 

time 1iI :
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     Note that )1(i
jE s are mutually disjoined events for 17,...,1j .

     There are a total of 18 system state combinations that can be revealed at any 
given interval ],( 1ii II  where as there is only one state event )1(

18
iE  representing 

the fact that the system is in a good condition and that no maintenance action will 
be required. Any other remaining state events will trigger either a PM or a CM 
action at time 1iI .
     After some simplifications, we have 

})(
,)(,)({})(,)(,)({
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21211122111

SID
LIYLIYPSIDLIYLIYPP
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iiiiii

(9.18)

Therefore, 

})(,)(,)({

})(,)(,)({)1(][

1212111

0
22111

SIDLIYLIYP

SIDLIYLIYPiNE

iii

i
iii

2) There will be either a PM or CM action ending a renewal cycle. It is 
obviously that the two events (PM and CM) are mutually exclusive at renewal time 
points, i.e., .1cp PP  We now evaluate pP as follows: 

actionPMantodueendscyclethePPp
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3

( 1)

0 1

{ }i
j

i j
P E

After some simplifications, we obtain 

0
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(9.19)                      

and pc PP 1 . 
We can obtain the joint probability density function 

1( ), ( ) 1 2( , )
i iY I Y If y y  of 

)(and)( 1ii IYIY  by computing probabilities })(,)({ 11111 GIYLIYP ii  and  
})(,)({ 21222 GIYLIYP ii .

We consider two different degradation functions for )(tY  as follows: 

CASE 1: Assume )()( tBgAtY  where 0A  and 0B are two independent 
random variables and its corresponding pdf are )(af A  and )(bf B , respectively, 
and )(tg  is an increasing function. Let 

)(
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Ibgay
Ibgay

After solving the above two equations in terms of 1y  and 2y , we have 
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The Jacobian J is given by 
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Therefore, the joint continuous pdf of a random vector ))(),(( 1ii IYIY  can be 
calculated as follows: 

)),(()),((),( 21221121)(),( 1
yyhfyyhfJyyf BAIYIY ii

                        (9.20) 
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CASE 2: Suppose )/()( AtAt eBWetY  where 0A  and 0B are two 
independent r.v.s and its corresponding pdf are )(af A  and )(bf B , respectively. Let
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i

i

i

i
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aI

aI

eb
Wey
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Wey

The solutions for a and b can be easily solved from the above equations in 
terms of 1y  and 2y  as follows: 
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Similarly, the joint continuous pdf of random vector ))(),(( 1ii IYIY  can be 
obtained: 
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where J is given by 
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3) Let T denote the time to system failure, i.e., mathematically, 
})(or)(,)(:inf{ 2211 StDGtYGtYtT . If 1ii ITI , the unit will be 

idle during the interval ],[ 1iIT . Let ][E  denote the average idle time between 
the failure occurrence epoch and its inspection during the cycle. Li and Pham 
(2005a) obtain that 
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})(,)(,)({})(,)(,)({)( 22112211 SIDGtYGtYPSIDGtYGtYPtF ii             
           })(,)(,)({ 2211 SIDGtYGtYP i

and
1ii ITII  is an indicator function. 

9.2.2.2 Expected Cycle Length  
The expected cycle length ][ 1WE  is given as follows: 

     ]]|[[][ 11 INWEEWE

                }{]|[
0

1 iNPiNWE
i

iI

                       1
0

1 i
i

i PI                            

(9.23)
where 1iP is given in Equation (9.18). 

Therefore, the average long-run maintenance cost rate function ),,( 121 ILLEC :

1
1 2 1

1

[ ]( , , )
[ ]

E CEC L L I
E W

is a function of the inspection times ,...},...{ 1 iII and the PM critical threshold 
values ),( 21 LL through functions pP , cP , ],[ INE ][E  and ].[ 1WE It can be 
obtained by solving the two functions given in Equations (9.16) and (9.23). 

9.2.3 Algorithms for Optimal Inspection-maintenance Policy  

This section will discuss a step-by-step algorithm based on the Nelder-Mead 
downhill simplex method (Rardin 1998) to obtain the optimum decision variables 
( ,1I 1L , 2L ) such that the long-run average system maintenance cost rate 

),,( 121 ILLEC  is minimized. Note that the inspection sequence ,...},...{ 1 iII ,

where 11
1II

n

j
j

n , depends on I1 for given . Mathematically, the optimiza-

tion problem for the maintenance cost rate can be formulated as follows: 

Optimization Problem:  

Find I1, 1L  and 2L )0,0( 2211 GLGL  to minimize  
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     The objective function above is a complex nonlinear function. Nelder-Mead 
downhill simplex method (Rardin 1998) is one of the most popular direct search 
methods for obtaining the optimum solution of unconstrained nonlinear function, 
which does not require the calculation of derivatives.  
     We use the Nelder-Mead method based on the comparison of the function 
values at the )1(n  vertices for n-dimensional decision variables. Each iteration 
will generate a new vertex for the simplex. If this new point is better than at least 
one of the existing vertices, it replaces the worst vertex. The simplex vertices are 
changed through reflection, expansion and contraction operations in order to find 
an improving solution. The step-by-step algorithm based on Nelder-Mead downhill 
simplex method is given as follows: 

Step 1: Choose (n+1) distinct vertices as an initial set },...,{ )1()1( nZZ . Then calculate           

function value ( )f Z  for )1(,...,2,1 ni  where ),,()( 121 ILLECZf . Putting 
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the values ( )f Z  in an increasing order where (1)
1 2 1( ) min{ ( , , )}f Z EC L L I

and ( 1)
1 2 1( ) max{ ( , , )}nf Z EC L L I . Set  k = 0.

Step 2:  Compute the best-n centroid 
n

i

ik Z
n

X
1

)()( 1 .

Step 3: Use the centroid )(kX  in Step 2 to compute away-from-worst move direction   

             )1()()1( nkk ZXX .

Step 4: Set 1  and compute )( )1()( kk XXf .

If )()( )1()1()( ZfXXf kk then go to Step 5.

Otherwise, if )()( )()1()( nkk ZfXXf then go to Step 6.  

Else, fix 1 and go to Step 8. 

Step 5: Set 2  and compute ( ) ( 1)( 2 ).k kf X X

If ( ) ( 1) ( ) ( 1)( 2 ) ( )k k k kf X X f X X  then set 2 .

Otherwise set 1 .

Then go to Step 8.

Step 6: If ( ) ( 1) ( 1)( ) ( )k k nf X X f Z  then set 1/ 2.  Compute

)
2
1( )1()( kk XXf .

If ( ) ( 1) ( 1)1( ) ( )
2

k k nf X X f Z  then set 2/1 and go to Step 8.

Otherwise, set 2/1 and if ( ) ( 1) ( 1)1( ) ( )
2

k k nf X X f Z  then set 

2/1  and go to Step 8.  Otherwise, go to Step 7. 

Step 7: Shrinking the current solution set toward best )1(Z by

1,...,2,
2
1 )()1()( niZZZ ii . Compute the new )(),...,( )1()2( nZfZf ,

let 1kk , and return to Step 2. 

Step 8: Replace the worst )1(nZ  by )1()( kk XX . If 5.0(
1

1 1

1

2)(
n

i

i fZf
n

,

where f  is an average value, then STOP. Otherwise, let 1kk and return 

to Step 2.
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Note that the criterion in Step 8 is not unique but will depend on how you 
would like the algorithm to stop when the vertices function values are close. In this 
section, reference value is when the difference between the maximum and the 
minimum values of  f  is less than 0.5. 

9.2.4 Numerical Example 

Assume degradation process 1 is described by function )()( 11
11

tBtB eAWetY
where the random variables A1 and B1 are independent and follow the uniform 
distribution with parameter interval [0,40] and exponential distribution with 
parameter 1, respectively, i.e., ]40,0[~1 UA  and )1(~1 ExpB  Degradation process 
2 is modeled as )()( 222 tgBAtY  where ]2,0[~2 UA , )2.0(~2 ExpB  and 

tettg 01.0)( . Suppose that the random shock is represented by the function 
)(

0

2

)(
tN

i
iXtD , where )04(.~ ExpX i  and )1(.~)( PoissontN . Critical threshold 

values are 3001G , 702G  and 100S .
     Suppose the cost parameters are given as follows: 560 units /cC CM ,

400 units / ,pC PM 100 units / inspection,iC 500 units / unit timemC , and 
.97.0

     The inspection sequence ,...},...,{ 1 nII  is per 1
11

n j
n j

I I . The objective is  

to determine the values of 1I , 21 and, LL  so that the average long-run maintenance 
cost rate per unit time is minimized.  
     Following are the computing details for this example using the optimization 
algorithm in Section 9.2.3: 

Step 1: There are three decision variables: 1 2 1, ,L L I , and so we need (n+1) = 4 
distinct vertices as an initial set of values which are  

)76,56,270()1(Z , )72,60,280()2(Z , )66,52,290()3(Z  and 

)57,50,300()4(Z . Set k=0. 
Then calculate the function value )(Zf  corresponding to each vertices 
and put them in an increasing order of the objective value ),,( 121 ILLEC
from smallest to highest.  

Step 2:  Compute the centroid: )3.71,56,280()(
3
1 )3()2()1()0( ZZZX .

Step 3:  Search for away-from-worst direction: )3.14,6,20()4()0( ZXX .
Step 4:  Set 1 ; it will generate a new minimal 9.291)6.85,60,260(EC  which 

leads to try an expansion with 2  that is (240,60,99.9).  
Step 5:  Set 2 . Similarly, compute )(Zf that leads to 247.9 . Go to Step 8.
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This result turns out to be a better solution, hence (300,50,57) is replaced by 
(240,60,99.9). The iteration continues and stops at 4k  (see Table 9.1) since  

5.0449.0),,()(
4
1 4

1

2
121

)(

i

i ILLECZEC

where ),,( 121 ILLEC  is the average value. 

Table 9.1. Nelder-Mead algorithm results
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Table 9.1 shows the optimal solution for ),,( 121 ILL : ,1721L ,602L

1441I  and the corresponding minimum average long-run maintenance cost rate 

is .9.245),,( *
1

*
2

*
1 ILLEC  Figure 9.12 depicts the average long-run maintenance 

cost rate curve 1 2 1( , , ) EC L L I as a function of the inspection time interval 1I  given 
that 1721L  and 602L .

Table 9.2 exhibits a sensitivity analysis in terms of the probability that the cycle 
will end due to a PM action, pP , for various values of ),( 21 LL for given 

0.97 and 1 144.I  Table 9.2 shows that probability pP  slightly increases as 
both L1 and L2 decrease. This suggests that one would perform more PMs than 
CMs when 1L  and 2L  are both getting smaller. 

Table 9.2. The effect of ),( 21 LL on pP  for a given inspection sequence 

L1 L2 Pp

200 60 .5910 
190 58 .5928 
180 56 .5936 
170 54 .5948 
160 52 .5950 
150 50 .5968 

Similarly, Table 9.3 shows the probability that the cycle will end due to a PM 
action, pP , for various values of I1 given 60,172 21 LL  and 97.0 . From 
Table 9.3, we observe that the probability pP  decreases as I1 increases. In other 
words, the maintenance cycle likely will be ended due to a CM rather than a PM if 
one should delay the inspection. This result can help the maintenance managers or 
inspectors to allocate resources and time.   

Table 9.3. The effect of inspection sequence on Pp for fixed PM values 

      I1       Pp

110 .642 
120 .610 
130 .578 
140 .510 
150 .480 
160 .430 

This section has presented a generalized inspection-maintenance model with 
multiple competing processes based on different degradation paths and cumulative 
shock damage. A step-by-step algorithm based on Nelder-Mead downhill simplex 
method is presented to obtain the optimum decision variables that minimize the 
long-run average maintenance system cost rate. The decision variables are the 
inspection sequences as well as the PM critical threshold values. 
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The models in this section can be used to help the maintenance managers and 
inspectors in particular and marketing managers in general to allocate the resources 
as well as promotion strategies for the new products. 



10

Warranty Cost Models with Dependence        
and Imperfect Repair  

Today most equipment offers some level of warranty, and warranty cost could be a 
significant portion of overall product cost (Wang et al. 2004). Warranty is an 
obligation attached to products that requires the warranty issuers (manufacturers or 
sellers) to provide compensation for consumers (buyers) according to the warranty 
terms when the warranted products fail to perform their pre-specified functions 
under normal usage within the warranty coverage period, per Blischke and Murthy 
(1996). It can be considered as a contractual agreement between buyer and seller 
which becomes effective upon the sale of the warranted products. 
     A warranty contract should contain at least three characteristics: the coverage 
period (fixed or random), the method of compensations, and the conditions under 
which such compensations would be offered. The last characteristic is closely 
related to warranty execution since it clarifies consumers' rights and protects 
warranty issuers from excessive false claims. From the cost perspective, the first 
two characteristics are more important to manufacturers because they determine 
the depth of the protection against premature failures and the direct cost related to 
those failures. 
     From the manufacturer’s point of view, one of the main roles of warranty is 
protection (Blischke and Murthy 1996). Warranty terms may, and often do, specify 
the use and conditions of use for which the product is intended and provide for 
limited coverage or no coverage at all in the event of misuse of the product. A 
second important purpose of warranty for the manufacturer is promotion. Since 
buyers often infer a more reliable product when a longer warranty is offered, 
warranty has been used as an effective advertising tool. This is often particularly 
important when marketing new and innovative products, which may be viewed 
with a degree of uncertainty by many potential consumers. In addition, warranty 
has become an instrument, similar to product performance and price, used in 
competition with competitors. 
    From the consumers' point of view, warranty provides protection against low-
quality products. It helps consumers minimize the financial risk of using warranted 
products under the normal usage conditions specified in warranty contracts. Also 
warranty is informative since it serves as a signal of product quality and reliability. 
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However, the link between warranty and product quality may not always be strong 
since manufacturers sometimes use it so aggressively as a marketing tool such that 
even relative inferior products may carry a generous' warranty. 
     One of the basic characteristics of warranties is whether they are renewable or 
not. For a regular renewable policy with warranty period w, whenever a product 
fails within w, the buyer is compensated according to the terms of the warranty 
contract and the warranty policy is renewed for another period w. As a result, a 
warranty cycle T, starting from the date of sale, ending at the warranty expiration 
date, is a random variable whose value depends on w, the total number of failures 
under the warranty, and the actual failure inter-arrival times. Renewable warranties 
are often offered for inexpensive, non-repairable consumer electronic products 
such as a microwave, a coffee maker, and so forth, either implicitly or explicitly. 
One should note that theoretically the warranty cycle for a renewable policy could 
be arbitrarily large. This might be one of the reasons why such policies are not as 
popular as non-renewable ones for warranty issuers. The majority of warranties in 
the market are non-renewable for which the warranty cycle, which is the same as 
the warranty period, is not random, but pre-determined (fixed) since the warranty 
obligation will be terminated as soon as w units of time passes after the sale. These 
types of policies are also known as fixed period warranties. 
     In this chapter, we discuss warranty cost models of repairable complex systems 
from manufacturers' point of view by considering a comprehensive set of warranty 
cost factors, such as warranty policies, system reliability structure, product failure 
mechanism, warranty service cost, impact of warranty service, value of time, 
warranty service time, and warranty claim related factors, under three types of 
existing warranty policies: free repair warranty (FRPW), free replacement warranty 
(FRW), and pro-rata warranty (PRW), and two new warranty policies: renewable 
full service warranty (RFSW) and repair-limit risk-free warranty (RLRFW), based 
on Bai and Pham (2004, 2005, 2006a).  
     A traditional way to model warranty cost for warranted multi-component 
systems is the black-box approach that does not utilize the information of system 
structure or architecture. By studying the RFSW policies with explicit 
consideration of four types of systems: series, parallel, series-parallel (s-p) and 
parallel-series (p-s), this chapter demonstrates the importance of system reliability 
architecture information.  

Previous research has studied the discounted warranty cost (DWC), a measure 
incorporating the value of time, for black-box systems under various warranty 
policies. This chapter presents models to extend the previous studies by deriving 
the moments of DWC for minimally repaired series systems with an FRPW or a 
PRW while considering both continuous and discrete time discounting. The 
optimal warranty reserve level and the optimal warranty duration are obtained for 
lot sales.

Most studies on warranties of repairable products assume perfect repair. This 
chapter models warranty cost for RLRFW policies given minimal repair or 
imperfect repair. The exact expressions of the expectation and variance of warranty 
cost are obtained based on truncated quasi-renewal processes and truncated non-
homogeneous Poisson processes. 
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     Due to the random nature of warranty cost factors such as product failure times, 
warranty cost is also a random variable whose statistical behavior can be 
determined by establishing mathematical links between warranty factors and 
warranty cost. There are many factors that may affect warranty cost, and this 
chapter considers the following factors: 

i) Characteristics of warranty policies 
ii) Warranty service cost per failure 
iii) Product failure mechanism 
iv) Impact of warranty service on product reliability 
v) Warranty service time 
vi) Warranty claim related factors

The following acronyms and notations will be used in the chapter: 

ACRONYMS
cdf         Cumulative distribution function 
CMW   Combination warranty 
DWC       Discounted warranty cost 
EWC               Expected warranty cost 
FRPW   Free repair warranty 
FRW   Free replacement warranty 
FSW   Full service warranty 
NHPP             Non-homogeneous Poisson process 
pdf                  Probability density function 
PM  Preventive maintenance 
pmf        Probability mass function 
p-s  Parallel-series 
PRW               Pro-rata warranty 
PV                   Present value 
RCLW  Repair-cost-limit warranty 
RFSW   Renewable full service warranty 
RLRFW  Repair-limit risk-free warranty 
RNLW  Repair-number-limit warranty 
RRLRFW  Renewable repair-limit risk-free warranty 
RTLW   Repair-time-limit warranty 
r.v.         Random variables 
s-p  Series-parallel 
WPD              Warranty period determination 
WRD               Warranty reserve determination 

NOTATION
w                   Length of a warranty period ( 0w )
m                      Upper limit of the number of repairs under warranty 

)(),( wNwN ba  Number of free repairs and replacements within w respectively

ba cc ,                unit repair and replacement cost respectively, both constant 
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pp tT ,              Pivot points. Capital letter indicates a r.v.

iX               Inter-occurrence times of a truncated quasi-renewal process 
F, f               cdf and pdf of the first failure time of a new product 

ii fF , cdf and pdf of the thi  failure time of a (truncated) quasi-renewal 
process

  Parameter for a (truncated) quasi-renewal process 
)(nG              cdf of the thn  occurrence time of a (truncated) quasi-renewal 

process
)(wC               Warranty cost per product sold with warranty duration of w

)(),( 2,qq MM  First and second moments of a truncated quasi-renewal process 
)(),( 2,dd MM  First and second moments of a delayed renewal process 

)(wN            Number of system failures within w
)(wNi              Number of failures of component i within w

)(),( ii        Failure intensity function and accumulative failure intensity 
                         Function of component i

)(H                Discounting function 
                     Discount rate 

)(
1

wCd  Discounted warranty costs per product sold under continuous 
discounting  

)(
2

wCd   Discounted warranty costs per product sold under discrete 
discounting  

q                      Number of components in a system 
ic    Repair cost per failure of component i

ijS        jth failure time of component i
L            Size of a single lot sale 

wrTC    Required warranty reserve level for a single lot sale 

0c           Warranty budget level, a predetermined constant 
   Set of warranty parameters, },,2,{ 1 n

)(    A warranty policy with parameters in 
B   Consumer base of a product with warranty 
D   Demand of the product sold with warranty 
T   Length of a warranty cycle 

  Total profit of the producer 
)(U   Utility function of the producer  

P    Profit per product not accounting for the warranty cost 
cp    Probability of accepting a product with warranty 

aN    Number of renewals of an RRLRFW 

bN   Number of minimal repairs under an RRLRFW 
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bN   Number of minimal repairs in the last warranty period of an 
RRLRFW 

fc   Fixed warranty cost per warranty service, a constant 
)(),(  Failure rate function and cumulative failure rate function in 

RRLRFW respectively 
iS   Occurrence times of an NHPP or a truncated quasi-renewal process 

0R    Warranty budget level 
  Acceptance level of a producer towards the risk that the total 

warranty cost is over the warranty budget level  
ii gG ,    cdf and pdf of the ith occurrence time of an NHPP respectively 

C   Warranty cost per product sold 
TC   Total warranty cost of the producer 

10.1 RFSW Policies for Multi-component Systems 

In this section, we discuss a new warranty model, namely renewable full-service 
warranty (RFSW), for repairable multi-component systems, following Bai and 
Pham (2006a). Under the RFSW policy, if a warranted product fails, the failed 
component(s) or subsystem(s) that cause the system failure will be replaced; 
besides, a preventive maintenance (PM) action will be carried out to reduce the 
chance of future failure. Both consumers and manufacturers will benefit from the 
policy because consumers will receive better warranty service compared to the 
traditional free repair policy. As to manufacturers, it may boost sales as well as 
reduce the overall warranty cost as a result of better warranty service. 

10.1.1 Background 

Many researchers have incorporated PM actions in designing and analyzing 
product warranties. Among them, Chun (1992) considers periodic PM actions 
during the warranty period. Jack and Dagunar (1994) generalize Chun's idea by 
allowing unequal PM intervals. Yeh (2001) further extends the work by 
considering the degree of maintenance as a decision variable. The RFSW policy in 
this chapter is different from others in two aspects: (a) the PM action will only take 
place when a system failure happens within the warranty coverage while others 
consider the case that maintenance actions are not necessarily failure-dependent; 
(b) the warranty policy considered in this chapter is renewable. 

Warranty service cost per product failure, which includes diagnosis cost, repair 
or replacement cost, labor cost, and possible PM cost, is often assumed to be 
constant. In particular, most warranty cost models in the literature use an 
aggregated cost parameter, which may be estimated from historical data, to 
approximate the true warranty service cost per failure. However, for a reparable 
multi-component product, the constant cost assumption may not hold since in 
general the system repair cost is random due to the randomness in the combination 
of failed components upon a system failure. To incorporate the randomness, this 
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section decomposes the warranty service cost into two parts: replacement/repair 
cost and system PM cost. System PM cost is assumed to be constant, which may be 
interpreted as the aggregated average cost per PM action. However, the 
replacement/repair cost per system failure is considered as a random variable, 
whose value depends on component level replacement cost and system failure 
mechanism.  

A simple way to model system warranty cost of multi-component systems is 
the so-called black-box approach which ignores system reliability structure. As a 
result, warranty cost models for single-component products can be applied directly. 
The disadvantage of black-box approach lies in the fact that it does not utilize the 
information on system structure. Therefore, the resulting warranty cost models 
should be only used as an approximation. 

Warranty analysis of complex systems is relatively new and there are few 
systematic and explicit analyses on warranty policies for complex systems. 
Ritchken (1986) models warranty of a two-component parallel system under a two-
dimensional warranty. Hussain and Murthy (1998) also discuss warranty cost 
estimation for parallel systems under the setting that uncertain quality of new 
products may be a concern for the design of warranty programs. Balachandran et 
al. (1981) use Markovian approach to model warranty cost for a three-component 
system. Chukova and Dimtrov (1996) provide several warranty cost models for 
simple series systems and parallel systems under a free replacement warranty 
based on renewal theory, but only the expected warranty cost is addressed there. 

This section discusses the RFSW policy for complex systems: series, parallel, 
s-p, and p-s. Section 10.1.2 addresses model considerations and assumptions. 
Section 10.1.3 presents a warranty cost model for series systems. In Section 10.1.4 
we analyze warranty cost per system sold for parallel systems. Sections 10.1.5 and 
10.1.6 generalize the ideas for simple series and parallel systems and present 
warranty cost analysis for complex systems with p-s and s-p structure. A numerical 
example is given in Section 10.1.7. 

10.1.2 Model Details 

This section provides model descriptions, assumptions, and some preliminary 
results.

10.1.2.1 RFSW Policy 
The warranty policy under study is a RFSW with a pre-specified warranty period 
denoted by w . For systems under such a warranty, upon a system failure, 
manufacturers are responsible for replacing the failed component(s) or 
subsystem(s) that cause the failure. After the repair, a PM action will be performed 
to ensure that the system is in good working condition. Due to the renewable 
nature of the warranty, the restored system will automatically carry the same 
warranty as for the original one. For example, in Figure 10.1, 1t is the first system 
failure time. Since wt1 , the system will receive the warranty service free of 
charge to consumers, but it will cost the manufacturer 1C , a random variable in 
nature, which is composed of two parts: the replacement cost for the failed 
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    $/Failure 
          
         C2

         C1

                       t1                                      w       T           t2

Figure 10.1. Warranty service cost per failure and system failure times 

component(s) or subsystem(s), and the system maintenance cost. Starting from 1t ,
the restored system will have the same warranty with duration w again. 

Let’s define the warranty cycle T as follows: T  is a time interval starting from 
the date of sale, ending at the warranty expiration date. It is obvious that for a non-
renewable warranty, a warranty cycle coincides with a warranty period w .
However, for a renewable policy, T  is a random variable whose value depends on 
w, the total number of system failures under the warranty and the actual failure 
inter-arrival times. Denote )(wN s  as the total number of system failures under the 
RFSW, and let 1t , 2t ,…, )(wsNt  be the corresponding inter-arrival failure times, 
then T can be expressed as 

)(21 ... wsNtttT

For the example exhibited in Figure 10.1, wtT 1  since the inter-arrival time 
of the second system failure is 12 tt , which is longer than w , therefore, the 
warranty expires exactly at the time point wt1 .

10.1.2.2 Assumptions 
In this section, we assume perfect PM such that after each warranty service, the 
restored system is as good as new. The corresponding maintenance cost, denoted 
by CM, is assumed to be constant, which may be interpreted as the aggregated 
average cost per PM action. Assume that the maintenance cost is a random 
variable. Note that this assumption may make the computation of higher moments 
of warranty cost analytically intractable unless other assumptions such as statistical 
independence, which is not realistic, are adopted. It is also assumed that all 
warranty claims are valid, all system failures under warranty are claimed, and any 
warranty service is instant. 

As mentioned before, systems under consideration could be series, parallel, s-p, 
and p-s. For the p-s system, it is also assumed that no other working components in 
a failed subsystem (in series) can fail before a system failure. As to the s-p system, 
it is supposed that only the failed subsystem (in parallel) that causes a system 
failure is replaced, and thus they are as good as new upon replacement. For all the 
systems under study, we assume that their components are statistically indepen-
dent.

 w 



210 Reliability and Optimal Maintenance 

10.1.2.3 Distribution of sN
For a system under the RFSW policy, to derive the statistical properties of 
warranty cost per cycle or per product sold, it is necessary to obtain the distribution 
of sN , the number of system failures within T . The following lemma gives the 
probability mass function (pmf) of Ns.

LEMMA 10.1 Under the perfect PM assumption, for a system under the RFSW 
policy with parameter w , the pmf of sN  is

,...2,1,0,)()]([][ sss
sn

sss nnwRwFnNP
where )(sF  is the cumulative distribution function (cdf) of the system failure times 
under the warranty, which is assumed to be known, and )(sR  is the system 
reliability function. 

Proof. Let 1t , 2t ,…, be the subsequent system failure times within T, i.i.d., and 
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Note that although the result in Lemma 10.1 coincides with the well-known 
result for renewable free replacement warranty, it is necessary to provide a formal 
mathematical proof. Intuitively, for any systems under the RFSW, sN being 
geometrically distributed is simply because the warranty will not terminate until 
the original system or a restored system survive a period of w  for the first time 
and it is assumed that after each warranty service the system is as good as new. 

10.1.3 RFSW for Series Systems 

This section will discusses the distribution, the first and second centered moments 
of the warranty cost per cycle for series systems under the RFSW policy. 
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Figure 10.2. q-Component series system 

     Define q,...,2,1 , and let )(iF  and )(iR  be the cdf and the reliability 
function of the failure times of component i , i , respectively, then for the 
series system shown in Figure 10.2, the system reliability function is given by 

q

i

q

i
iiss wRwFwRwF

1 1

)(1)](1[1)(1)(                 (10.1) 

     Denote iN  be the number of failures within T  for component i  in the series 
system. Let TC  be the system warranty cost per cycle, then TC  can be formulated 
as

q

i
imi NccTC

1

)(                                            (10.2) 

     Equation (10.2) shows that the distribution of TC can be determined as long as 
one knows the joint distribution of qNNN ...,,2,1 . To derive the joint distribution, 
we first define two quantities and present some useful properties. 

LEMMA 10.2. Define )(wpi P wTYT ii ,  and )(/)()( wFwpw sii , where

iT is a failure time of component i, ),,,min( , ijjjTY j then
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where subscript s  represents the system, subscripts i  or j  represents a 
component in the system, while )(h  and )(f  are the hazard rate function and the 
probability density function (pdf) respectively.

     Proof. From the definition of )(wpi , we have 
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To prove Equation (10.4), use )()(
1

thth s
q

j i , and then the result then follows. 

The proof of Equations (10.5) and (10.6) is straightforward.                    

Remarks. )(wpi  can be interpreted as the probability that component i  in a series 
system causes a system failure before the end of a warranty period w . Similarly, 

i  can be interpreted as the conditional probability that a failure of component i is 
the cause of a series system failure given that the system fails within w .
Interestingly, )(wpi  is also the partial expectation up to time w  of )(ti , denoted 
as wtE iTs

),( , with regard to the system failure time sT , where 

)(/)()( ththt sii . Depending on )(ti  and )(tFs , )(wpi  or )(wi  may have to 
be obtained numerically. It should be noted that if the hazard rate functions of 
components in series are proportional (proportional-hazard-in-series), i.e.,
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     Proof. Given ss nN , we know that there are exactly ns system failures (i.i.d..)
before the end of T , which implies that the failure times of all such failures are 
within a period of length w . Hence for each of these system failures, the 
probability that it is caused by component i is simply )(wi  according to its 
definition. As a result, the conditional joint distribution of qNNN ,...,, 21 , given 

ss nN , is multinomial with parameters ),...,(),(, 21 wwns  and ).(1 wq

Unconditioning on sN  and using sN  ~ )],([geometric wFs we then have 
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We are now ready to derive the distribution of iN .

PROPOSITION 10.1 iN  follows a geometric distribution with parameter 
)]()(/[)( wpwRwR iss , ., ii .  The corresponding pmf is 
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The covariance, ,,,),,( jijiNNCOV ji  is given by 
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     Proof. First we prove Equation (10.7). From Lemma 10.3 and the properties of 
multinomial distribution, we have that NNii i |,, ~ Binomial ))(,( wN i . So 

the moment generating function (mgf) of iN  is  
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     By realizing that the last expression is nothing but the mgf of a geometric 
distribution with parameter )]()(/[)( wpwRwR iss , we complete the proof for 
Equation (10.7).                                                                                                        
     Now we prove (10.8). Since )(),( jiji NNENNCOV )()( ji NENE , and by 

the properties of the geometric distribution, )()( ji NENE = )(/)()( 2 wRwpwp sji  it 

is sufficient to show that )( ji NNE = )(/)()(2 2 wRwpwp sji . For 3q , Define kN
as the number of system failures within T  due to the components other than i  or 
j , then by the properties of multinomial distribution and from Lemma 10.3, for 

iN  and jN , denote ],[ jjii nNnNP  by ],[ ji nnP , we obtain 
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The proof of Equation (10.8) for 2q  is similar, and is omitted here. 
Applying Proposition 10.1 to Equation (10.2), we can then conclude that for a 
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series system under the RFSW policy, the distribution of TC is simply a mixture of 
dependent random variables each of which follows a geometric distribution. The 
pmf of TC  may be written as 
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COROLLARY 10.1 The expected warranty cost per cycle for the q-component series 
system under the RFSW policy is given by  
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where ic  is the replacement cost of component i , and mc  is the system PM cost. 

Proof.  From Equation (10.2), it follows that  
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By Proposition 10.1 and the properties of the geometric distribution, the results 
follow.                                                                                                                      

10.1.4 RFSW for Parallel Systems 

For a parallel system, it won't fail unless all the components in the system fail. As a 
result, under the RFSW policy, the warranty service cost per system failure for the 
system shown in Figure 10.3 is simply 

q

i im cC
1

.  Again let sN  be the number 
of system failures within T , then the corresponding system warranty cost TC  per 
system sold is 
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i
ims ccNTC
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Figure 10.3. q-Component parallel system 

     Not surprisingly, sN  again follows a geometric distribution, but )(wFs  is the 
failure time cdf of the parallel system evaluated at w , which is given by 
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COROLLARY 10.2 Under the RFSW policy, the pmf of the system warranty cost per 
cycle is 
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The corresponding warranty cost variance is 
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10.1.5 RFSW for Series-parallel Systems 

This section discusses the RFSW policy for s-p systems. For the s-p system 
composed of q  subsystems in series drawn in Figure 10.4, denote the number of 
components in subsystem i  that are in parallel as ir . Let iC  be the warranty 
service cost for subsystem i , and let ijc  be the replacement cost of component j

in subsystem i ; then we have ir

j ijmi iiccC
1

.,, . 

For the s-p system, denote iN  as the number of failures of subsystem i  within 
T. Similar to Equation (10.2), the total system warranty cost per cycle can be 
formulated as 

   1 

   2 

q – 1

 q 
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Figure 10.4. s-p System with q subsystems 

The cdf of failure times of the s-p system under the warranty is given by 
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where )(ijF is the cdf of the failure times of component j  in subsystem i .
     Under the RFSW policy, we define )(wpi and )(wi  the same way as that for 
simple series systems except that in this case, i  refers to a subsystem instead of a 
single component. It is obvious that all the properties of )(wpi  and )(wi  in 
Lemma 10.2 still hold. 

COROLLARY 10.3 For the s-p system under the RFSW policy, the pmf of the 
warranty cost per cycle TC is 
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The first two centered moments of the warranty cost per cycle TC are as follows: 
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Proof.  The proof is similar to that for Corollary 10.1.                                      

10.1.6 RFSW for Parallel-series Systems 

Consider the system shown in Figure 10.5 with q  subsystems in parallel, each of 
which consists of one or more components in series. 

                        
                                                                                                                  Subsystem 1   

                                                                                                                  Subsystem 2 

                                                                 

                                                                                                                 Subsystem q-1

                                                                                                                  Subsystem q

Figure 10.5. p-s System with q subsystems

In this section, we study the RFSW policies for p-s systems. The first two-
centered warranty cost moments will be derived. Let ir  be the number of 
components in the ith subsystem and let sN  be the number of system failures 
within T . Under the perfect PM assumption, again we have that sN ~ geometric 

))(( wFs . It's not difficult to verify that for the p-s system, 
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Let ijN  be the number of failures of the jth component in subsystem i  within 
T . Since each subsystem is in series, all subsystems are connected in parallel and 
it is assumed that no working components in a failed subsystem can fail before a 

system failure, we have that .,...,2,1,,
1

qiiNN s
r

j ij
i Denote ijc  as the 

replacement cost for component j  in subsystem i , then the total system warranty 
cost per cycle, TC , can be written as 
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     To derive the expectation and the variance of TC for p-s systems, we need to 
obtain the distribution of iiiij rjjiiN ,...,2,1,,,,, , as well as the 
covariance between ijN  and ikN  for kj  (covariance within a subsystem), and 
the covariance between ijN  and kiN '  for 'ii  (covariance between subsystems). 
Similar to )(wpi  and )(wi  defined in Section 10.1.3, next we define )(wpij  and 

)(wij  and state the related properties in the following lemma. 

LEMMA 10.4 For the p-s system under the RFSW policy, let ijT  be the failure times 
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where i  represents the new p-s system comprising )1(q  subsystems of the 
original system except the subsystem i .

     Proof.  From the definition of )(wpij , we obtain 
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; the result 

then follows. The proof for Equations (10.24) and (10.25) is straightforward.       
     Again, as a special case, if the proportional-hazards-in-series assumption is 
adopted, implying that the hazard rate function of component j  in subsystem i
has the form ,,),( iiij jjtg where )(tgi  is a positive function, then it is easy 

to verify that ir
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     Next, we derive the distribution of ijN  and some related properties. 

Corollary 10.4 For the p-s system under the RFSW, the pmf of ijN , ,, ii
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     Proof. The proof for Equations (10.26) and (10.27) is similar to that for 
Proposition 10.1 as long as one realizes that the joint distribution of 

iiNNN
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The proof of Equation (10.28) is straightforward by using Equations (10.26) and 
(10.29).                  

COROLLARY 10.5 For the p-s system under the RFSW policy, the expectation of 
the system warranty cost per cycle, TC , is given by 
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     Proof. The derivation of E[TC ] is straightforward. To derive Var(TC ), starting 
from Equation (10.21), we obtain that  
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Using Corollary 10.4, the results follow.                                                                 
Next let’s see a numerical example, a detailed sensitivity study, and a few 

possible further studies for this RFPW. 

10.1.7 A Numerical Example and Sensitivity Study 

Consider a three-component p-s system shown in Figure 10.6 under the RFSW 
policy. Suppose w  = 3 and mc = $220. All other parameters are given in Table 
10.1. The parameters of components' failure times were chosen such that 

90.0)(tRs  for .20t  Assume that the failure times of components 1 and 3 
follow Weibull distributions, and the failure time of component 2 are exponentially 
distributed.

                                                                                                             Subsystem 1               

                                                                                                                         Subsystem 2 

Figure 10.6. p-s System with three components 

Table 10.1. Parameters for the three-component s-p system 

Component number 1 2 3 

ci $200 $250 $550 

R(t)
33.28

exp
59.0t

68.121
1

exp
16.9

exp
37.0t

1 2

3
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From Equations (10.30) and (10.31), the expected system warranty cost E[TC ]
per product sold is $13.26, which only accounts for 1.33% of the total system 
production cost (the sum of all components' cost). The corresponding standard 
deviation Std( TC ) is $114.99, which is much higher than E[ TC ]. However, this is 
what one should expect since the distribution of TC is a mixture of geometrically 
distributed random variables whose standard deviation is always larger than its 
expectation. It is worth noting that most warranty models in warranty literature rely 
solely on expected warranty cost for the purpose of warranty cost modeling and 
analysis. This example shows the necessity of obtaining higher moments of 
warranty cost to evaluate the risk embedded in certain warranty policies for manu-
facturers. 

Figure 10.7. E[TC] and std(TC)

Figure 10.8. CV and system reliability 
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If one decomposes )(Var TC  into three parts: the total variation due to each 

ijN , the covariance within subsystems, and the covariance between subsystems, it 
seems that the first and the third parts are the dominant sources of )(Var TC . In 
this example they accounts for 55.83% and 44.11% respectively. 

To show how the moments of TC change while the warranty duration varies, 
we consider w  in the range of one to twenty. From Figure 10.7 one can see that 
both the expectation and the standard deviation of TC increase monotonically over 
w . Coefficient of Variation (CV) is a standardized measure for the variability of 
random variables. Figure 10.8 shows that CV declines monotonically over w . For 
w = 20, CV = 3.39. We also plot the system reliability curve in Figure 10.8. 

As indicated previously, expectation is probably the most commonly used 
measure for evaluating warranty programs. Nevertheless, expectation itself can 
reveal little information about the warranty cost risk for manufacturers. In contrast, 
prediction intervals or quantiles of TC may be a better measure to evaluate 
warranties. In theory, computing prediction intervals is equivalent as computing 
quantiles. Since usually warranty managers are more interested in controlling the 
upper limit of TC, the upper quantiles of TC for different ]20,1[,ww  are 
computed at the 95% and 99% confidence level, denoted by 1 . It is possible to 
obtain the exact prediction intervals directly from the pmf of TC. But working with 
pmf of TC  involves enumeration of all possible combinations of components' cost, 
which could be complicated and time consuming especially for large systems. 
Alternatively, Monte Carlo simulation is used to obtain estimates of those 
quantiles. The simulation procedure is given below: 

i) Generate sN  from geometric ))(( wFs .

ii) If ,0)( nwN  then for each i where ni ,...,2,1 , generate uniform 
random variables from )(wpij  to determine the exact combination of fail-
ed components, else 0TC . 

iii) Compute TC  based on the combination of failed components, the 
corresponding component replacement cost and system maintenance cost. 

iv) Repeat steps )) iiii for each w for 40,000 runs.

The corresponding quantiles, or equivalently, the upper prediction confidence 
bounds are then computed from the generated data points. The results are reported 
in Table 10.2. Based on the results, for the manufacturers, the warranty cost per 
product sold would be no more than $1,020 for ,20w  roughly the same as the 
production cost, with the confidence level at 99%. 

Section 10.1 has discussed a new warranty policy, the renewable full-service 
warranty, which offers extra incentive for consumers by including free PM into the 
traditional free repair service, for multi-component systems with series, parallel, s-
p and p-s structure. Due to the more than ever fierce competition in markets, 
manufacturers are constantly in search of innovations in marketing strategies to 
promote their products. We believe that the RFSW policy can be used for 
marketing purpose since it provides extra compensation to consumers.      
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Table 10.2. Quantiles of TC for the p-s system 

w 1 2 3 4 5 6 7 8 9 10 

Q95 0 0 0 0 0 0 0 0 0 0 

Q99 0 0 970 970 970 970 970 970 970 1020 

w 11 12 13 14 15 16 17 18 19 20 

Q95 0 970 970 970 970 970 970 970 970 970 

Q99 1020 1020 1020 1020 1020 1020 1020 1020 1020 1020 

There may be several potential extensions to the study of RFSW policies on 
complex systems. First is to relax the perfect PM assumption. Although this 
assumption is used widely in practice as well as in warranty and maintenance 
literature, we believe that more research should be done for RFSW policies 
considering minimal maintenance or imperfect maintenance. Second is to consider 
random system maintenance cost to fully take into account of the probabilistic 
behavior at component level. As indicated before, such a change could bring in 
much more complexity and the higher moments of warranty cost in general are 
analytically intractable. For s-p systems, it is assumed that only the components in 
a failed subsystem will be replaced under the warranty, thus the analysis of 
warranty cost under an RFSW becomes similar to that for simple series systems. In 
practice, consumers would prefer to have all failed components replaced upon a 
warranty service.  

10.2 DWC for Minimally Repaired Series Systems 

One of the primary questions to be answered in warranty analysis is how much a 
warranty program will cost. Due to the random nature of warranty cost, most 
warranty cost models would prefer to use the expected warranty cost (EWC) as the 
answer. Extensive research on modeling and estimating EWC has been done under 
various warranty policies, for example, in Blischke and Murthy (1994, 1996) and  
Singpurwalla and Wilson (1993). 
     In contrast to the EWC, the expected value of discounted warranty cost (DWC), 
which incorporates the value of time, may provide a better cost measure for 
warranties. This is because in general warranty cost can be treated as a random 
cash flow in the future. Warranty issuers do not have to spend all the money at the 
stage of warranty planning. Instead, they can allocate it over the life cycle of 
warranted products. Another reason that one should consider the value of time is 
for the purpose of determining warranty reserve. Warranty reserve is a fund set up 
specifically to meet future warranty claims. It is well-known that the present value 
(PV) of warranty liability or rebates to be paid in the future is less than the face 
value (Amato and Anderson 1976). Hence, for warranty issuers, it is desirable to 
determine the warranty reserve according to the PV of total warranty liability. 
DWC and warranty reserve related issues have been studied, from both 
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manufacturers' and consumers' perspectives for single-component products, either 
repairable or non-repairable (Mamer 1969, 1987; Patankar and Mitra 1995; 
Thomas 1989). 
     In practice, most products are composed of several components. If warranties 
are offered for each component separately, then warranty models for single-
component items can be applied directly. However, sometimes warranty terms are 
defined upon the entire systems. For such warranties, it is necessary to consider the 
system architecture as well as the component level warranty service cost (Blischke 
and Murthy 1996, p.543). Warranty analysis for multi-component systems based 
on system structure has been addressed in a few papers. Ritchken (1986) studies 
two-component parallel system under a two-dimensional warranty. Hussain and 
Murthy (1998) also discuss warranty cost estimation for parallel systems under the 
setting that uncertain quality of new products may be a concern for the design of 
warranty programs. A Markovian approach to the analysis of warranty cost for a 
three-component system can be found in Balachandran (1981). Chukova and 
Dimtrov (1996) derive the expected warranty cost for two-component series 
systems and parallel systems under a free replacement warranty. Bai and Pham 
(2004) study DWC for series systems. Section 10.1 presents the first two centered 
moments of renewable full-service warranties for complex systems with series, 
parallel, series-parallel and parallel-series structure. 
     There are many ways of modeling the impact on system failure times from 
repair actions. The simplest way is by assuming the as-good-as-new repair for 
which a single failure time distribution is sufficient to describe subsequent failure 
times of a system, no matter new or repaired. The advantage of such an approach is 
that it simplifies warranty cost models as renewal theory can be applied readily. 
However, it might lead to underestimated expected warranty cost due to the fact 
that repaired systems are usually not as reliable as a new one. A slight modification 
from as-good-as-new repair is by assuming a failure time distribution for all 
repaired systems, different from the failure time distribution of a new one, for 
which a delayed renewal process can be employed to model the product failure 
process (Blischke and Murthy 1996). For complex product, repair is often assumed 
to be minimal (as-good-as-old), i.e., the failure rate of a repaired product is the 
same as that just before the most recent repair. Nguyen and Murthy (1984a) 
presents a general warranty cost model for single-component repairable items. 
Perfect repair, minimal repair and imperfect repair are covered, but the value of 
time is not addressed. Kulkarni et al. (2002) develop several warranty reserve 
models for single component products for non-stationary sales processes. Ja et al.
(2001) present a warranty cost model on minimally repaired single-component 
systems with time dependent cost. One of the assumptions there is that repair costs 
at different times are statistically independent. Nevertheless, in the context of 
DWC, usually those time-dependent costs are not independent. For this reason, the 
assumption of independent repair costs is dropped in this section.   
     Another important issue in warranty analysis is the variability or the risk 
embedded in warranty cost for warranty issuers. It is often not sufficient for 
warranty managers to simply obtain the estimates of EWC or expected DWC. 
Additional information about higher warranty cost moments is essential for 
warranty risk management and decision making. Discussions on warranty cost 
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variation for single-component or black-box systems can be seen in Ja et al.
(2002), Blacer and Sahin (1986), and Patankar and Worm (1981). In this section, 
we will discuss the first two centered moments of DWC for minimally repaired 
series systems, following Bai and Pham (2004). This section assumes: 

i) Components in a system are statistically independent. 
ii) All repairs are instant within warranty. 
iii) All components in a system are repairable and any failed components 

are minimally repaired upon a system failure under warranty. 
iv) All warranty claims are executed and all claims are valid. 

     The rest of this section is organized as follows. Section 10.2.1 shows some 
preliminary results to be used in later sections. In Section 10.2.2, general 
expressions of expected DWC and its variance for a repairable series system under 
an FRW policy are discussed. Two special cases are also presented here. Section 
10.2.3 discusses DWC of a PRW policy. Section 10.2.4 addresses two important 
warranty management problems.

10.2.1 Preliminary Results 

Let 0),( ttN  be a non-homogeneous Poisson process (NHPP) with intensity 
function )(t , the corresponding cumulative intensity function is )(t , which is 

also referred as the mean value function, is given by 
t

s
dsst

0
)()( . Let 

,,2,1,iSi  be the thi  arrival time of the NHPP. Define a random variable )(tY
as follows: 
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where )(H  is a non-negative bounded continuous function, then we have the 
following results: 

PROPOSITION 10.2 

)33.10()()()()()(

)32.10()()()()()(

0

22

0

duuuHUHEttYV

duuuHUHEttYE

t

t

where the pdf of U is given by .0,
)(
)()( tu

t
uufU

     Proof. Define ),,,( 21 nSSSS . Let ),,,( )()2()1( nUUUU , where )(iU ’s are 
the order statistics of ,,,, 21 nUUU  which are i.i.d.. samples of the random 
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variable U. Conditioning on ,)( ntN  we have that S  is equal in distribution of 

U  (Kulkarni 1995, p.228). Hence 

)]}([[

))()(for()]}([{

))(ondistributi)(ondistributisince()]}([{

]})(|)([{)(

1 1
)(

1

1
)(

)(

1

UHnEE

UHUHUHEE

SUUHEE

ntNSHEEtYE

n

i

n

i
ii

n

i
i

n

i
i

tN

i
i

)0,
)(
)()(since()()(

))()(since()].([)(

0
tu

t
uufduuuH

ttNEUHEt
t

U

Bai and Pham (2004) show that: 
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     Proposition 10.2 can also be proven by conditioning on the first failure time. 
Note that Ja et al. (2002) obtain the same results as in Proposition 10.2 except that 
they consider the special case of tetH )(  through the first failure time 
approach.

10.2.2 DWC Under an FRW Policy 

In this section, we consider a series system with q statistically independent 
repairable components under an FRW policy with a fixed period w. We derive the 
mathematical expressions for expected DWC and the cost variance. 
   It is obvious that a series system will fail if and only if any of its components 
fails. Since simultaneous failures of components are impossible, each time a 
warranted system fails before w, there must be one and only one failed component 
in the system. Under the FRW policy, the failed component will be identified and 
repaired free of charge to consumers. For simplicity, we assume that every repair is 
instantaneous.
     Let )(ti  be the failure intensity function of component i. Due to instant repair 
assumption and the structure of series systems, the failure process for each 
component follows an NHPP on regular time scale, uniquely determined by the 
intensity function )(ti  (Nguyen and Murthy 1984b). All these q NHPPs are 
statistically independent since all components in the system are independent. 
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    Let the total DWC per system sold be )(wC  and define qiiwYi ,,2,1,),(
as follows: 
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(10.34) 
where )( iji SHc  can be interpreted as the discounted repair cost upon a system 

failure due to the jth failure of component i at the time ijS . Obviously 

)( iji SHc depends on the repair cost related to the failed component, which is 
assumed to be deterministic, it also depends on the failure times of the component, 
which are random variables in nature and statistically dependent on each other. 
Since for a series system any component failure will cause a system failure and no 
simultaneous failures are allowed, we can write )(wC  in terms of )(wYi                 

                     
q

i
i wYwC

1

)()(                                           (10.35) 

     From Equation (10.35), it is clear that the system DWC is simply a weighted 
superposition of q independent random variables ,,,2,1),( qiwYi  and each of 
them has exactly the same structure as of the )(wY  defined in Section 10.2.1. 
Therefore, it is easy to verify that 
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     Now, let's determine the functional form of the discounting function )(H .
There are two most popular ways of time discounting: the continuous discounting 
method and the discrete discounting method (Blischke and Murthy 1996, pp.282, 
794). For the continuous time discounting, the discounting function is given by 

.)( ijS
ij eSH  Under the discrete time discounting, ijS

ijSH )1()( .
     Let )(

1
wCd  be the DWC under the continuous discounting, we then have 
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Similarly, under the discrete time discounting, for the DWC )(
2

wCd ,
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     Next we discuss three special cases based on the above results considering 
exponential and Weibull failure time distributions. 

Case I: Exponential distribution 
Suppose all components have constant failure rate, that is, ii t)( , 

qii ,,2,1, . This implies that the components' failure processes are 
independent Poisson processes with ww ii )( . So, the pdf of iU  is simply 

.0,1)( wu
w

uf
iU  Under the continuous discounting, from Equations (10.38) 

and (10.39), we obtain 
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     It is worth noting that, for  q = 1, the expected DWC is exactly the same as that 
in Chun and Twang (1999), but our approach is simpler and more general. While 
they do not discuss the variance of DWC, we derive the explicit expression here, 
which is critical in evaluating warranty cost risk. Ja et al. (2002) obtain the non-
centered first and second moments of the DWC of four types of warranty policies 
for one-component products. It turns out that for q = 1 the result agrees with theirs. 
For the case of discrete discounting, using Equations (10.40) and (10.41), upon 
simplification, we have 
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Case II: Rayleigh distributions 
Suppose that for component i, the failure time before any repairs follows a 
Rayleigh distribution, qii ,,2,1, .  Therefore, 2/)(,)( 2wwtt iiii

and 2/2)( wuuf
iU , wu0 . So, under the continuous discounting, we obtain 
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)45.10(
4

21)]([
1

2
2

22

1 i

q

i
i

ww

d cweewCV

Similarly, for the discrete discounting, the results are 
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Case III: Weibull distributions 
Now consider the case that all new components' failure times follow Weibull 
distribution. Or equivalently, .,,2,1,,0,1,)( 1 qiitt iii
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     In general, it is necessary to evaluate )]([
1

wCE d  and )]([
1

wCV d  numerically. 
However, if i s are positive integers, close form expressions do exist. For 
example, let ,,,2,1,,3 qiii simplifying (10.48) and (10.49), the results are 
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     If instead the discrete discounting is adopted, for ,,,2,1,,3 qiii  the 
expected DWC and the cost variance are: 
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10.2.3 DWC Under a PRW Policy 

This section considers a PRW policy with period w for the q-component series 
system, and will derive the mathematical expressions for expected DWC and the 
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cost variance. 
    Suppose that the PRW policy specifies that a consumer will get the amount of 
refund depending on the cost of the failed component instead of the total purchase 
price, then mathematically we can define the refund function, )(K , as follows: let 

,0, wSS ijij  be a system failure time, or equivalently, the jth failure time of 
component i, the warranty refund amount due to this failure is given by 

)1()(
w
S

cSK ij
iij

Let )( ijSK  be the ratio of the refund and the original cost ic , then 

w
S

SK ij
ij 1)(                                       (10.50) 

Again, let )(H  be the discounting function and define },,2,1{,),( qiiwYi  as 
follows:
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then the total discounted refund for a warranted series system can be written as 
q

i
i wYwC
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     Not surprisingly, if we let )()()( ijijij SHSKSG , we can directly apply the 
results in Equations (10.36) and (10.37) after replacing the )(H function by the 

)(G  function. Therefore, the case of determining the discounted value of the PRW 
policy is a special case of what we discussed in Section 10.2.2. 
       Equation (10.50) implicitly assumes that the refund function is linear in 
components' failure time (Blischke and Murthy 1994, p.295). However, our 
formulation does not necessarily require the linearity assumption. Actually it can 
be any continuous function. We also assume that each refund depends on 
component's cost instead of the system purchase price (or manufacturer's 
production cost), which is usually the refund base in practice. Nevertheless, 
theoretically speaking our formulation is more general and it can be modified 
easily when the purchase price is considered. In particular, for q = 1, the choice of 
base price has virtually no impact to our model since one can always interpret c1 as 
the purchase price. It should be noted that PRW is often used for non-repairable 
products such as automobile batteries, television picture tubes, and so forth 
(Blischke and Murthy 1994, p.169). However, such a policy could still be used for 
repairable products because: (1) consumers might be willing to share the repair 
cost with manufacturers for the benefits they has received after the purchase; (2) 
warranty issuers have the choice of offering longer warranties, which may be more 
attractive to buyers, provided that some of the cost is shared by consumers. 
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     For illustration purposes, let us continue the Case III in Section 10.2.2 by 
considering the linear PRW policy with warranty period w. Since all new 
components' failure times are assumed to follow Weibull distributions, we have, 

qii ...,,2,1, ,

(a) 1itt
i

i
i , (b) ,)(

i

i
i

ww  (c) ,)(
1

i

i

i w
uuf i

U wu0 . 

If the continuous discounting is considered, then .)/1()( iU
ii ewUUG For

,,,2,1,,3 qiii  using Equations (10.36) and (10.37) (replacing )(H  by 
)(G ), upon simplification, we obtain the following: 
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10.2.4 Numerical Examples 

In the design phase of warranty programs, warranty program managers are often 
faced with the following two important questions: 

(I) Warranty period determination (WPD) problem 
Suppose that the budget 0c  for a warranty policy (either a FRW or PRW) is given. 

The warranty managers would like to determine the warranty period w , which is 
attractive to consumers, at the same time, the probability that the true warranty cost 
is over the budget is less or equal to . Clearly it is desirable for manufacturers to 
offer the best possible warranty policy provided that the budget is followed 
properly. Therefore, w , the optimal warranty period, can be formulated as 

}.])([:sup{ 0cwCPww

(II) Warranty reserve determination (WRD) problem 
If due to competition, w, the parameter of the warranty period, is pre-determined, 
but it is of interest to find the required warranty reserve level wrc  such that the 
probability that the warranty reserve wrc will be depleted is controlled. The 

corresponding mathematical expression for wrc is

}.1)]([:inf{ wCcPcc wrwrwr

     Mathematically, these two problems are like dual problems. The main difficulty 
lies in the complexity of the distribution of )(wC , which in general is unknown 
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and difficult to obtain. However, with the information of the first and second 
centered moments of DWC per product, it is possible to utilize a normal 
approximation to solve them for the cases like single lot sales (Patankar and Worm 
1981, p.142). 
      Let L be the size of a single lot sale, which is a relatively large number. The 
warranty policies under consideration are FRW or PRW. The total DWC (or the 
present value (PV) of the refund) for the lot sale is simply 

                                 
L

i
i wCTC

1

)(                                             (10.53) 

where )(wCi  is the PV or the DWC of product i. Obviously, )(wCi s are i.i.d..
whose expectation )]([ wCE  and the variance )]([ wCV are given in Section 10.2.2 
and Section 10.2.3 for the FRW policy or the PRW policy respectively. By the 
central limit theory, as L is relatively large, the distribution of TC is approximately 
normal regardless the distribution of )(wCi . Furthermore, from Equation (10.53) it 
is easy to obtain: 
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Consequently, for the WRD problem of the lot sale, denote wrTC  as the required 
warranty reserve level, then  

)]([V)]([E 1 wCLzwCLTCwr                         (10.56) 

     If the warranty budget 0c  is given and it is desirable to determine the warranty 

period w, then this becomes the WPD problem. Again let w  be the required 
warranty duration, then w  is simply the solution for the following non-linear 
equation: 

                           )57.10(
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where 1z  is the )1( quantile of the standard normal distribution. 

     It is necessary to check the existence and the uniqueness of w . Let )(w

01 )]([E)]([V cwCLwCLz ; then it is sufficient to show that there exists a 

unique w such that 0)(w . Clearly )(w  is continuous and monotonically 
increasing in w if both )]([ wCE  and )]([ wCV are continuous and increasing 
functions of w, which are true in general. As 0)(,0 cww , which is 
negative provided that 00c . Also it is obvious that there exists a positive number 

w such that 0)(w . Therefore, a unique w exists in ),0(  that can be 
expressed as 
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                            )58.10()0(1w

where )0(1 is the inverse function of )(  evaluated at the point 0. The 

existence of )(1  is given by the fact that )(  is a monotonically increasing 
function in ),0( .

     One can use Equation (10.58) directly for the purpose of determining w . In 
case the functional form of )(1 is complicated and hard to obtain due to the 
complexity of )(w , the Newton-Raphson method can be applied. 
     Consider a numerical example. Suppose the warranty policy under considera-
tion is a FRPW with w = 1 and L = 1000. The product under warranty is a three-
component series system for which all failures under warranty are minimally 
repaired. Other parameters are given in Table 10.3. 

Table 10.3. Parameters for the 3-component minimally repaired series system 

Component No. 1 2 3 

ci $100 $150 $200 

i(t) 0.0611 0.0423t 0.0187t2

      
If the continuous discounting method is used and the discounting rate  is 5%, 

then according to Equations (10.38) and (10.39) and using the intermediate results 
in Cases I through III in Section 10.2.2, we have that )]([E

1
wCd  = $10.23 and 

)]([V
1

wCd = 9.94. Therefore, for the WRD problem, the required warranty reserve 

level wrTC  is $10461.25 for  = 0.01. 

     For the WPD problem, if we are given that wrTCc0 , then obviously the 

required warranty duration w  is 1. However, in practice usually 0c  is different 

from wrTC  due to various budget constraints faced by warranty managers. If it is 

known that 0c = $20,000, by employing the Newton-Raphson method, we have 

that *w = 1.5037. One should note that in this example both explicit forms exist for 
)]([E

1
wCd  and )]([V

1
wCd , which makes the computation of w  relatively easy. 

However, even if no explicit form exists for either )]([E
1

wCd  and )]([V
1

wCd ,

Newton-Raphson method can still be applied to find w , for example, by 
considering polynomial approximations to )]([E

1
wCd  and )]([V

1
wCd  whenever 

necessary (Rustagi 1994, p.148). 

10.2.5 Future Research

Section 10.2 has covered modeling of DWC for series systems with minimally 
repaired components. Both the expected value and the variance of DWC for FRW 
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policies and PRW policies are considered. As shown in the applications, the results 
in this section can be used to determine the warranty duration or the required level 
of warranty reserve, two primary questions to be answered by warranty planning 
managers. 
    There may be some potential extensions to the warranty cost analysis of 
repairable complex systems: First is to consider imperfect repair (Pham and Wang 
1996, p.146) instead of minimal repair. Second, one may consider non-instant 
repair as against to instant repair. Although instant repair can be justified when 
repair time is relatively short compared to warranty period, it might raise some 
concerns for multi-component systems since as the size of the system increases, the 
total repair time might be long enough that it has to be considered explicitly. 
Besides, in the automobile industry, additional warranty cost, such as transporta-
tion expense, may occur if a warranted vehicle cannot be repaired within one 
working day. Third, one may take into account of different system structure on 
warranty cost analysis. As shown in Section 10.1, various system structures could 
result in different warranty cost models. In this section, only series systems are 
considered. It is desirable to model DWC for more complicated systems such as 
series-parallel systems, parallel-series systems and k-out-of-n systems. 

10.3 RLRFW Policies with Imperfect Repair 

Numerous warranties have been studied in the past several decades. In general, one 
can divide them into three categories: free repair/replacement warranty (FRW), 
pro-rata warranty (PRW) and combination warranty that contains features of both 
FRW and PRW. In this section we introduce a repair-limit risk-free warranty 
(RLRFW) of fixed period w, based on Bai and Pham (2005). Different from 
ordinary FRW policies, this policy has a pre-determined limit m on the number of 
repairs. If there are more than m system failures within w, the failed product will be 
replaced instead of being repaired again. Such a policy is desirable for both 
manufacturers and consumers. For consumers, surely they will prefer such a policy 
to a simple free repair policy since there are chances that they could own another 
new product for free. From manufacturers' point of view, first of all, such a policy 
offers extra incentive for consumers to purchase their products. Second, if a single 
product has failed m times before w, this might have provided sufficient 
information that the particular product is indeed of low quality. So it could be 
economically sound for the manufacturer to simply provide replacements without 
wasting more time on repairs. In addition, such extra compensation for those 
unlucky consumers may effectively reduce the chance of high-cost lawsuits due to 
those products with ‘proven’ bad quality. 

10.3.1 Introduction 

As discussed in Chapter 3, many researchers have studied various repair limit 
problems, which can be categorized into three groups: repair-number limit 
problems, repair-time limit problems and repair-cost limit problems. Almost all 
researchers dealing with repair-limit problems assumed infinite horizon and 
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performed the analysis based on asymptotic cost measures such as long-run 
average cost. This section focuses on finite horizon for the proposed repair-number 
limit warranty policy. 
      The main analytical tool used in this section is the truncated quasi-renewal 
processes. The concept and some properties of truncated quasi-renewal processes 
can be found in Chapter 4. 
     Another important issue in warranty cost analysis is the variability of warranty 
cost. It is often not sufficient for warranty managers to simply obtain the estimate 
of expected warranty cost. Additional information about variability of warranty 
cost is essential to evaluate risks involved in warranty programs. 
     The rest of this section is organized as follows. Section 10.3.2 provides the 
detailed analysis of the repair-limit risk-free warranty policy. Several special cases 
are discussed in Section 10.3.3. Section 10.3.4 presents sensitivity analyses for 
various policy parameters based on numerical examples.  
     In this section, we assume: 

i) All warranty service is instant. 
ii) Repairs are imperfect and the failure process before the first replacement 

follows a truncated quasi-renewal process with parameters )10(
and F.

iii) All warranty claims are executed and all claims are valid. 
iv) Both repair cost ac  and replacement cost bc  are constant and ac  < bc  to 

avoid triviality. 

10.3.2 Analysis of Repair-limit Risk-free Warranties 

In this section we discuss the warranty model of the repair-limit risk-free policy 
with warranty period w and repair limit m, based on Bai and Pham (2005). We 
assume that repairs are imperfect such that after each repair, the system is between 
the states “as good as new” and “as bad as old”. Suppose that the failure process 
with the imperfect repair follows a quasi-renewal process with parameter 

)10(  and F (see Chapter 4). Since any warranted products will be repaired 
no more than m times according to this policy, the failure process before the first 
replacement is actually a quasi-renewal process truncated above m. As a reminder, 
by the definition of truncated quasi-renewal processes, the inter-failure times in the 
process are independent and have the distributions .,,1,0),( 1 mnxF n

     One should note that for a repair-limit risk-free warranty policy, only Model II 
of truncated quasi-renewal processes is appropriate since the repair limit m has no 
impact on the probabilities of the number of repairs except when it is equal to m.
     Let )(wN a  and )(wNb  be the number of repairs and the number of 
replacements within the warranty duration respectively. Since w is predetermined, 
we will suppress it later on for simplicity. Denote ac  as the repair cost per failure 
and bc  the replacement cost per unit, then for the warranty cost per product sold C,
we have 

)59.10(EEE bbaa NcNcC
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and
60.10),(COV2VVV 22

bababbaa NNccNcNcC

     Note that aN  and bN  are correlated and 0),(COV ba NN . The relationship 
between them can be summarized as followings: 

i) mN a  implies 0bN
ii) 0bN  implies mNa

iii) 0bN  implies mNa

iv) mNa  implies 0bN

Moments of aN
Since under the warranty replacement instead of repair will be performed if there 
are more than m failures within w, it is obvious that aN  is a realization of a quasi-
renewal process truncated above m. As mentioned at the beginning of Section 
10.3.1, Model II of truncated quasi-renewal processes can be used in describing the 
behavior of aN . Hence we have 
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The Pivot Point mS
A pivot point is the time epoch that indicates the change of the type of warranty 
service. For the repair-limit risk-free policy, obviously mS  is the pivot point since 
after it any failed products will be replaced instead of being repaired again. Let 

)( ptH  be the cdf of mS , then 

)63.10(0),(

][)(
)(

pp
m

pmp

ttG

tSPtH

Moments of bN
Suppose wttS ppm 0, , then starting from pt , the system failure process 
becomes a delayed renewal process with the first failure time having the 
distribution )(1 xFm  where )()(1 xFxF m

m and all the following failure times 
are i.i.d. with distribution F. Conditioning on wttS ppm , , from the renewal 
theory, ],|[ wttSNE ppmb  )( pd twM  where )(dM , the renewal function 
for the delayed renewal process, is given by 
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where )()(iF  is the i-fold convolution of )(F  itself and 1)(0F  and 
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is the convolution of 1mF  and )(iF . After un-conditioning on mS ,
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Similar technique can be used to obtain 2
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Consequently, 
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Main Results: First and Second Moments of wC
Substituting Equations (10.61) and (10.64) into (10.59), we finally have the 
expected warranty cost per unit sold: 
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The variance of the warranty cost per unit sold can be obtained through Equations 
(10.62), (10.65) and (10.67): 
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10.3.3 Special Cases 

We have derived )(CE and )(CV , as shown in Equations (6.68) and (6.69). It is 
difficult to evaluate )(CE and )(CV analytically, and now we discuss some special 
cases.

Case I:  Suppose for finite w, m = 0. In this case, no repair is allowed so all failed 
products within w will be replaced always. This implies that 1,,~ iiFFi . So 
our policy degenerates to the regular free replacement policy. As a result, Equation 
(10.68) becomes 

)70.10()(wMcCE b

Equation (10.69) changes to 

            )71.10(})]([)({ 2
2

2 wMwMcCV b

where )(tM  and )(2 wM  are the first and the second moments of the number of 
renewals in a renewal process associated with F.
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     These are the well-known results for the FRW policy (see Blischke and Murthy 
1994).

Case II: Consider m  and w is finite. Thus no change of warranty service will 
ever happen and all failed products within w will be repaired. Consequently, we 
have
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These results agree with the study in Wang and Pham (1996). 

Case III: Suppose for finite positive integer valued m, w is large such that it can be 
treated as infinity. In this case, CE  since it is strictly increasing in w. One 
may be interested in determining warranty cost per unit time (long-run average 
cost), another cost measure that is commonly used in the warranty and 
maintenance literature. It is not difficult to see that the long-run average cost 'CE
is given by 

)74.10(
)(

'
xxdF

c
CE b

     It is worth noting that this measure is only an approximation for the true 
warranty cost per unit time, and its accuracy heavily depends on the magnitude of 
w compared to the product life times. 

Case IV: Assume F is a normal distribution with mean  and variance 2  for 

finite positive integer-valued m and finite w, i.e., ),(~ 2NF . As a result, the 
interarrival failure times under the imperfect repairs are independent and also 
follow the normal distribution. In particular, it is easy to see that ~iF

),( 2)1(21 iiN . Thus ),(~ 22)(
1

1
1
1 iii NG . The pivot point distribution 

)( ptH  is given by 
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where )(  is the cdf of the standard normal distribution. 

     To compute )( pd twM , we need to evaluate )(
1 * i

m FF , which obeys the 

distribution ))(,)(( 22 iiN mm . So 
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     It is also necessary to obtain 1
1 * bn

m GF  and bn
m GF *1 . Clearly, they again 

follow the normal distribution with parameters 
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     To obtain the expected warranty cost, combining the previous results together, 
Equation (6.68) is simplified to 
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The variance can be simplified in a similar way: 

})]
)1/()1(

1
1

()
)(

([

)
)1/()1(

1
1

()
)(

)(
()12({

})]

1
1
1
1

([)

1
1
1
1

()12({

2

220
0

2

220
0

2

2

1

2

2

2
1

2

2

2

m

m

pw

i
m

m
p

m

m

pw

i
m

m
p

b

m

i
i

i

m

i
i

i

a

t
d

i

itw

t
d

i

itw
ic

ww
icCV

                 
w

n
m

n
m

p

n
bba

b

b

b

tw
nmcc

0

2

)1(2
2

1

1

)

1
1

)
1

1(
([{2



 Warranty Cost Models with Dependence and Imperfect Repair 243 

})

1
1
1
1

()

)1(
)1(

1
1

()
)

)(
(

)
)1/()1(

1
1

()]

)
1

1

)
1

1(
(

1
2

2

220
0

22

2

2
2

1

m

i
i

i

m

m

p

m

m
pw

m

m

p

n
m

n
m

p

wt
d

i

itw

t
d

i

tw

b

b

(10.79)

10.3.4 Numerical Examples and Sensitivity Analysis 

Now, let us consider a numerical example. Suppose )1,4(~ NF , 1m , 5.2w ,
,100$,70. ac and 5000$bc . Using Equation (6.80), we obtain that )(CE =

$7.6726, which only accounts for 0.15% of the unit production (replacement) cost. 
By looking into the components of the warranty cost, we find that the repair cost is 
the dominant source as it contributes 87.07% to )(CE . This is what one should 
expect since the probability of more than one failure within w is very small 
(0.02%), indicating that most of the time no replacement will ever happen under 
the warranty. The standard deviation (std) of the warranty cost is 75.9571, which 
indicates moderate risk contained in this warranty policy. When decomposing 
V(C), not surprisingly we find that the dominant source of the variation in the 
warranty cost is from the replacement cost. The contributions in the variation from 
repair, replacement and the interaction between them are 10.81%, 85.99% and 
3.21%, respectively. 

Table 10.4. E[C] and std(C ) for = 0.7, ca = $100 and cb = $5000 

E[C] std(C ) 
w

m = 1 m = 2 m = 3 m = 4 m = 1 m = 2 m = 3 m = 4 

1.0 0.1372 0.1351 0.1351 0.1351 4.9754 3.6785 3.6758 3.6757 

1.5 0.6442 0.6217 0.6217 0.6217 13.5118 7.8895 7.8693 7.8691 

2.0 2.4495 2.2799 2.2792 2.2792 33.6026 15.0592 14.9533 14.9525 

2.5 7.6726 6.7069 6.7022 6.7022 75.9571 25.5623 25.0969 25.0921 

3.0 20.3751 15.9878 15.9591 15.9587 156.9596 38.8223 36.9034 36.8782 

      
     It is of interest to know how the warranty cost measures )(CE and std(C) change 
with regard to parameters m, w, , and the replacement-repair cost ratio ab cc / . 
First vary m in {1, 2, 3, 4} and w in {1.0, 1.5, 2.0, 2.5, 3.0} while keeping other 
parameters unchanged. The corresponding reliability of a new warranted product 
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evaluated at w are within the range of 84.13% to 99.87%. 
     From Table 10.4, it is clear that both )(CE and std(C) are monotonically 
increasing in w. This is reasonable since the chance of failures happening increases 
as the warranty period becomes longer. As m, the repair limit increases from 1 to 4, 
both )(CE  and std(C) decreases, but the magnitude of decreasing becomes much 
smaller after m = 2. This suggests that m = 2 could be a good policy choice since 
the warranty cost and the risk associated with it are relatively small, while at the 
same time, smaller m tends to be more attractive to consumers. 
     To investigate how the effort of repair affects the warranty cost, we consider 
three different levels of  (higher  indicates better repair). All other parameters 
are kept the same and m is chosen as 2. As expected, as goes up, both ][CE and 
std(C) decrease, as indicated in Table 10.5. This implies that it is possible to reduce 
the warranty cost and the warranty cost risk by improving the quality of repair. 

Table 10.5. ][CE and std(C) under various levels of repair efforts 

E[C] std(C ) w
a = 0.5 a = 0.7 a = 0.9 a = 0.5 a = 0.7 a = 0.9

1 0.1356 0.1351 0.135 3.8738 3.6785 3.6738

1.5 0.6276 0.6217 0.6213 9.1006 7.8895 7.8626

2 2.324 2.2799 2.2766 19.9599 15.0592 14.9325

2.5 6.982 6.7069 6.6885 42.4468 25.5623 25.0368

3 17.4309 15.9878 15.8984 88.7695 38.8223 36.7474

      
Replacement-repair cost ratio is another important factor in determining the 

warranty cost. In Table 10.6, we report the results for various cost ratios for w = 
2.5,  = 0.9 and m = 1 while ac  is fixed at 100. It turns out that the cost ratio is 
positively related to both ][CE  and std(C), indicating that as replacement becomes 
more expensive compared to repair, the repair-limit warranty policy tends to be 
more costly with higher warranty cost risk. 

Table 10.6. )(CE and std(C) VS replacement-repair cost ratio 

Cb/Ca 2 10 50 100 300 

E[C] 6.6944 6.7493 7.0235 7.3662 8.7373 

std[C] 25.0200 26.2891 48.308 86.4494 249.6575

10.3.5 Concluding Remarks 

Section 10.3 has discussed repair-limit risk-free warranty policies and provided the 
first and second moments of the warranty cost per unit sold by means of truncated 
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quasi-renewal processes. Warranty designers such as manufacturers are constantly 
in search of novel ideas to promote their products due to the more than ever fierce 
competition. This repair-limit risk-free warranty could be a good candidate for 
marketing purpose since it provides extra compensation to consumers suffering 
from low quality products with a relatively low cost. 
     The numerical examples assume that the failure time of a new product follows a 
normal distribution in order to simplify the computational efforts. More numerical 
studies are needed to include the cases when the failure time is modeled by non-
negative distributions such as the Weibull distribution or Gamma distribution. 

10.4 Optimal RRLRFW Policies with Minimal Repair 

To gain some advantages in the highly competitive markets, manufacturers have to 
improve product quality continuously or to upgrade their products creatively. How-
ever, such strategies may be time consuming and very expensive. In comparison, a 
simple yet efficient alternative for the marketing purpose is to offer an attractive 
and comprehensive warranty. This leads to the question of designing and 
determining the optimal warranty policy. To make this problem more specific, this 
section focuses on a renewable repair-limit risk-free warranty (RRLRFW) for 
deteriorating repairable complex products: 

Let 1,,2,1,, miiSi be the failure arrival times of a new product 
(or a replacement) under the warranty. For this product, any failure 
within warranty duration w will be repaired up to m times. If 

wSm 1 , then a replacement will be provided. The warranty is then 
automatically renewed for another period of w. All the warranty 
service is free of charge to the consumer. 

     This RRLRFW is denoted as ),( mw , and studied by Bai (2004). This policy 
has several attractive features. First, it is a generalization of the ordinary renewable 
free repair/replacement warranty (Blischke and Murthy 1994, p.144), often offered 
for inexpensive products. Obviously, when m = 0, it degenerates to the latter. 
Second, this type of policies (when m > 0) provides consumers better warranty 
service than the conventional free repair policies because it offers a new 
replacement whenever more than m failures happened within a period of w, which 
may be a good indication that this particular product is of low quality or it does not 
worth being repaired any more. As a result, this policy could be applied for a wide 
range of products including expensive deteriorating systems. Third, the limit on the 
number of repairs presents producers the flexibility to control the warranty cost by 
choosing appropriate m in addition to the usual decision variable w.
     To analyze the warranty cost of RRLRFW policies, it is necessary to model the 
repair impact on product reliability or the failure rate. Section 10.3 has presented a 
warranty cost model for non-renewable repair-limit risk-free policies based on an 
imperfect repair assumption. Although the imperfect repair model is flexible in a 
sense that the repair effort is represented by a parameter in (0, 1], it may not be 
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easy for implementation due to the difficulty in estimating the parameter 
accurately. In contrast, minimal repair models have been studied extensively. This 
section assumes that repairs are minimal. 
     To determine the optimal RRLRFW policy, one has to assess quantitatively the 
benefit that a manufacturer might generate from a specific warranty. Usually there 
are two channels that producers could benefit from issuing a warranty: warranty 
pricing, which is an integrated part of product pricing strategy, and increase in 
sales or demand. In this section, we focus on the second channel since one of the 
main reasons of the existence of warranty is to promote sales instead of making 
extra profit per unit sold from warranty directly. Besides, many producers, as the 
so-called price takers, do not have the pricing power. For example, they may have 
to set the price equal or very close to that of the products with similar functionality 
of the competitors. The majority of the warranty literature focuses on warranty cost 
modeling and analysis for producers or consumers, and only a few study the 
demand side of warranty. Menezes (1992) posits a general deterministic demand 
function depending on price, warranty length, quality and many other economic 
factors, based on which the optimal warranty length was derived for profit-
maximizing producers. Chun and Tang (1995) model consumers' acceptance of 
warranty through a general probability distribution of consumers' perception on 
product quality, which was represented by an exponential distribution. A linear 
form and a quadratic form of w, the warranty period, are employed by Thomas 
(1983, 1989) to model the warranty benefit directly. Alternatively, we propose a 
logistic regression model to estimate the demand of products with warranty. 
     The rest of this section is organized as follows: Section 10.4.1 gives a general 
optimization model for producers to determine the optimal warranty policy. The 
consumers are assumed to be homogeneous, thus the probability of accepting a 
warranted product is invariant among all consumers. A logistic regression model is 
used to determine the probability. For producers without the pricing power, their 
objective is to maximize the expected utility of the profit, generated from the 
products sold with warranty, by selecting appropriate parameters of the warranty 
based on the forecast of customers' demand. Section 10.4.2 discusses the warranty 
cost analysis of RRLRFW policies from manufacturers' perspective and some 
useful properties of the warranty cost per unit sold. These results combined with 
the optimization model are then used in Section 10.4.3 to determine the optimal 
RRLRFW through a numerical example. Section 10.4.4 discusses the limitations of 
the model and some future research directions. Following are assumptions in this 
section:

i) Any warranty service is instantaneous. 
ii) All warranty claims are valid. 
iii) All failures covered by warranty are claimed. 
iv) Consumers are homogeneous. 
v) Replacement products follow the same failure time distribution as of a 

new  product. 
vi) Any repairs under warranty are minimal.
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10.4.1 A General Optimization Model 

In this section, we present a general decision model for manufacturers to determine 
the optimal warranty policy ),( *  where },,,{ **

2
*
1

*
n  is the optimal set 

of the parameters of . One may use either *  or *  to represent the optimal 
policy. Let us suppose that the manufacturer has a utility function )(U , therefore 
his or her objective is to maximize the expected monetary utility of the profit, ,
by choosing appropriate parameters of ).(

10.4.1.1 Profit Per Unit Sold 
Let's consider the situation that a typical producer, M, faces the problem of 
determining optimal parameters of a certain warranty policy )( for a certain 
product A, for which the market base, or the number of potential customers is B. In 
a competitive market with sufficient number of producers, producer M, as one of 
many other manufacturers in the market, may not have the pricing power. So, 
assume M is a price-taker, implying that the price of product A is exogenous. Due 
to technology constraints or the time constraint, it is possible that M cannot reduce 
the production cost in a short time, so it is reasonable to assume that the production 
cost is a constant. As a result, the profit margin per unit not accounting for the 
future warranty cost, denoted as P , is a constant, which is assumed to be known 
by M.
     The warranty cost per unit sold of product A under the )( can be represented 
by )(C , a r.v. depending on . It should be noted that the quality of the product, 
represented by a distribution function F, surely will affect the warranty cost. 
However, it is not necessary to include F explicitly here as long as M has the 
complete knowledge of the quality. As a result, the profit per unit sold of product A
is ),(CP  also a r.v., due to the randomness of )(C .

10.4.1.2 Consumer's Responses 
For homogeneous consumers in the customer base B, it is assumed that the 
probability cp  of purchasing product A solely depends on , invariant among all 
the potential consumers. Therefore, cp  could be obtained by solving equation 

)()( kph c , where )(h  is the so-called link function and )(k  may be 
assumed to be a linear function of the elements in , i.e.,

.)( 22110 nnk

There are many choices for link function )(h . This section considers the 
commonly used logit link function ))1/(ln()( ccc ppph  (see Stokes 2000). 
Thus,

)80.10()
1

ln( 22110 nn
c

c

p
p
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From Equation (10.80), it is easy to obtain that 

)81.10(
)exp(1

)exp(

22110

22110

nn

nn
cp

     Note that 0  could be interpreted as the baseline logarithm of the odds: the ratio 
of cp  to ( cp1 ), for the products without warranty. Similarly, nii ,,2,1,  is 
the change in the logarithm of the odds due to the unit change of i .
     Let D be the demand of product A covered by ).(  It's easy to see that D
follows a binomial distribution. The total units expected to sell under the )( is
given by 
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and the variance of D is 
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     If consumers are not homogeneous in a sense that they can be classified to 
several categories according to their personal profiles such as the risk attitude, the 
knowledge of the product, and the desire of the product, it is still possible to 
forecast the demand by fitting a logistic regression model for each category based 
on survey data or some historical data if available. However, such an extension is 
beyond the scope of this section. 

10.4.1.3 A General Decision Model 
The producer's profit  can be expressed as 

D

i iCP
1

)( , where iC  is the 

future warranty cost to the producer due to the thi  sale. Under the ),(
,,2,1,iCi  are i.i.d., following the same distribution as ).(C  Assuming 

statistical independence between D and iC , we then have 
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So the problem of determining the optimal warranty policy )( * can be formu-
lated as 
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     The first constraint is about the warranty budget 0R . Warranty managers 
usually require that the probability of the total warranty cost over the budget is 
controlled within , a pre-determined risk acceptance level. The second set of 
constraints defines the acceptable ranges of ,,,2,1, nii  which are usually 
affected by the reliability (quality) requirements and the competitors' strategy. 
Other constraints may also be included depending on individual applications. 
     If M is risk-neutral, implying that )(U  is a linear function of , E
becomes the objective function, which is given in Equation (10.84). The 
constraints remain the same. 

10.4.2 Cost Analysis of RRLRFW Policy 

From the general optimization model illustrated in Section 10.4.1, it is clear that 
one of the main sources of the randomness is from the warranty cost per unit sold 

)(C . This section focuses on the RRLRFW with two parameters w and m for 
which },{ mw , and will derive some useful statistical properties of ),( mwC
given minimal repairs. Such a situation is not rare for complex systems that are 
aging over time. Besides, manufacturers usually will not take extra effort to make a 
repaired system better than old unless they are required to do so. It is also assumed 
replacement products have the same failure time distribution as that of the original 
product. 
     Let T represent the warranty cycle of ),( mw , starting from the date of a sale, 
ending at the warranty expiration date. Since ),( mw is renewable, T is actually an 
r.v. Denote ),( mwN a as the total number of renewals of the warranty, and let 

),(21 ,,, mwNa
ttt  be the corresponding inter-arrival renewal times, then T can be 

expressed as 

,2,1),(for,
0),(for,

),(21 mwNwttt
mwNw

T
amwN

a

a

The total warranty cost per item sold, or per cycle, ),( mwC , can be formulated as 

     ),()(),()(),( mwNccmwNccmwC bfbafa              )85.10(

where ),( mwN b  is the total number of minimal repairs within T. ac  and bc  are the 
replacement cost and repair cost per unit respectively. fc  represents the fixed cost 
per warranty service, which may include warranty managerial cost, handling cost, 
disposal cost, advertising cost, and so forth. ba cc ,  and fc  are assumed to be 
constant.
     Define ),(' mwNb  as the number of minimal repairs in the last warranty period 
w, then the relationship between ),( mwNa  and ),( mwNb  can be written as 

),(),(),( ' mwNmwmNmwN bab                                (10.86) 
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Using Equation (10.86), ),( mwC  can be re-written as 

),()(),(])1([),( ' mwNccmwNcmmccmwC bfbafba    )87.10(

     To simplify the notion, we will suppress w and m later on whenever appropriate. 
The expectation of C, denoted as , is given by 
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The variance of C, 2 , is 

][)(][])1([ '222
bfbafba NVccNVcmmcc            )89.10(

     It should be noted that Equation (10.89) holds since '
bN  is independent of aN ,

which can easily be proved through a conditioning argument. 
     We need the following lemma from Baxter (1982): 

LEMMA 10.5 Let 1mS  be the thm )1(  arrival failure time of a new or replace-

ment product under the warranty, which is also the thm )1(  arrival time of the 
underlying NHPP associated with . Let 1mG  and 1mg be the cdf and pdf of 

1mS  respectively. Then 
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     Next we derive some useful properties of aN  and .'
bN  The following notation 

is used: ][];[ ''

iNPpiNPp b
N
ia

N
i

ba ; F is the cdf of the first failure time of 
a new product or a replacement. Accordingly, the accumulative failure rate 
function, , is )1ln( F , and the failure rate function is )1/( FdF .     
                  
PROPOSITION 10.3 The first two centered moments of aN  are given by 
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Proof.  It is not difficult to see that under the ),( mw , the warranty will not 

expire until the first time that wSm 1 . Thus the total number of renewals, aN ,
follows a geometric distribution of parameter )(1 1 wGm . Based on the properties 
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of geometric distribution, the result then follows.                                                   

PROPOSITION 10.4  The probability mass function (pmf) of '
bN  is given by 
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     Proof.  Since any failed product under warranty will be minimally repaired up 
to m times, the failure process }0),({ ttN a  forms an NHPP truncated above m
with the accumulative failure rate function . By realizing that the truncation does 
not make any change to the pmf of the underlying ordinary Poisson random 
variable when it is less or equal to 1m , we obtain Equation (10.94). Equation 
(10.95) holds due to the relationship that ][][ ' wSPmNP mb . Equations 

(10.96) and (10.97) can be verified easily using the pmf of '
bN .                            

     Now it is ready to give the expressions of the first two centered moments of C.

PROPOSITION 10.5 The first two moments of the warranty cost per unit sold are  
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Proof. The proof is straightforward, thus omitted here.  



252 Reliability and Optimal Maintenance 

10.4.3 Optimal RRLRFW Policy 

This sections uses the optimization model in Section 10.4.1 to determine the 
optimal RRLRFW policy. In particular, we assume that the seller is risk neutral; 
therefore, the optimal warranty policy is determined by maximizing the expected 
profit under some constraints. Using the results in Section 10.4.2, the model 
becomes 
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     The above formulation is a non-linear optimization problem, which can be 
solved by non-linear optimization software, except that the first constraint requires 
the knowledge of the distribution of TC, defined as 

D

i iCTC
1

. Next we simpli-
fy the constraint. 
     Since D follows a binomial distribution, and ,,2,1, iCi  are i.i.d.., TC 
actually follows a compound binomial distribution, for which usually there is no 
close form expression and the computation is difficult in general. Several recursive 
algorithms exist to compute the exact distribution function (see Sundt 2002). This 
section considers a simple approximation of the compound binomial distribution 
by a normal distribution (Rolski et al. 1999) with parameters TC  and 2

TC , the 
mean and variance of TC respectively. It can easily be verified that 
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Using Equations (10.100) and (10.101), and the normal approximation, the first 
constraint can be rewritten as 

)102.10(00 TCTC zR

where z  is the )1( quantile of the standard normal distribution. 

     Now the optimization problem has been converted into a standard non-linear 
optimization problem. Let’s see a numerical example. 
     Suppose a warranty manager, with a warranty budget 4000$0R  and 

%10 , has decided to offer an RRLRFW. He (she) would like to consider 
]20,1[w  and }5,4,3,2,1{m . The objective is to determine the optimal warranty 

parameters w  and m  such that the expected profit is maximized while the 
constraints are satisfied. The customer base is estimated to be 10,000. Through the 
data from a market survey, he estimated that parameters ,, 10  and 2  are –
0.4217, 0.0141 and  – 0.2012 respectively. The profit margin per unit is known to 
be $500. The reliability function of the product is given by ).16.247/exp( 07.1t
The fixed warranty service cost per service fc  is $50, the replacement cost ac  and 
repair cost bc  are $10,000 and $150 respectively. 

     The optimal RRLRF policy is found: w  = 9.5 and m = 2, for which the 
expected total profit is $1605,624, the expected warranty cost per unit sold is 
$19.5, and the corresponding standard deviation is 330.61. It should be noted that 
the standard deviation is much higher than the expectation since the policy under 
consideration is renewable.  
     If there is no warranty budget constraint, then the optimal policy is given by w
= 13.2 and m = 2. The corresponding expected profit is $1,613,313.  

10.4.4 Remarks 

Among many warranty management problems, how to determine the optimal 
warranty policy that may help manufacturers to gain some advantage in the 
competitive market is a fundamental one. This section has provided a general 
optimization model for this problem. However, it should be noted that there are 
some limitations on this model. First, this optimization model deals with the 
demand of a warranted product through a logistic link function which only depends 
on the warranty parameters. Empirical study such as consumer surveys is needed to 
estimate the proposed link function. Second, the optimization model only considers 
the homogeneous consumers. The case of non-homogeneous consumers needs to 
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be examined. Third, if the manufacturer is not a price taker, then the product price 
should be included as one of the decision variables. Fourth, only minimal repair is 
considered in this section. Other situations such as imperfect repair can be studied.  
     This section has presented some useful results that can be applied to determine 
the optimal RRLRFW policy. A numerical example is provided for illustration 
purposes. One natural extension is to apply this approach to other warranty policies 
such as a two-dimensional warranty or a combination warranty. Other generaliza-
tions of the RRLRFW policy may be considered. For example, Bai (2004) suggests 
use of the quasi renewal process to study the renewable repair-limit risk-free 
warranty.
     Let 1,,2,1, miSi  be the failure arrival times of a new product (or a 
replacement) under the warranty, which has been renewed for j times, ,...2,1j
For this product, any failure within a period of jw  will be repaired up to m times. 
If jm wS 1 , then a replacement will be provided. The warranty is then renewed 
for another period of 1jw . The relationship between jw  and 1jw  is given by 

jj ww 1 , where ]1,0( , and ww0 . All the warranty service is free of 
consumers. 
     Compared to an RRLRFW policy, the above policy is more general since it 
degenerates to the former when parameter 1. It would be interesting to 
investigate the statistical properties of this warranty policy.  

10.5 On Warranty Policies and their Comparison

Warranty managers usually have several choices among various warranty policies. 
This requires some basic measures as the criteria to make the comparison among 
these policies. Bai and Pham (2006b) and Mi (1999) discuss comparison of 
different warranties and some criteria, and following them we will compare various 
warranty policies in this section. 
     For a warranty policy, there are several measures available including EWC, 
expected DWC, monetary utility function and weighted objective function. EWC 
and expected DWC are more popular than others since they are easy to understand 
and can be estimated relatively easily. The key difference between them is that the 
latter considers the value of time, an important factor for the determination of 
warranty reserve.    
     Monetary utility function, U(x), is a better candidate for the purpose of 
comparing warranty policies. The functional form of U(x) reflects seller's risk 
attitude. If a seller is risk-neutral, then U(x) is linear in x. This implies that 
maximizing E[U(x)] is the same as maximizing U(E[x]). However, manufacturers 
may be risk-averse if they are concerned about the variations in profit or in 
warranty cost. For example, a particular seller may prefer a warranty with less 
warranty cost variation than another with much larger variation in warranty cost 
while the difference between the EWCs is small. If this is the case, then it can be 
shown that that the corresponding utility function is concave (Kreps 1990). The 
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main difficulty of the utility theory approach is that utility functions are subjective.     
     Weighted objective functions could also be used in the comparison of 
warranties. One commonly used weighted objective function is )]([ xE

)]([ xV , where is a parameter representing the subjective relative importance 
of the risk (variation) against the expectation and )(x  is the manufacturers' profit 
for a given warranty policy x. Interestingly, such an objective function coincides to 
a special case of the utility theory approach when the manufacturers' subjective 
utility function only depends on the first and the second moments of )(x
(Markowitz 1959, p.126). 
     According to compensation methods specified in a warranty contract upon 
premature failures, there are three basic types of warranties: free replacement 
warranty (FRW), free repair warranty (FRPW), and pro-rata warranty (PRW). 
Combination warranty (CMW) contains both features of FRW/FRPW and PRW, 
which often has two warranty periods, a free repair/replacement period followed by 
a pro-rata period. Full-service warranty (FSW), also known as PM warranty, is a 
policy that may be offered for expensive deteriorating complex products such as 
automobiles. Under this type of policy, consumers not only receive free repairs 
upon premature failures, but also free (preventive) maintenance.  
     For non-repairable products, usually the failed products under warranty will be 
replaced free of charge to consumers. Such a policy is often referred as a free 
replacement warranty or a unlimited warranty. In practice, even if a product is 
technically repairable, sometimes it will be replaced upon failure since repair may 
not be economically sound. As a result, for inexpensive repairable products, 
warranty issuers could simply offer FRW policies. Consequently, those 
inexpensive repairable products can be treated as non-repairable. However, for 
repairable products, if the warranty terms specify that upon a valid warranty claim, 
the warranty issuer will repair the failed product to working condition free of 
charge to buyers, then such a policy is the so-called free repair warranty. In 
practice, it is not rare that a warranty contract specifies that the warranty issuer 
would repair or replace a defective product under certain conditions. This is the 
reason why most researchers do not treat FRW and FRPW separately. 
Nevertheless, it is necessary to differentiate these two types of policies based on 
the following reasoning: first, repair cost is usually much lower than replacement 
cost unless for inexpensive products; second, by clearly defining the compensation 
terms, warranty issuers may establish a better image among consumers, which can 
surely be helpful for the marketing purpose. 
     Under an FRW policy, since every failed product within T is replaced by a new 
one, it is reasonable to model all the subsequent failure times by a single 
probability distribution. However, under an FRPW, it is necessary to model the 
repair impact on failure times of a warranted product. If it is assumed that any 
repair is as-good-as-new (perfect repair), then from the modeling perspective, there 
is little difference between FRW and FRPW. For deteriorating complex systems, 
minimal repair is a commonly used assumption, as discussed in Chapter 2. In 
warranty literature, the majority of researchers consider repairs as either perfect or 
minimal. Little has been done on warranty cost analysis considering imperfect 
repair.
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     Both FRW and FRPW policies provide full coverage to consumers in case of 
product failures within T. In contrast, a PRW policy requires that buyers pay a 
proportion of the warranty service cost upon a failure within T in exchange for the 
warranty service such as repair or replacement, cash rebate or discount on 
purchasing a new product. The amount that a buyer should pay is usually an 
increasing function of the product age (duration after the sale). PRW policies are 
usually renewable, and offered for relatively inexpensive products like tires, 
batteries, and so forth. 
     Generally speaking, FRW and FRPW policies are in favor of buyers since 
manufacturers take all the responsibility of providing products that function 
properly during the whole warranty cycle (Blischke and Murthy 1994, p.221). In 
other words, it is the manufacturers that bear all the warranty cost risk. In contrast, 
for PRW policies manufacturers have the relative advantage with regard to the 
warranty cost risk. Although they do have to offer cash rebate or discounts to 
consumers if failures happen during T, they are usually better off no matter what 
consumers choose to do. If a consumer decides not to file a warranty claim, then 
the manufacturer saves himself the cash rebate or other types of warranty service. 
If instead a warranty claim is filed, the manufacturer might enjoy the increase in 
sales or at least the warranty service cost is shared by the consumer. 
     CMW can be used to balance the benefits between buyers and sellers, and is a 
policy that usually includes two warranty periods: a free repair/replacement period 
w1 followed by a pro-rata period w2. This type of warranty is not rare today 
because it has significant promotional value to sellers while at the same time it 
provides adequate control over the costs for both buyers and sellers (Blischke and 
Murthy 1996, p.12). 
     For deteriorating complex products, it is essential to perform PM to achieve 
satisfactory reliability performance. The burden of maintenance is usually on the 
consumers' side. Section 10.1 has discussed a renewable full-service warranty for 
multi-component systems under which the failed component(s) or subsystem(s) 
will be replaced, in addition, a PM action will be performed to reduce the chance 
of future product failures, both free of charge to consumers. Such a policy may be 
desirable for both consumers and manufacturers since consumers receive better 
warranty service compared to the traditional FRPW policies, at the same time 
manufacturers may enjoy cost savings due to the improved product reliability by 
the maintenance actions. 
     In the maintenance literature, many researchers studied maintenance policies set 
up in such a way that different maintenance actions may take place depending on 
whether or not some pre-specified limits are met. Three types of limits are usually 
considered: repair-number-limit, repair-time-limit, and repair-cost-limit, and these 
maintenance policies are summarized in Chapter 3. Similarly, three types of repair-
limit warranties may be considered by manufacturers: repair-number-limit 
warranty (RNLW), repair-time-limit warranty (RTLW), and repair-cost-limit 
warranty (RCLW). Under a RNLW, the manufacturer agrees to repair a warranted 
product up to m times within a period of w. If there are more than m failures within 
w, the failed product shall be replaced instead of being repaired again. Section 10.3 
has discussed this kind of policy under the imperfect repair assumption.  
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     An RTLW policy specifies that within a warranty cycle T, any failures shall be 
repaired by the manufacturer, free of charge to consumers. If a warranty service 
cannot be completed within a certain time, then a penalty cost occurs to the 
manufacturer to compensate the inconvenience of the consumer. This policy was 
analyzed by Murthy and Asgharizadeh (1999) in the context of maintenance 
service operation. 
     An RCLW policy has a repair cost limit in addition to an ordinary FRPW 
policy, i.e., upon each failure within the warranty cycle T, if the estimated repair 
cost is greater than a fixed number, then replacement instead of repair shall be 
provided to the consumer; otherwise, normal repair will be performed. This policy 
has been studied by Nguyen and Murthy (1989) and others. 
     Possible new warranty policies are those that combine various repair limits as 
well as other warranty characteristics such as renewing to define a new complex 
warranty. For example, it is possible to have a renewable repair-time-limit 
warranty for complex systems. Such combinations define a large set of new 
warranty policies that may appear in the market in the future. 
     In addition, most warranties in practice are one-attribute for which the warranty 
terms are based on either product age or product usage, but not both. Compared to 
one-attribute warranties, two-attribute warranties are more complex since the 
warranty obligation depends on both product age and product usage as well as the 
potential interaction between them. Two-attribute warranties are often seen in the 
automobile industry. For example, one automobile company, is currently offering 
10 years/100,000 miles limited FRPW on the power train for their new car models 
in North America. Comparison and analysis of two-attribute warranties can be 
found in Murthy et al. (1995) and Singpurwalla and Wilson (1993). 
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Software Reliability, Cost, and Optimization Models 

Practice over the years has shown that a software development process using 
software reliability models instead of traditional project management methods is 
efficient and effective to produce reliable software at low cost. This chapter models 
software reliability and debugging costs using the quasi-renewal process, and 
discusses optimal software testing and release policies, following Pham and Wang 
(2001). Several software reliability and cost models are presented in which 
successive error-free times are independent and increasing by a fraction, i.e., they 
form an increasing quasi-renewal process. It is assumed that the cost of fixing a 
fault consists of deterministic and incremental random parts, and is increasing with 
the number of faults removed. The maximum likelihood estimates of parameters 
associated with these models are provided. Based on the valuable properties of 
quasi-renewal processes, the expected software testing and debugging cost, number 
of residual faults in the software, and mean error-free time upon testing are 
obtained. A class of related optimization problems are then contemplated, and 
optimum testing policies incorporating both reliability and cost measures are 
discussed. Finally, numerical examples are presented through a set of real testing, 
showing satisfactory results. The models in this chapter can also apply to modeling 
field reliability growth and maintenance cost.  

11.1 Introduction 

Research activities in software reliability have been conducted for the past several 
decades, and are still going on today because critical software applications are 
increasing in size and complexity. Since software is an interdisciplinary science, 
software reliability and cost models are developed from different perspectives 
towards software and with various applications. So far many software reliability 
models have been developed respectively by using nonhomogeneous Poisson 
processes, Markov processes, binary Markov processes, Bayesian statistics, 
classical statistics, input-domain-based methods, etc., as shown in Musa et al.
(1987), Xie (1991), Downs (1985), Goel (1985), Pham (2000), and Lyn (1996). 
However, there is still a great need to develop more practical and realistic models 
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to estimate software reliability and testing costs, and to determine the desired 
reliability level before releasing it (Pham 2003b; Lyn 1996). The key modeling 
approaches and a critical analysis of underlying assumptions, limitations, and 
applicability of some previous software models during the software development 
cycle are discussed in Goel (1985). A quasi-renewal process is a new tool to 
facilitate modeling of both software reliability and testing costs (Pham and Wang 
2001).

Software testing is an efficient and necessary way to remove faults in software 
products. However, exhaustive testing of all possible executable paths in a large 
program may be impractical. Debugging and testing reduce the error content but 
increase the development costs. In fact, after reaching a certain level of software 
refinement, further efforts to increase reliability will result in exponential increase 
in cost and debugging time (Pham 2000). Therefore, it is important to determine 
when to stop testing, or when to release the software to customers. One might 
consider what questions a software model should help answer for software 
developers and managers. The important questions are (Lyn 1996; Pham and Wang 
2001): 

i) What would the failure rate of the software be if released now? 
ii) How many faults remain in the software?  How many high severity faults? 

Fault location (subsystem)? 
iii) How much more testing is needed to achieve software reliability targets? 

How should resources be scheduled to ensure the on-time and efficient 
delivery of a software product? Is the software product sufficiently 
reliable for release?  

This chapter aims to present software reliability models which will help answer 
the above questions. Unlike most previous work, this chapter determines the 
optimal software release time based on two criteria: reliability of the released 
software and total software cost. In addition to the traditional software testing 
measures, software error-free time information upon testing is also provided in the 
models in this chapter. In fact, some unique properties of the quasi-renewal process 
ease modeling it. This chapter assumes the cost of fixing a fault during the 
software testing phase consists of deterministic and probabilistic parts, and grows 
as the number of faults removed increases. Obviously, this assumption is realistic 
because usually it may become difficult to fix a fault which is detected in the later 
testing phases. Besides, cost of testing per unit time is considered in this chapter, 
which is treated as a random variable. The second model in this chapter 
contemplates that in software there exist three types of faults which are classified 
in terms of failure effects and severities.  

In Section 11.2, the quasi-renewal process is discussed with regard to its 
application in software reliability growth. Section 11.3 models software reliability 
and testing cost through the quasi-renewal process, and then investigates the 
optimal software testing policies by some numerical examples using a set of real 
testing data. Some concluding remarks are made in Section 11.4.  
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11.2 Use of Quasi-renewal Process in Software Reliability 

In ordinary renewal process, the times between successive events are supposed to 
be independently and identically distributed (i.i.d.). As discussed in Chapter 4, a 
general renewal process, including ordinary renewal process as special case, is the 
quasi-renewal process. The quasi-renewal process is motivated by imperfect repair 
processes of hardware and in turn finds wide applications in modeling hardware 
maintenance as shown in Chapter 4. This chapter will use quasi-renewal process to 
model software reliability growth and testing costs.  

Recall that Theorem 4.2 in Chapter 4 implies that after “renewal” the shape 
parameters of the inter-arrival times will not be changed. In reliability theory, 
shape parameters of lifetime of a hardware product tend to relate to its failure 
mechanism. Usually, a product will have the same shape parameters at different 
operating conditions if it possesses the same failure mechanism. Therefore, the use 
of a quasi-renewal process is generally justified in the maintenance process of a 
hardware system. The assumption that software debugging and testing or field use 
do not change the type of the error-free time distribution seems plausible. Note that 
the error-free times in the software during debugging phase or field use will have 
the same shape parameters, if modeled by a quasi-renewal process. In this sense a 
quasi-renewal process will be plausible to model the software reliability growth. 

Recall from Section 4.1.1 
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Therefore, if the inter-arrival time represents the error-free time of a software 
system the average error-free time goes to infinite while its debugging process is 
going on forever. This conclusion seems reasonable because the faults in the 
software become generally less and less while it is subject to testing and 
debugging. When the debugging time is infinitely long, no faults in this software 
can be expected. Thus, the average error-free time and the error-free time is infinite 
as the debugging time goes to infinity. In practice, we can expect the error-free 
time of software upon testing is very large if the testing time is sufficiently long. In 
fact, Theorem 4.1 shows that if the first error-free time of software is DFR, then 
the successive error-free times are DFR. Therefore, in this case the failure rate of 
software can be expected to be smaller and smaller as faults in the software are 
being removed. The same arguments are true for software reliability growth during 
field use if faults found in field are also removed. 

11.3 Software Reliability and Cost Modeling 

If the inter-arrival time represents the error-free time (time between errors), a 
quasi-renewal process can be used to model reliability growth for software. Next 
we will utilize this quasi-renewal process to investigate software reliability and 
testing costs. Throughout this chapter we assume 
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All faults of software are independent.
All detected faults are removed immediately and no new faults are 
introduced.

11.3.1 Model 1 

Suppose that all faults of software have the same chance of being detected. If the 
inter-arrival times of a quasi-renewal process represent the error-free times of 
software, the expected cumulative number of software faults in ),0[ t  can be 
described by the quasi-renewal function )(tM  with parameter 1 .  Denote by 

)(tM  the number of remaining software faults at time t. It follows that  

)()()( tMMtM                                        (11.1) 

where )(M  is the number of faults which can be detected through a long testing 
time ,  relative to t.  We suggest taking t6  in practice. In fact, this choice is 
somewhat arbitrary and the actual selection can also be determined through 
experience. However, any choice should make the difference between )(M  and 

)(M  to be insignificant for any small value of .
Assume that the cost of fixing software fault i is a random variable and consists 

of two parts – deterministic part 0c  and incremental random part Wi )1( :

,...3,2,1,)1(0 iiWicci   (11.2) 

where 0c  is a constant and W is a random variable with mean vc .
Note that the cost of fixing a fault is increasing as the number of faults removed 

is increasing. This is reasonable because it may become difficult to identify and fix 
a fault which occurs in the later testing phases. Then the expected total debugging 
cost in ),0[ t  is given by         
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If in the above cost model we also consider the cost of testing per unit time and 
assume that it is a random variable 1V  with mean 3c , then the total expected 
testing and debugging cost up to time t is given by 
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Now we determine the variance of )(tN . Pham and Wang (2001) prove 
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where )()( tG n  is the convolution of the inter-arrival times nFFF ,...,, 21 ,  defined in 
Section 11.2. 

The cost of the expected testing and debugging up to time t is discussed above. 
Now we investigate the expected total software cost during its life cycle. Pham 
(1996) derives a software cost model with imperfect debugging, random life cycle 
and penalty cost using nonhomogeneous Poisson process. Similar to Pham (1996), 
we can derive the expected total software life-cycle cost. Let 1c  represent the cost 
of fixing a fault during testing phase, 2c  represent the cost of fixing a fault during 
operation phase, 3c  the cost of testing per unit time, T the software release time, 

dT  the scheduled delivery time, )(tg  the probability density function of the life-
cycle length ( )0t . Then it is easy to verify that the expected total software life-
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cycle cost is given by 

)()()()()()()( 213 dpd
T

TTcTTIdttgTMtMcTMcTcTC               

(11.6) 

where )(tc p  is a penalty cost for a delay of delivering software, and )(tI  is an 
indicator function, i.e.,
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     Usually, )]([and)( tNVartM  contains some unknown parameters. Their 
estimation can be carried out by using the maximum likelihood or least squares 
method. 
     Denote by it  the ith failure time since the software testing begins at time zero. 
Assume that nttt 100 . The likelihood function of the above software 
reliability model is, noting that Equation (11.1) in Section 11.2,   
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where  represents the parameter family including parameter .

     From the above likelihood function the parameters in )]([and)( tNVartM  can 
be estimated by the maximum likelihood method. Let’s take the normal 
distribution as an example. 
     Assume that the first failure time, 1X , of a new software system follows the 

normal distribution with mean  and variance 2 , that is,

22 2/)(
1

2
1)( xexf

and that the testing process can be modeled by the quasi-renewal process. From 
testing data  failure times nttt ...,,, 21  we can easily estimate quasi-renewal 
process parameter  and normal distribution parameters  and .  Pham and 
Wang (2001) obtain the following MLEs of parameters ,, and , which can 
be obtained by solving following simultaneous equations: 
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Now it is easy to compute the renewal function for the normal distribution. 
From Section 11.2, the renewal function is 
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where random variable nSS  follows the normal cumulative distribution function 

with mean )1/()1( n  and  variance )1/()1( 22 n .

Therefore,  the renewal function is given by 
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where )(  is the standard normal cumulative distribution function. Various types 
of approximations for the standard normal )(  have been developed and a simple 
approximation with high accuracy is by Zelen and Severo (1964): 

)exp(29372980.01201676.04361836.01)( 2
2
1

132 xtttx     (11.7)           

where 1)33267.01( xt .  The error in )(x , for 0x , is less than 5101 .

Note that the relationship )(1)( xx . Thus, we can use this relationship 
and Equation (11.7)  to approximate )(x  for 0x  . 

11.3.2 Model 2 

A software failure is one that occurs when the user perceives that the software 
ceases to deliver the expected result with respect to the specification input values. 
The user may need to identify the severity of failures, such as critical, major, or 
minor, depending on their impacts on systems. Severity levels may vary from one 
system to another, and from application to application (Pham 2000). Typically, the 
severity of software failure effects is classified into three categories (see, for 
example, Telcordia GR-1339-CORE 1997): 
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Type 1 fault (critical) – This category is for disastrous effects, such as loss 
of human life or permanent loss of property, for example, the effect of an 
erroneous medication prescription or an air-traffic controller error due to 
software failures. This type of fault may occur rarely in practice.   
Type 2 fault (major) – This category is for serious failures of the software 
system where there is no physical injury to people or other systems. 
Included in this category might be erroneous purchase orders or the 
breakdown of a road vehicle. Usually, this type of fault occurs occasional-
ly.
Type 3 fault (minor) – This category is reserved for those faults which lead 
to marginal inconveniences to a software system or its users. Examples 
might be a vending machine that momentarily cannot provide changes or a 
bank’s computer system that is down when a consumer requests a balance 
(Pham 2000). Relatively, this may be a type of fault that occurs most in 
reality.

In Telcordia GR-1339-CORE 1997, the telecommunication system software 
reliability objectives for a given release are: 

The cumulative number of Critical software faults for each software 
release should be equal to 0. 
The cumulative number of Major faults for each software release 
should be less than or equal to 4. 
The cumulative number of Minor software faults for each software 
release should be less than or equal to 36.  

Suppose that when a fault is detected it is a critical one with probability 1p , a 
major one with probability 2p , and a minor one with probability 3p  where 

1321 ppp .  When a critical, major, or minor fault is removed, the fault-free 
time will be independent of the previous ones and increased to a multiple, 

321 or,, , of the immediate previous one, respectively, where parameters 
1321 , or more generally 1,, 321 . Thus, upon removal of the first 

fault, the cdf of the fault-free time 2X  is given by 
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and the pdf and  mean of 2X  are respectively,
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Similarly, upon removal of the second fault, the cdf, pdf and the expected fault-
free time 3X  is given by 
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By induction, we can obtain cdf, pdf, and the expected error-free time of the 
software upon removal of the kth fault: 
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From these pdfs and the failure times kttt ...,,, 21  we can estimate the 
parameters 321321 ,,,,, ppp , and the error-free time distribution parameters by 
maximum likelihood method. 

Suppose that the ith software fault may be of type j for 3,2,1j  respectively. 
We assume that the cost of fixing this fault is a random variable ijc  and consists of 
two parts – deterministic part jc0  and incremental random part jWi )1( :

                              3,2,1,,...,3,2,1,)1(0 jjiiWicc jjij

where jc0  is a constant and jW  is a random variable with mean vjc .   
     Assume that the cost of testing per unit time is a random variable 1V  with mean 

3c  and is independent of the error-free time. Then the expected total cost of fixing 
the first k faults during software testing phase is given by 

jiPjicEXVEtC ij
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Pham and Wang (2001) show 
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where )( mXE  is given by Equation (11.8b). 

Now we consider a numerical example. Assume 

hrs105.0
8.02.14.1

51530
6.03.01.0
2.14.16.1
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ccc
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vvv

The expected error-free time (execution time, hrs) in Equation (11.8b) and 
expected total cost in Equation (11.9) are computed and listed in Table 11.1. The 
above cost unit is staff-unit (Ehrlich et al. 1993). Table 11.1 shows that both the 
expected error-free time and the expected total cost are increasing as the number of 
faults removed is becoming large. However, increment of the expected total cost is 
faster in this example, and is not linearly proportional to that of the expected error- 
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Table 11.1. Expected error-free time and expected total cost 

Number of errors 
removed k

Expected           
error-free time 

][ 1kXE

Expected     
total cost 

)( ktC

1 13.0 15.5 
2 16.9 33.5 
3 22.0 54.4 
4 28.6 78.8 
5 37.1 107.5 
6 48.3 141.5 
7 62.7 182.0 
8 81.6 230.7 
9 106.0 289.9 
10 137.9 362.2 
11 179.2 451.4 
12 233.0 562.3 
13 302.9 701.1 
14 393.7 875.7 
15 511.9 1096.8 
16 665.4 1378.0 
17 865.0 1736.8 
18 1124.6 2196.5 
19 1461.9 2786.9 
20 1900.5 3547.0 

free time. Therefore, this example demonstrates the fact that it may usually become 
difficult and costly to fix a fault which is detected in the later testing phases. 

11.4 Optimization Models 

In Sections 11.3.1 and 11.3.2 we have derived software reliability and testing cost 
measurements respectively. Now we discuss the optimal software testing policies. 
Usual criteria of optimization of software testing are based on testing cost indices 
only. However, to optimize cost measures alone is sometimes not sufficient; we 
may be required to consider both reliability measure and testing costs for 
optimization. In practice, two classes of optimal testing policies may be needed: 
optimal testing policies which minimize the testing cost while some reliability 
requirements are satisfied, or policies that maximize software reliability measure 
given testing cost is no more than some predetermined value. For example, from 
Equations (11.1) and (11.4) we can formulate the following optimization models in 
terms of the decision variable – software testing time t:
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where constant rN  is the pre-determined requirement for number of the remaining 
faults in the software upon release. From the above model, the optimal testing time 

*t  can be achieved, which minimizes the expected total cost of testing and 
debugging, given that the number of remaining faults in the software upon release 
is no more than a constant rN .
     From Equations (11.8b) and (11.9) we can also establish the following 
optimization models in terms of the decision variable of testing stop number k:
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(11.11) 

where 0rC  is the predetermined requirement for total testing-debugging cost, and 

0a  is the initial number of errors in the software program and can be estimated by 

Halstead’s software metric 3000/ˆ VB  where V is defined in Pham (2000) or 
from the Goel-Okumoto model (Goel 1985). 

From Equation (11.11), the optimal testing stop number *k  can be found, 
which maximizes the expected software error-free time upon release, given that the 
expected total cost of testing and debugging is no more than a constant 0rC .

The above two models can be solved by nonlinear programming software to 
obtain the optimal software release time or number.  

Now a numerical example is used to illustrate the optimization model (11.11). 
A set of real testing data from Misra (1983) is shown in Table 11.2 and will be 
used in this example. We first estimate the number of initial errors in this software 
program. The Goel-Okumoto software model shows the following relationship 
between the expected number )(tm of errors to be detected by time t and total 
number 0a of faults that exist in a software before testing: 

)1()( 0
bteatm

where b is a parameter representing the failure intensity of a fault. 
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Table 11.2. Failures in 1 hour (execution time) interval 

Time (hours) Number of 
failures 

Cumulative 
failures 

1 27 27 
2 16 43 
3 11 54 
4 10 64 
5 11 75 
6 7 82 
7 2 84 
8 5 89 
9 3 92 

10 1 93 
11 4 97 
12 7 104 
13 2 106 
14 5 111 
15 5 116 
16 6 122 
17 0 122 
18 5 127 
19 1 128 
20 1 129 
21 2 131 
22 1 132 
23 2 134 
24 1 135 
25 1 136 

      
Using the maximum likelihood estimate method, we can obtain from Table 

11.2 for the Goel-Okumoto model: 

1246.0ˆ143ˆ0 ba

The cost coefficients are usually determined by empirical data, previous 
experiences, and software characteristics. Ehrlich et al. (1993) at AT&T studied 
some project data using the measure unit of staff-units and found that the ratio of 
the cost of removing an error during testing period and the testing cost per unit 
time is about 10~12. It is estimated that there are 370 CPU test-execution units 
during testing with 1.9 staff-units per CPU unit. Based on the above information, 
we assume in optimization model (11.11): 

                         
6.03.01.0
010.1015.1020.1

221

321

ppp
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The cost unit above is staff-units, and the error-free time is in terms of 
execution time (hrs). By numerical method from optimization model (11.11), the 
optimal testing stop number *k  can be found to be 139, which results in the 
maximum expected software error-free time upon release of 1.46 hrs, given the 
expected total cost of testing and debugging is no more than 11400 staff-units. The 
corresponding total cost of testing and debugging is 11377.4 staff-units. 

Next we see another example. Consider the software testing model in Section 
11.3.1. Assume that the release time for the software is the time of detecting k
faults. Then upon release the expected error-free time is  

k
k

k
k ZEXE )()( 1

The expected total testing-debugging cost until release is 
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If the expected error-free time upon software release is required to be larger 
than a predetermined number L , then the following optimization model can be 
formulated: 
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   (11.12) 
where 0a  can be similarly estimated by Halstead’s software metric or from the 
Goel-Okumoto model. 

Now we assume that, in terms of execution time and staff-units,  

hrs1838.0hrs4.1143
015.115.13

0

0

La
cc v

The optimal solution to above model is 

137*k
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and the corresponding expected total cost is

5.165,11*C  staff-units 

Therefore, we will obtain the minimum cost of 11,165.5 staff-units if we stop 
testing once the 137th fault is removed. The corresponding expected error-free time 
is 1.4 hrs. If the average error-free time requirement L is changed to 1.50 hrs from 
1.40 hrs, the optimal release number is 

141*k

and the corresponding expected total cost and error-free time are respectively  

5.773,11*C  staff-units               

                                              hrs50.1*

If we consider the cost of testing per unit time which is a random variable 1V
with mean 3c  and is independent of the error-free time, the optimization model 
(11.12) becomes  
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(11.13) 
Assume that 2.13c  staff-units per hour and the average error-free time 

requirement L is 1.40 hrs.  The optimal release number, in terms of removed faults, 
is

137*k

and the corresponding expected total cost and error-free time are respectively 

8.263,11*C  staff-units                    hrs41.1*

The above numerical results based on the set of real testing data show that the 
models developed in this chapter work well in practice. Note that results from the 
three optimization models (Equations 11.11 through 11.13) are quite close. 

In many cases a software is large-scale and consists of many software modules 
performing different functions. We can apply software reliability growth models to 
the module level to estimate how many faults are remaining in each module at 
different stages of software testing process, and prioritize future testing efforts.  
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11.5 Concluding Discussions 

This chapter has discussed software reliability and cost modeling via quasi-renewal 
processes. From this chapter we can see that the quasi-renewal process is an 
effective tool to model software reliability and costs since measures and indices 
can be derived conveniently. Especially, software error-free time information upon 
testing can be obtained by using this modeling tool. In this chapter, we assume the 
cost of fixing a fault during software testing phase consists of deterministic and 
probabilistic parts, and it becomes larger as the number of faults removed is 
increasing. This assumption is justified by the fact that it may usually become 
difficult to fix a fault which is detected in the later testing phases. Besides, three 
types of faults in software are considered for Model 2. Testing and debugging costs 
are considered separately in this work. Obviously, all these assumptions and 
considerations make the proposed software models more realistic.  

In software reliability and cost models introduced in this chapter, we note that 
most results – expected software testing and debugging cost, number of remaining 
faults in the software, and mean error-free time after testing – are in closed forms. 
The parameters associated with these models can be easily estimated through the 
maximum likelihood method and the likelihood equations can be solved by 
standard numerical methods. Unlike most other software reliability models, we 
combine reliability measures and testing cost measures of software in optimization 
problems and the optimal solutions to the optimization problems lead to optimal 
software testing policies with regards to both reliability measures and testing cost 
measures.

Software reliability models in this chapter can be used to estimate the residual 
faults upon release to know if software reliability objectives are met, for example, 
if telecommunication software can meet Telcordia software reliability objectives 
for a given release. 

Generally, software reliability also grows in field use since faults found in the 
field may be removed. The models introduced in this chapter can also apply to 
modeling field reliability growth and maintenance cost.  
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Monte Carlo Reliability Simulation
of Complex Systems 

To obtain the optimal maintenance policy for a complex system, we may need to 
evaluate system availability or MTBF first, as discussed in Section 1.5. The 
previous chapters have modeled reliability measures for some standard reliability 
architectures. However, in practice, many systems are complex systems. Generally 
there are four major difficulties in evaluating complex large-scale system 
reliability, availability and MTBF (MTTF): the system reliability structure may be 
very complicated; subsystems may follow different failure distributions; 
subsystems may have arbitrary failure and repair distributions for maintained 
systems; failure data of subsystems are sometimes not sufficient, sample size of 
life test or field population tends to be small. Therefore, it may be difficult and 
often impossible to obtain s-confidence limits of the reliability indices by classical 
statistics. It has been proven that Monte Carlo technique combined with Bayes 
method is a powerful tool to deal with this kind of complex systems. In this 
chapter, the typical existing Monte Carlo reliability, availability, and MTBF 
simulation procedures are analyzed together with variance reduction techniques 
and random variate generation algorithms. The advantages, drawbacks, accuracy 
and computer execution time of Monte Carlo simulation in evaluating reliability, 
availability and MTBF of complex networks are discussed. Some conclusions are 
summarized, and a general Monte Carlo reliability and MTTF assessment 
procedure is presented. 

12.1 Introduction 

Monte Carlo simulation methods are numerical methods which allow the 
solution to mathematical and technical problems by means of system probabilistic 
models and simulation of random variables. It was originated in the 1940s by 
mathematicians Newman and Ulam at an early development stage of nuclear 
technology. Scientists at the Los Alamos National Laboratory used it to model the 
random diffusion of neutrons. They gave it the name “Monte Carlo” after the city 
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in Monaco and its many casinos. Today, its applications have been extended to 
many areas of science and technology. Monte Carlo simulation method is now 
recognized as playing an important role in system reliability, availability and 
MTTF (MTBF) assessment and optimal maintenance of large-scale complex 
networks. During the last 50 years a lot of efforts has been made in developing 
efficient Monte Carlo simulation methods and software programs for determining 
s-confidence bounds on system reliability, availability, and MTTF (MTBF). Using 
classical statistical methods, it is difficult and sometimes even impossible to obtain 
s-confidence intervals of system reliability, availability, and MTTF (MTBF) 
though it may be easy to find point estimates of complex system reliability. In fact, 
how to obtain s-confidence limits on them is not only a dilemma in engineering 
practice, but also one in statistical theory. By Monte Carlo simulation method, such 
analysis becomes relatively easy and at least possible, as fast computers are now 
readily available. 

In the last several decades, a lot of Monte Carlo reliability, availability, and 
MTTF (MTBF) evaluation methods and software programs have been developed. 
Wang and Pham (1997) summarize the previous research in an overview paper. 
System reliability and MTTF estimation by Monte Carlo method began at least in 
1960. Orkand (1960) presents his technical report on determining system reliability 
confidence limits from subsystem failure test data using Monte Carlo simulation 
method at the U.S. Picatinny Arsenal. Burnett and Wales (1961) discuss analytical 
and Monte Carlo techniques for obtaining confidence limits and the assumptions 
necessary for their use. They create the method for the case of components with 
exponentially distributed failures. Bernhoff (1963) in his thesis also studies the 
Monte Carlo reliability simulation at U.S. Air Force Institute of Technology. 
Moore (1965) develops a general Monte Carlo technique extending the Monte 
Carlo method to cases where the joint distribution of the estimators of the 
parameters of failure model is known. In fact, Moore and his graduate students 
Levy (1964, 1967), Lutton (1967), Lannon (1972), Snead (1978), Rice (1979), Putz 
(1979), Johnson (1980), MacDonald (1982), and others, have done much work in 
this field. Among them, Levy and Moore (1967) design a process to obtain system 
reliability s-confidence limits for a system composed of different subsystems 
whose failures follow the Normal, Lognormal, Gamma, or Weibull distributions 
and distribution parameters are supposed to be estimated by the maximum 
likelihood method based on life tests from a complete sample or from a censored 
sample where the distribution of the estimator is known.   

Gilmore (1968) analyzes complex system MTBF using Monte Carlo 
simulation. Integrating Bayesian method with Monte Carlo simulation, Locks 
(1974a,b, 1978) proposes a Monte Carlo-Bayesian approach to determine reliabi-
lity lower bounds and MTTFs of complex large-scale systems of any modular 
reliability structures. Massa develops a Monte Carlo reliability evaluation 
technique under binomial and exponential failure distributions. Rice and Moore 
(1983), Chao and Huwang (1987) investigate Monte Carlo reliability assessment 
for systems with binomial-failure subsystems. Kamat and Riley (1975) present a 
Monte Carlo system reliability estimation method in which its subsystems are 
allowed to conform to any different failure distributions. Later, Kamat and 
Franzmeier (1976) extend this procedure to determine reliability confidence 
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intervals on systems including s-dependent subsystems and/or allowing repair of 
failed subsystems. Kumamoto et al. (1977, 1987), Fishman (1986a,b, 1987a,b,c, 
1989), and Baca (1993) have done much research on Monte Carlo network 
reliability assessment and sampling plan, and investigated technique of variance 
reduction, a major problem for large Monte Carlo simulation. Availability and 
MTBF evaluation for reparable systems have also received certain attention 
(Kamat and Frazmeier 1976; Kim and Lee 1992; Kumamoto et al. 1980a; Moore et
al. 1985). Today, Monte Carlo simulation technique for reliability, availability and 
MTBF assessment has been widely used in electric power systems, civil 
engineering, nuclear engineering, building industry, and probabilistic mechanics. 

Monte Carlo reliability simulation methods of complex systems have become 
relatively mature, especially for non-repairable systems. In addition, fast computers 
can be available everywhere and using them to perform Monte Carlo simulation is 
very convenient. Note also that Monte Carlo reliability simulation research in some 
engineering fields, such as electric power systems, civil engineering, nuclear 
engineering, building industry, and probabilistic mechanics, still receive some 
attention. However, the focus of this chapter is general methodologies of Monte 
Carlo reliability and availability simulation for various reliability structures 
following Wang and Pham (1997), while its applications in individual fields will 
not be addressed in details. 

12.2 Typical Monte Carlo Algorithms for Reliability 

To study characteristics, accuracy and related problems of different Monte Carlo 
techniques, we have selected some typical ones, and next analyze and discuss 
them. First, we analyze a general approach by combining reliability flow graph 
representation, Boolean state representation and Monte Carlo simulation. 

12.2.1 K-R Method 

This Monte Carlo procedure, developed by Kamat and Riley (1975), is fairly 
general and can be applied to most systems with arbitrary system reliability 
structure and different subsystem failure distributions without modification. In this 
procedure, individual subsystems are assumed to be independent of each other and 
repair of failed subsystems are not allowed; the underlying life distribution is 
known for each subsystem and distribution parameters have been estimated. The 
key idea of this K-R method is: 

(a) Find out all minimal tie-sets from system Reliability Block Diagram 
(RBD). Assume that we need to obtain system reliability interval 
estimates at some time point t.

(b) From the life distribution of each subsystem, a random failure time it is 
generated where i represents the ith subsystem, ni0 .  

(c) Compare it  with t for all subsystems. If tti , this indicates that at time 
t subsystem i functions properly; if tti , then subsystem i has failed. 
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(d) Determine whether the whole system is functioning or down according to 
the states of its subsystems at t from step (c). Check all subsystems in a 
minimal tie-set. If all of them are operational then the system operates 
properly at t. If one or more of them fail, then the tie-set is broken 
(failure) at t. Further, check next minimal tie-set until an unbroken one  
appears, which means that the system is operational at t.  If all minimal 
tie-sets  are broken then the system fails at t.

(e) Repeat steps (b), (c), (d) for, say, n times. Count failure and success 
numbers of the system respectively: )(tnS  and )(tnF . Note that 

)()( tntnn FS

(f) The system reliability point estimate corresponding to t is given by  

)()(
)()(ˆ

tntn
tntR

FS

S

     Note that the simulation results are of binomial type. Based on the Normal 
approximation to the Binomial distribution, the )%1(100 confidence intervals 
of system reliability at time t are given by 
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where z  is the double-side %100  percentile of the standard Normal distribution 
with mean zero and variance 1.

An application example is given by Kamat and Riley (1975). The system 
reliability structure diagram in this example is shown in Figure 12.1 and lifetimes 
of all nine subsystems: a, b, c, d, e, f, g, h, i are assumed to follow the two-
parameter Weibull distribution with survival function 

1
1exp),;( iM

ii tMKtsf
iM
iK

               1,0, ii MMt

From Figure 12.1, we can see that it is difficult to determine the reliability 
interval estimates of this system by using classical statistics.  Per system reliability  

Figure 12.1. Reliability structure diagram 
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theory, the system's minimal tie-sets can be found to be 

adg,  bdg,  adhi,  bdhi,  aefi,  befi,  cfi 

The scale parameter iK  and shape parameter iM  values for all nine subsys-
tems are listed in Table 12.1. Utilizing the K-R Monte Carlo algorithm, 1000 
simulation replications are performed on the IBM360/65 computer by Kamat and 
Riley (1975). Table 12.2 summarizes the results of system reliability point 
estimates and 95% interval estimates at certain time points. 

Since Kamat and Riley (1975) do not discuss the accuracy of their simulation 
results and we cannot derive exact 95% confidence intervals for this system by 

Table 12.1. Weibull parameters for each component 

Component no. Scale parameter K Shape parameter M
a 2.8 1.8 

b 2.7 1.7 

c 2.6 1.6 

d 2.5 1.5 

e 2.4 1.4 

f 2.2 1.2 

g 2.3 1.3 

h 2.1 1.1 

i 2 1 

Table 12.2. Reliability simulation results – 95% confidence intervals 

Time Reliability point 
estimate 

Upper 2.5% 
limit 

Lower 2.5% 
limit 

0 1 1 1 

0.1 1 1 1 

0.2 0.999 1 0.997 

0.3 0.986 0.993 0.979 

0.4 0.95 0.964 0.936 

0.5 0.886 0.906 0.886 

0.6 0.775 0.801 0.749 

0.7 0.625 0.665 0.595 

0.8 0.445 0.486 0.424 
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classical statistical methods, we are not able to draw conclusions on its accuracy. 
Note that the K-R method using the normal approximation to the binomial 
distribution will result in some error. However, from Table 12.2 we can see that the 
confidence intervals are generally very narrow and the point estimates are at the 
middle of them. Therefore, this method can basically be accepted in some 
engineering applications. Note that the s-confidence intervals obtained by the K-R 
method can be narrowed by increasing simulation replication number. 

The simulation procedure are programmed in FORTRAN IV G level code. For 
the system structure in Figure 12.1,  16 seconds for execution are spent. 

12.2.2 R-M Method 

The drawback of the K-R approach is that all minimal tie-sets have to be 
determined in advance. Rice and Moore (1983) propose a special Monte Carlo 
method (R-M) dealing with the fail-pass failure. Using this technique, not only a 
lower confidence limit (LCL) but also the quantitative analysis of accuracy of 
LCLs can be determined. The R-M method can be applied to any complex system 
structure whose subsystem failures follow binomial distributions, especially to the 
systems with zero-failure subsystems. However, LCLs obtained by the R-M 
algorithm are somewhat larger than the exact LCLs. 

The R-M simulation method is also based on the Normal approximation to the 
Binomial distribution: if the success probability of a binomial test is p, failure 
probability q,  test number n, failure number f,  then this binomial failure follows 
the Normal distribution with mean p and variance )/( npq . If a test has zero 
failure, that is, 0if , then if  can be replaced by the equivalent failure number 

if  given by Gatliffe (1976).  

The key steps of the R-M process are 

(a) Define the system and its reliability block diagram (RBD). Develop the 
algorithm to compute system reliability from its subsystems’ reliabilities, 
i.e., system reliability structure function. 

(b) For each subsystem, determine its failure number if  or equivalent failure  

number if  .  To simplify, they are both represented by *
if .

(c) Calculate estimates:   

       
i

i
i n

fp
*

1           ii pq 1          Asymptotic Variance
i

ii

n
qp

(d) For each subsystem, generate a random variable from )1,0(N , where 
)1,0(N  is the Normal distribution with mean zero and variance 1. 

(e) Find the second estimate 
i

ii
ii n

qppp ,~  by drawing an r.v. from )1,0(N .

Multiply by asymptotic standard variance and add it to ip .
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(f) Calculate system reliability sR  from subsystem reliabilities according to 
the algorithm created in step (a).  

(g) Implement steps (d) – (f) many times for, say, 999 times. 
(h) List these sR  values in order of non-decreasing magnitude. 

(i)   Determine the )%1(100 percentile to obtain )%1(100 LCLs of sR .

The reliability LCLs of the system which consists of two and three subsystems 
in series  have been computed by this algorithm and are compared with those by 
other methods. Table 12.3 lists these LCLs, where the other approaches are: 

AN/MC R-M algorithm (Rice and Moore 1983) 
ML  Maximum-likelihood 
LR  Likelihood ratio (Madansky 1965)  
OPT Optimal method (exact limits)   
AO  Approximately optimum (Mann and Grubbs 1974)   
MMLI Modified maximum-likelihood (Easterling) 

Table 12.3. Comparison of lower s-confidence limits on reliability by using three different 
Monte Carlo techniques 

Num.
comp. CL n f1 f2 f3 AN/MC ML LR OPT AO MMLI 

1 1 0.655 0.655 0.629 0.607 0.606 0.585 
1 2 0.542 0.545 0.529 0.497 0.493 0.489 
2 2 0.458 0.456 0.451 0.445 0.43 0.441 
1 4 0.337 0.347 0.35 0.344 0.335 0.318 

10

2 3 0.372 0.373 0.375 0.354 0.353 0.362 
1 2 0.754 0.756 0.739 0.716 0.728 0.709 
2 2 0.7 0.701 0.687 0.683 0.678 0.669 
1 3 0.693 0.697 0.683 0.66 0.675 0.655 
2 3 0.646 0.647 0.638 0.622 0.628 0.619 

90%

20

3 3 0.599 0.599 0.591 0.585 0.582 0.57 
1 1 0.614 0.611 0.571 0.548 0.552 0.53 
1 2 0.495 0.495 0.473 0.443 0.435 0.436 
2 2 0.414 0.405 0.397 0.392 0.382 0.391 
1 4 0.29 0.292 0.301 0.298 0.293 0.271 

10

2 3 0.328 0.32 0.326 0.304 0.307 0.315 
1 2 0.724 0.728 0.7 0.677 0.693 0.671 
2 2 0.669 0.67 0.647 0.643 0.643 0.631 
1 3 0.663 0.665 0.643 0.62 0.639 0.616 
2 3 0.612 0.614 0.587 0.582 0.593 0.58 

2

95%

20

3 3 0.565 0.551 0.544 0.548 0.548 0.532 
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Table 12.3. (continued) 

1 1 1 0.757 0.76 0.743 0.747 0.741 0.721 
1 1 2 0.704 0.704 0.69 0.693 0.689 0.669 
1 2 2 0.653 0.654 0.643 0.639 0.643 0.619 

20

1 2 3 0.608 0.605 0.596 0.595 0.597 0.587 
1 2 3 0.724 0.723 0.714 0.705 0.716 0.669 
1 1 1 0.833 0.835 0.822 0.825 0.82 0.803 30

2 2 2 0.722 0.725 0.715 0.712 0.717 0.703 
1 2 4 0.806 0.805 0.798 0.789 0.8 0.788 50
1 1 2 0.873 0.874 0.865 0.861 0.87 0.852 
1 1 2 0.935 0.936 0.931 0.929 0.932 0.923 

90%

100
2 3 5 0.866 0.866 0.861 0.858 0.865 0.856 
1 1 1 0.725 0.732 0.705 0.709 0.708 0.684 
1 1 2 0.667 0.673 0.651 0.644 657 0.631 
1 2 2 0.613 0.621 0.604 0.598 0.609 0.58 

20

1 2 3 0.567 0.571 0.557 0.544 0.554 0.549 
1 2 3 0.693 0.698 0.683 0.674 0.691 0.638 
1 1 1 0.81 0.816 0.794 0.796 0.698 0.775 30

2 2 2 0.694 0.7 0.685 0.681 0.692 0.672 
1 2 4 0.784 0.788 0.776 0.767 0.781 0.766 50
1 1 2 0.856 0.86 0.845 0.841 0.854 0.833 
1 1 2 0.926 0.929 0.92 0.918 0.923 0.913 

3

95%

100
2 3 5 0.852 0.855 0.848 0.844 0.854 0.842 

For an eight-subsystem series system with subsystem reliabilities respectively 

0.95, 0.95, 0.90, 0.95, 0.85, 0.75, 0.95, 0.95 

The 90% reliability LCL is 0.3665 using the R-M algorithm with Monte Carlo 
simulation replications of 1000. Among these 1000 LCLs, there exist 913 LCLs for 
which intervals (LCL, 1) contain the true reliability .42059 which are obtained by 
multiplying all subsystem reliabilities. In engineering, this accuracy can be 
acceptable in some cases. 

12.2.3 C-H Method 

Since a upper error exists for the R-M procedure, Chao and Huang (1987) have 
improved it.  The numerical examples show that Chao and Huang's  method (C-H) 
can reduce this error. The C-H algorithm is related to “bootstrap” method by Efron 
and replaces the (c) and (d) steps of the R-M process by the following (c') and (d'): 

(c')    The success and failure probability estimates of subsystem i are given by  
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ban
afp

i

i
i 1             ii pq 1           where 2.0a  and 0b

The above equations are derived according to Bayes theorem using the 
Beta prior distribution. This choice of a and b are studied carefully to 
make LCL values by Monte Carlo simulation procedure close to the 
exact LCLs. Obviously, the above equation for ip  and iq  can apply to 
zero failure case. 

 (d')    Generate a random variable if   from the Binomial distribution with    
           parameters  n  and p in (c') and compute 

ban
afp

i

i
i 1                       ii pq 1

The simulation results shows that the C-H approach can result in more exact 
LCLs than the R-M procedure and the ML methods, and LCLs given by the C-H 
procedure are close to those by other methods and the OPT (exact limits). 
Therefore, for binomial failure,  we suggest the C-H method be used. 

12.2.4 L-D-L Method 

The L-D-L method was designed by Lin et al. (1988) and also used to analyze 
problems with binomial failure distribution. It increases failure information of 
subsystems using a priori failures from the Bayes method. The L-D-L method 
takes beta distribution ),( ii bdBeta  as a priori distribution where id  values are 
determined in such a way that LCLs obtained can be made exact and id  is the 
same for all subsystems, and 1ib  for all subsystems. Thus, the a priori
distribution of each subsystem is )1,(dB . According to the Bayes theorem, its 
posterior distribution is )1,( iii xnxdBeta  where ix  and in  are respectively 
failure and test numbers of subsystem i. Based on these obtained posterior 
distributions, the L-D-L algorithm is outlined as follows: 

(a) Generate k random samples krrr ,..., 21  from )1,( iii xnxdBeta .
Suppose that a system consists of k subsystems regardless of system 
reliability architecture.

(b) Calculate point estimate of system reliability 
                       )...,( 21 kj rrrgR

where )...,( 21 krrrg  are the structure function of the system. 
(c) Repeat steps (a), (b) 10,000 times.  
(d) Rank these jR in ascending magnitude order.  
(e) Find )%1(100 percentile 1R  from step (d) and then 1R  is the 

)%1(100  LCL which we need. 

Consider a two-subsystem series system. The exact LCLs and LCLs by the L-D-L   
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Table 12.4. Comparison of exact LCLs and the ones by L-D-L 

No. of subsystems No. of failures 90% LCL 95% LCL 
n1 n2 f1 f2 L-D-L Exact L-D-L Exact 

10 10 1 1 0.62 0.607 0.568 0.548 4.46 
10 10 1 2 0.529 0.497 0.484 0.443 3.494 
10 10 2 2 0.449 0.445 0.403 0.392 2.647 
10 10 1 4 0.343 0.334 0.301 0.298 1.588 
10 10 2 3 0.362 0.354 0.318 0.304 1.8 
20 20 1 2 0.72 0.716 0.684 0.677 4.923 
20 20 2 2 0.67 0.683 0.637 0.643 4.446 
20 20 1 3 0.67 0.66 0.634 0.62 4.42 
20 20 2 3 0.626 0.662 0.592 0.582 3.97 

20 20 3 3 0.581 0.585 0.544 0.544 3.52 

are listed in Table 12.4. We can see that they are close to each other and 
approximately equal. 

12.2.5 L-D Method 

Most Monte Carlo simulation procedures require their users to provide minimal 
tie-sets or cut-sets. Lin and Donaghey (1993) propose a new Monte Carlo 
procedure (L-D method) for system reliability. The advantages of this algorithm is 
that it first utilizes the Monte Carlo method to determine the minimal tie-sets by 
tracing through the system from the input components to the output components of 
a system modeled by the Reliability Block Diagram in a random manner, then uses 
the minimal tie-sets to simulate system failures, the minimal cut sets and system 
reliability at any time are determined again by the Monte Carlo approach. 
Therefore, it avoids providing minimal tie-sets prior to simulation. In addition, the 
system mean time to failure, system failure distribution and the cumulative failure 
rates can be obtained. The basic idea of this process is that using Monte Carlo 
simulation and the minimal tie-sets as the criteria for system failure, the system 
fails when all minimal tie-sets are broken. Components which have failed prior to 
the system failure constitute a cut set. The frequencies of the minimal cut sets are 
tallied during the simulation runs to show the distribution of the frequencies of the 
minimal cut sets (Lin and Donaghey 1993). For the single bridge system and a 
complex ten-subsystem network, the tie-sets given by this algorithm agree with the 
results generated by general reliability theory. The disadvantage of this method is 
that it does not give confidence interval estimates.  

12.2.6 Other Methods for Non-repairable Systems 

MacDonald (1982) creates a double Monte Carlo reliability evaluation procedure 
for a complex system which is composed of subsystems with Weibull failure 
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distribution of three parameters. Putz (1979) presents a univariate Monte Carlo 
technique to approximate reliability confidence limits of systems with components 
characterized by the Weibull distribution. Lutton (1967) and Lannon (1972) study 
bivariate asymptotic Monte Carlo method by using the asymptotic s-normality of 
maximum likelihood estimates. Moore et al. (1980) compare these three Monte 
Carlo simulation methods: Double Monte Carlo, Univariate and Bivariate 
asymptotic Monte Carlo. For 3-subsystem series, parallel and series-parallel 
systems, a 5-subsystem complex system and a 25-subsystem network whose 
subsystems’ failures follow respectively Weibull, Logistic and Gamma 
distributions. Conclusions by Moore et al. (1980) are that confidence bounds 
obtained by the bivariate asymptotic method are less than those by the double 
Monte Carlo which are less than those by the univariate approach. The percentage 
of times the confidence intervals covered the true system reliability is also 
compared with the desired confidence level and their results are that the bivariate 
method is conservative but more accurate than the univariate method and less 
sensitive to degradation due to high system reliability. The bivariate method is fast 
and accurate in some cases. The CPU times on the CDC6600 for the three methods 
(1000 Monte Carlo replications; 25-subsystem system) are respectively: Bivariate: 
22 seconds; Double: 22 minutes; Univariate: 11 seconds. The double Monte Carlo 
uses much more computer time than the other two methods. Later, Depuy et al.
(1982) modify the double Monte Carlo algorithm and compare it with the two 
asymptotic techniques. Chang et al. (2001) introduce VP (Variational Principle) 
technique over analog MC and use variationally processed Monte Carlo simulation 
for estimating system reliability. 
     Kumamoto et al. (1977) design a Monte Carlo method, KTI named after them, 
using variance-reducing technique which applies to fail-pass failure. Using their 
algorithm, an 18-subsystem complex network, as shown in Figure 12.2, is analyzed 
and network reliability upper and lower limits are determined. Later in 1987, using 
variance reduction technique, they propose another new Monte Carlo technique for 
evaluating the top-event probability of a coherent fault tree of complex systems 
which can have high reliability under the assumption that all the minimal cut sets 
are known. However, although the KTI algorithm with a smaller sample size and 
variance reduction is an improvement over direct Monte Carlo approach 
(Hammersley and Handscomb 1964, pp.51–52) and Mazumdar's importance 
sampling method (Mazumdar 1975), a general-purpose computer program is not 
available and some theoretical problems in statistics exist with this algorithm. 
Locks (1979) studies the KTI procedure and presents an alternative explanation of 
this procedure and discusses its usefulness compared to some alternative ones 
available.

Some other researchers, Su (1986), Fishman (1987, 1991), and Elperin et al.
(1991), integrate the graph theory and network theory with Monte Carlo simulation 
to assess network reliability. Note that the research based on this idea will make 
Monte Carlo reliability simulation systematic and theoretical and thus is very 
useful.

In addition, Kim and Fard (1995) propose two types of discrete-event 
simulation models estimating reliability, mean time to failure and probability 
density function of time to failure for a complex system with general failure rates. 
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One advantage of this method is that these two discrete-event reliability models 
only require descriptive knowledge of network architecture rather than analytical 
network characteristics, such as cut or tie sets. Another advantage is that reliability 
modeling technique applied through this discrete-event simulation is modular and 
then its adaptability to large-scale complex systems is increased. They are 
programmed using SIMAN codes for both reliability modeling and evaluation. 
Actually before them, Prisker et al. (1989) suggest a sample system reliability 
modeling method using another discrete-event simulation language, SLAM. We 
believe that the discrete-event simulation for reliability is promising and suggest 
using it later. 

Figure 12.2. Reliability block diagram of a complex system 

     Worth mentioning is ESCAF – Electronic Simulator to Compute and Analyze 
Failure developed by Laviron et al. (1982) although it is a direct simulation 
method, not Monte Carlo. ESCAF can be employed to determine and list cut sets 
and minimal cut sets, or tie-sets and minimal tie-sets; to gauge the importance of 
each subsystem or event by constructing histograms; to compute system 
unreliability or unavailability for both s-coherent and non-coherent systems. 

12.2.7 Monte Carlo Methods for Repairable Systems 

Availability, MTBF and unreliability evaluation for a complex maintained system 
could be very complicated, sometimes even impossible to handle by classical 
probability,  statistics, or Markov techniques. Using Monte Carlo method it is 
possible and practical to deal with this kind of problems. In fact, Monte Carlo 
simulation is the only practical technique to find s-confidence bounds for systems 
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with general failure and repair distribution (Moore et al. 1985). In the past two 
decades, some researchers, for example, Kamat and Franzmeier (1976), Kumamto 
et al. (1980a,b), Moore et al. (1985), Kim et al. (1992), have succeeded in solving 
this class of problems by means of Monte Carlo techniques though less work has 
been done on reparable systems.  

Moore (1985) designs a double Monte Carlo process (see also MacDonald, 
1980) for determining confidence bounds on reliability and availability of a 
reparable system. The confidence limits obtained by this approach in two examples 
demonstrate a satisfactory accuracy for it.  The key idea of this method is: the 
simulated component failure and repair times is used to estimate parameters of 
failure and repair distributions. Simulated values of parameters are obtained by 
generating sample failure and repair times of equal size to the original sample 
using as parameters the estimates from the simulated real data.  The parameters are 
again estimated from the generated data using the same estimator to obtain 
simulated values. Then simulated values for reliability and availability can be 
obtained after inserting the simulated values in the equations for reliability and 
availability. The process is repeated for the desired number of Monte Carlo 
repetitions. These points are used to determine a cumulative distribution function 
of system reliability and availability estimates by plotting the order statistics at 
their median ranks. Then the )%1(100 lower confidence bounds for reliability 
and availability are found.

 Kumamto et al. (1980b) propose a state-transition Monte Carlo unreliability 
estimate method for evaluating large repairable systems which can be modeled by 
a stationary Markov transition diagram. Kumamto et al. (1980a) also create a 
dagger-sampling Monte Carlo approach for unavailability evaluation of systems 
which can be represented by a coherent fault tree. Generally, there are two kinds of 
Monte Carlo methods: direct and indirect simulation. The direct Monte Carlo is 
flexible but very wasteful of computer time, per Kumamto et al. (1980b). The 
above two methods are indirect Monte Carlo and thus reduce computation time. 
Along with reducing computation time, the dagger-sampling Monte Carlo 
combines success and failure states, and generates negatively-correlated state 
vectors of basic events. This negative correlation at the top-event level for fault 
tree applies to the corresponding states of the top event since the system structure 
function is a monotonously increasing one. The Monte Carlo estimator has a 
smaller variance than the direct Monte Carlo method because probabilistic 
fluctuations are canceled out by the correlation. A numerical example shows that 
the dagger-sampling could generate 100 trials in the computation time for one 
direct Monte Carlo trial. The disadvantage of the dagger-sampling Monte Carlo is 
that it only gives point estimate of system unavailability. 

 Besides Monte Carlo availability assessment, an MTBF estimate algorithm for 
a binomial coherent system is also presented by Kim et al. (1992), which is based 
on the assumptions that failed components are replaced with new ones at system 
failure (“as good as new” or perfect repair); if a minimal tie set fails, components 
therein (not included in any other minimal tie sets) cease to operate until repair of 
the system; replace time for any component is negligible; states of all components 
are s-independent. Note that Kamat and Franzmeier (1976) propose a Monte Carlo 
reliability determination method for systems which contain s-dependent compo-
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nents. In this method, the MTBF uses the special definition )(/ tNEt , where N(t)
is the number of system failures in [0, t] and )(tNE  is the expected value of N(t). 
All minimal tie-sets of the system and lifetime distributions of all components are 
required in advance. If the component lifetime distributions are unknown, then a 
lower bound of system MTBF can be estimated by using known failure rates for 
each component. Comparing the simulation results against the theoretical ones 
given by Kim et al. (1992) indicates that this algorithm is successful. However, 
confidence limits on MTBF cannot be determined by this approach. 

Monte Carlo simulation for maintained systems are more complicated than 
non-repairable systems. So far,  there are no satisfactory Monte Carlo algorithms 
for evaluating MTBF and availability of general complex reparable systems. Some 
techniques can only give point estimates and some require much computer time. 
Most of them require determining all minimal tie-sets or path sets of systems in 
advance. Because many technical systems are repairable this seems to be a fruitful 
area on which later efforts can be concentrated. As shown in Chapter 2, researchers 
have developed many imperfect maintenance models for repairable systems, and 
Monte Carlo simulation of imperfect maintenance of repairable systems would be 
more realistic. 

12.3 Variance Reduction and Random Number Generation  

For a system with highly reliable components, the likelihood of observing a system 
failure during each Monte Carlo simulation is very low. In consequence there is a 
large variance in the estimation of the system reliability (Chang et al. 2001). 
Methods have been developed to reduce the variance associated with rare events. 
In fact, one of the difficulties in Monte Carlo simulation lies in the prohibitive 
computing time whenever a very rare event has to be shown. The time required for 
a single sample run could therefore be quite long. For most reliability problems, 
the computation time is a rapidly increasing function of the number of subsystems 
in the system and Monte Carlo simulation of reliability problems usually results in 
rare-event simulation. Hence, direct Monte Carlo methods are extremely wasteful 
of computer time. Variance Reducing Techniques (VRT) have a dual purpose: to 
reduce the length of a sample run and to increase accuracy using the same number 
of runs. The method of applying VRTs usually depends on the particular 
simulation model of interest. It is generally impossible to know beforehand how 
great a variance reduction might be realized or whether the variance will be 
reduced at all in comparison with straightforward simulation. However, 
preliminary runs could be made to compare the results of applying a VRT with 
those from straightforward simulation. It is worthwhile to note that some VRTs 
themselves will increase computing cost and this decrease in computational 
efficiency must be traded off against the potential gains in statistical efficiency, 
measured by the variances of the output random variables from a simulation. 
     There are several comprehensive surveys that provide useful ways of 
classifying VRTs and also contain extensive bibliographies, among which are 
Hammersley and Handscomb (1964), Wilson (1983) and Nelson (1987). Some 
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commonly-used VRTs are control variates, antithetic variables, conditioning, 
stratified sampling and importance sampling. The control variate method attempts 
to take advantage of correlation between certain random variables to obtain a 
variance reduction. In the method of antithetic variables, the negative correlation is 
sought to reduce the variance of the output variable. Importance sampling reduces 
the variance of the output variable by increasing the frequency of rare and 
importance events.   
     Easton (1980) introduces a sequential destruction method which reduces the 
variance of the system reliability substantially and the amount of computation 
required. In evaluating system-failure probability, Kumamoto et al. (1980) show 
how to exploit sampling plans that induce negative correlation between replications 
(dagger-sampling Monte Carlo), and Kumamoto et al. (1987) proposes a new 
coverage Monte Carlo estimator with a smaller variance. Zio et al. (2004) further 
discuss dagger-sampling variance reduction in Monte Carlo reliability analysis to 
deal with components which may fail in more than one mode. Fishman (1986) 
compares the methodological features of four Monte Carlo sampling plans for 
estimating system reliability with particular emphasis on their statistical accuracy 
and variance reduction. Based on less prior information, Baca (1993) constructs a 
Monte Carlo procedure which yields estimators with smaller variance. The first 
application derives a variant of the sequential destruction method and the second 
application obtains the traditional importance sampling Monte Carlo method for 
static reliability problems.   
     Campioni et al. (2005) believe that, since for Monte Carlo reliability simulation 
it often happens that one has to deal with rare events, the use of a variance 
reduction technique is almost mandatory in order to have Monte Carlo efficient 
applications. The main issue associated with variance reduction techniques is 
related to the choice of the value of the biasing parameter. Actually, this task is 
typically left to the experience of the Monte Carlo user, who has to make many 
attempts before achieving an advantageous biasing. Campioni et al. (2005) provide 
a practical rule addressed to establish an a priori guidance for the choice of the 
optimal value of the biasing parameter. This rule, which has been obtained for a 
single component system, has the notable property of being valid for any multi-
component system. 
     In addition, Chang et al. (2001) investigate use of VP (Variational Principle) for 
another variance reduction method. 
     Random sampling of operating or repair times is necessary for Monte Carlo 
simulation. There are many techniques for generating random numbers from 
continuous or discrete distribution. The commonly used techniques for simulating 
continuous random variables are the inverse transformation method, acceptance-
rejection method, hazard rate method, composition method, and convolution 
method. The common used techniques for simulating discrete random variables are 
the inverse alias method developed by Walker (1977), and discrete-inverse-
transformation method. The particular algorithms for generating random variates 
from several common occurring continuous distributions, e.g., the Uniform, 
Exponential, Gamma, Weibull, Lognormal, Normal, m-Erlang, for generating 
random variates from some discrete distributions, e.g., the Binomial, Geometric, 
Negative Binomial, Poisson, can be found in Law and Kelton (2000).       
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12.4 On Monte Carlo Reliability Simulation 

Monte Carlo reliability simulation methods generate random failure times from 
each component's failure distribution. The overall system reliability is then 
obtained by simulating system operation and empirically calculating the reliability 
values for a series of time values. Through the use of computers, simulation has 
become a very popular analysis tool. Simulation is simple to apply and it can 
produce results that can be rather difficult to solve analytically. On the other hand, 
simulation methods also have certain drawbacks, not the least of which is that the 
results depend on the number of simulations, which results in a lack of 
repeatability.
     Generally, there exist four major difficulties in evaluating complex large-scale 
system reliability, availability and MTBF: 

(a) The system reliability structure may be very complex. 
(b) Subsystems may follow different failure distributions. 
(c) The failure data of subsystems are sometimes not sufficient. Test sample 

size or field population tends to be small. 
(d) Subsystems may follow arbitrary failure and repair distribution for 

repairable systems. 
      
     Using Monte Carlo technique combined with Bayes method, these four major 
problems can be solved at the same time. Generally, Monte Carlo simulation 
methods have the following pros in evaluating system reliability and availability in 
summary: 

(a) Monte Carlo simulation techniques can be used to analyze systems whose 
subsystems’ lifetimes follow various distributions: Binomial,   
Exponential,  Weibull, Lognormal, Gamma, Phase-type, etc. In fact, in 
engineering practice, all subsystems of a complex system may not follow 
a single failure distribution. Using classical statistics, it is difficult or 
impossible to determine the upper and lower bounds on various reliability 
measures for such systems. Therefore, Monte Carlo approach is a 
powerful tool to solve this kind of systems. 

(b) Monte Carlo simulation methods can be applied to any network 
configuration and architecture: series, parallel, series-parallel, bridge, k-
out-of-n, fault-tolerant, etc., no matter how complex the network is, as 
long as we can determine the system reliability structure function  in 
terms of subsystem reliabilities. For a system with several hundred or 
more subsystems in complex structures, it is difficult to obtain LCLs of its 
reliability measures by classical probability and statistics. However, at 
least in principle, Monte Carlo technique can be applied to evaluate 
system reliability measures and confidence limits for this kind of systems. 

(c) Combining Bayes method, Monte Carlo procedure can easily integrate a
priori information into its simulation modules. In practice, some systems 
tend to possess high reliability and/or be subject to reliability tests with 
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small sample sizes or have small field population. For reliability 
assessment from small testing sample sizes or field population, this Monte 
Carlo-Bayes method is relatively effective because Bayes method can 
enlarge failure information of subsystems by using expert experience on 
similar subsystems' failures (Martz and Waller 1982).  

(d) Monte Carlo method can be used to evaluate availability and MTBF of a 
reparable system. It is noted that so far there are no effective probabilistic 
and statistical methods for repairable systems with arbitrary time to failure 
and arbitrary time to repair. Markov chains are usually applied to 
exponential failures. In addition, Monte Carlo method can simulate 
availability and MTBF of maintained systems with imperfect 
maintenance.

(e) After Monte Carlo approaches are programmed in some programming 
languages, users can easily obtain system reliability and availability 
interval estimates by inputting the related data into computers. It is not 
necessary for them to be familiar with Monte Carlo methods applied and 
the software programs they are using. 

(f) Modern computers have made actual Monte Carlo simulation time on 
computers shorter and shorter for most applications, and it is also 
convenient to implement Monte Carlo simulation on personal computers 
which are available almost everywhere now. 

(g) By using Monte Carlo simulation, it is easy to find the system reliability 
and availability confidence interval and point estimates as well as their 
distributions at any time point t.

(h) The accuracy of the results by some Monte Carlo methods can be 
estimated. 

(i) Discrete-event reliability simulation is robust in the modeling of complex 
system reliability structure and subsystem failure/repair functions. 

The drawbacks of Monte Carlo simulation for evaluating system reliability and 
availability are: 

(a) To get Monte Carlo simulation results with high accuracy, the number of 
simulation operation may becomes very large and computer time will then 
be increased. 

(b) Confidence bounds obtained by some Monte Carlo methods are not exact 
or narrow enough. 

(c) The significant digit number of confidence limits by Monte Carlo is small. 

Sreider (1960) states that the error E from Monte Carlo methods is less than some 
value d generally, where d is approximately equal to n/1 : 

ndASE /1

where S is a simulation result, A is the true value, and n the number of simulation 
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replications. According to this relationship, the error of Monte Carlo simulation 
technique decreases as the number of simulation replications increases. However, 
once E is smaller than certain value, it will no longer decrease basically. That is, it 
is impossible that E becomes zero. If special techniques for reducing E from Monte 
Carlo method are not used, this error have a maximum of 0.001 – 0.1 (Singh et al.
1993).
     Simulation can be used for analyzing any system. However, the accuracy of the 
results depends on the number of iterations and the complexity of the system. To 
achieve the desired level of accuracy, the number of simulations can be 
determined. Analytical methods based on advanced algorithms are in general 
quicker and produce more accurate results than simulation. Therefore, whenever 
possible, it is better to use analytical methods. However, if analytical results are not 
possible or prone to round-off errors, then simulation should be used. 
     Most Monte Carlo availability assessment, and MTBF estimate algorithms 
assume that failed components are replaced with new ones at failures, i.e., repair is 
perfect. As pointed out in Chapter 1, imperfect repair is more general and realistic, 
so allowing imperfect repair would be future direction for Monte Carlo availability 
and MTBF simulation. 

12.5 Commercial Monte Carlo Reliability Simulation Tools 

Worth mentioning is the simulation language. Some existing Monte Carlo 
programs have used the FORTRAN, BASIC, C, etc., which may limit the 
adaptability and the scope of analysis. Kim and Fard (1995) state that many 
existing Monte Carlo simulation programs use a high level language which require 
considerable programming and development effort. Consequently, the result is a 
customized application-specific program usually limited in modeling flexibility 
and capability.

An alternative approach to improve the efficiency and flexibility in reliability 
modeling and assessment is to use discrete-event simulation language, for example, 
SIMAN, SLAM, or GPSS. 

The good news is that today quite a few commercial general-purpose Monte 
Carlo reliability and availability simulation programs have appeared, for example, 
by Relex, Isograph, SoHaR, ReliaSoft, etc. Details on those general-purpose 
programs can be found in respective internet websites. An example is AvSim+ 
developed by Isograph. AvSim+ is a Windows-based availability and reliability 
simulation program capable of analyzing complex and dependent systems. AvSim+ 
allows users to construct fault tree or network diagrams (reliability block diagrams) 
using drag and drop facilities. Historical data (times to failure and times to repair) 
is automatically analyzed using the built-in Weibull Analysis facility and 
connected directly through to component failure models. This allows users to 
update their historical data records and almost immediately see the effects on 
predicted system performance. The AvSim+ Monte Carlo simulator engine enables 
one to model complex redundancies, common failures and component depend-
encies which cannot be modeled using standard analytical techniques. Complex 
dependencies include spares requirements, labor availability, operational phases, 



 Monte Carlo Reliability Simulation of Complex Systems 293 

and standby arrangements. AvSim+ can also model ageing and effectiveness of 
planned maintenance, and determine optimal maintenance intervals.

12.6 A General Monte Carlo Reliability Procedure  

In Section 12.4, we state the four key difficulties in determining complex system 
reliability and MTTF interval estimates. Although Monte Carlo-Bayes integrated 
method can solve these four problems at the same time, so far there are none to 
fulfill this goal satisfactorily among the existing Monte Carlo algorithms.  
Examining the typical existing Monte Carlo procedures we can see that the S-R 
procedure utilizes no a priori information and its accuracy cannot be determined. 
L-D-L, R-M, and C-H algorithms can only apply to binomial failure distribution. 
The double Monte Carlo technique (MacDonald 1982) can only deal with Weibull 
distribution and does not make use of a priori failure information in its simulation 
model. 

Wang and Pham (1997) propose a general Monte Carlo reliability simulation 
procedure which can apply to any complex systems with arbitrary failure 
distributions of their subsystems and employs Bayes method to increase failure 
information. 

Assume that subsystems of a system follow different failure distributions. For 
each kind of failure distribution, using Bayes theorem, we can derive its posterior 
distribution from its a priori distribution based on engineering experiences of 
experts and engineers and related testing or field reliability data. Methods for 
determining posterior distribution have been discussed extensively for various 
distributions and can been found in Martz and Waller (1982). Based on the 
posterior failure distributions of all subsystems which possess more failure 
information, we can use Monte Carlo technique to obtain system reliability and 
MTTF confidence bounds. Here we can utilize a special Monte Carlo method 
similar to the S-R algorithm. 

Different from the S-R method, the proposed method generates a random 
sample iT  from the posterior distribution of subsystem i for all subsystems.  The 
other steps are the same until we obtain system reliability interval estimates. Then 
it is easy to obtain system MTTF interval estimates. The procedure for obtaining 
MTTF intervals is to generate a random sample iT  from the posterior distribution 
of subsystem i for all subsystems first, and then to find the minimum iT  from 
among the iT s generated that make tie-set j unbroken (success) for all tie-sets. 
Take the maximum of all iT s as system MTTF kq . Repeating these steps m times, 
m system MTTFs nqqq ,...,, 21  are obtained. From them we can finally determine 
confidence bounds on system MTTF. 

The minimal tie-sets can be obtained by using Monte Carlo technique in 
advance. In fact, we can employ the idea of an existing program “MINCUT” 
developed by Lin et al. (1993). For details see Lin et al. (1993).   

Checking the frequency that the intervals (LCL, 1) cover the true reliability or 
MTTF we can determine the accuracy of this proposed method.  
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Similar algorithms can be used for Monte Carlo availability and MTBF 
simulation of maintained systems with imperfect maintenance under different 
maintenance policies. Various imperfect maintenance situations and maintenance 
policies can be found in Chapters 1 and 3. 



Appendix

Elements of Reliability and Probability 

The fundamental definitions of statistical reliability must depend on concepts from 
probability theory. This appendix describes the concepts of system reliability, 
examines common distribution functions useful in reliability and maintenance 
engineering and stochastic processes including Markov process, Poisson process, 
renewal process, and nonhomogeneous Poisson process. In general, a system may 
be required to perform various functions, each of which may have a different 
reliability.

A.1 Reliability Measures 

The reliability definitions given in the literature vary among different practitioners 
as well as researchers. The generally accepted definition is as follows. 

Definition A.1 Reliability is the probability of success or the probability that the 
system will perform its intended function under specified design limits.  

More specific, reliability is the probability that a product or part will operate 
properly for a specified period of time (design life) under the design operating 
conditions (such as temperature, volt, etc.) without failure. Mathematically, 
reliability R(t) is the probability that a system will be successful in the interval 
from time 0 to time t:

( ) ( )                       0R t P T t t

where T is a random variable denoting the time-to-failure or failure time.     
     If the time-to-failure random variable T has a density function f(t), then 

( ) ( )
t

R t f s ds
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System Mean Time to Failure 
Suppose that the reliability function for a system is given by R(t). The expected 
failure time during which a component is expected to perform successfully, or the 
system mean time to failure (MTTF), is given by 

0

( )MTTF tf t dt

or equivalently, 

0

( )MTTF R t dt

Thus, MTTF is the definite integral evaluation of the reliability function. In 
general, if )(t is defined as the failure rate function, then, by definition, MTTF is 
not equal to )(/1 t .

Failure Rate Function 
The hazard function is defined as the limit of the failure rate as the interval 
approaches zero. Thus, the hazard function h(t) is the instantaneous failure rate, 
and is defined by 

0

( ) ( )( ) lim
( )

1      ( )
( )
( )      
( )

t

R t R t th t
tR t

d R t
R t dt
f t
R t

The quantity h(t)dt represents the probability that a device of age t will fail in 
the small interval of time t to )( dtt . The importance of the hazard function is 
that it indicates the change in the failure rate over the life of a population of 
components by plotting their hazard functions on a single axis. For example, two 
designs may provide the same reliability at a specific point in time, but the failure 
rates up to this point in time can differ.  

The hazard function or hazard rate or failure rate function is the ratio of the 
probability density function (pdf) to the reliability function.  

A.2 Common Probability Distribution Functions 

This section presents some of the common distribution functions and several 
hazard models that have applications in reliability and maintenance. For each 
distribution, we will give its distribution form, reliability function, mean, variance, 
and other useful properties. This appendix is, by no means, comprehensive in its 
coverage of statistical distributions. 
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A.2.1 Discrete Random Variable Distributions

Binomial Distribution 
The binomial distribution is one of the most widely used discrete random variable 
distributions in reliability and quality inspection. It has applications in reliability 
engineering, e.g., when one is dealing with a situation in which an event is either a 
success or a failure. 
     The binomial distribution can be used to model a random variable X which 
represents the number of successes (or failures) in n independent trials (these are 
referred to as Bernoulli trials), with the probability of success (or failure) being p in 
each trial. The pdf of the distribution is given by 

( ) (1 )     0, 1, 2, ..., 

!          
!( )!

x n xnP X x p p x nx
nn

x x n x

where n = number of trials; x = number of successes; p = single trial probability of 
success. 

Poisson Distribution 
Although the Poisson distribution can be used in a manner similar to the binomial 
distribution, it is used to deal with events in which the sample size is unknown. A 
Poisson random variable is a discrete random variable distribution with probability 
density function given by 

( )    for 0, 1, 2, ....
!

x eP X x x
x

where = constant failure rate; x = is the number of events. In other words, P(X = 
x) is the probability of exactly x failures occur.

Geometric Distribution 
Consider a sequence of independent trials, each having the same probability for 
success, say p. Let N be a random variable that counts for the number of trials until 
the first success. This distribution is called the geometric distribution. It has a pdf
given by 

1( ) 1          1, 2,...nP N n p p n

The expected value and variance are, respectively 

1( )E N
p

and

2

1( ) pV N
p
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Hypergeometric Distribution 
A discrete distribution that arises in sampling, for example, is the hypergeometric 
distribution. It has a pdf given by 

( ) 0,1, 2,...,

k N k
x n x

f x x n
N
n

Typically, N will be the number of units in a finite population; n will be the 
number of samples drawn without replacement from N; k will be the number of 
failures in the population; and x will be the number of failures in the sample. 

A.2.2 Continuous Random Variable Distributions 

Exponential Distribution 
Exponential distribution plays an essential role in reliability engineering because it 
has a constant failure rate. This distribution has been used to model the lifetime of 
electronic and electrical components and systems. This distribution is appropriate 
when a used component that has not failed is as good as a new component – a 
rather restrictive assumption. The pdf and reliability functions are given by,  
respectively,

1( ) ,    0

( ) ,    0

t
t

t
t

f t e e t

R t e e t

where  = 1/  > 0 is an MTTFs parameter and  0 is a constant failure rate. 
The hazard function or failure rate for the exponential density function is 

constant, i.e.,

( ) 1( )
( )

f th t
R t

     It should be noted that the exponential distribution is the only continuous 
distribution satisfying 

{ } { | }     for 0, 0P T t P T t s T s t s

Uniform Distribution 
Let us denote X be a random variable having a uniform distribution on the interval 
(a, b) where ba . The pdf is given by 

1             
( )

0                   otherwise

a x b
f x b a
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The expected value and variance are, respectively, 

( )
2

a bE X

and
2

( )
12

b a
V X

Normal Distribution 
Normal distribution plays an important role in classical statistics owing to the 
Central Limit Theorem. In reliability engineering, the normal distribution primarily 
applies to measurements of product susceptibility and external stress. The pdf of 
the normal random variable is given by 

ttf t )exp(
2

1)( 2

2

2
)(

where  is the mean value and  is the standard deviation.  

Log Normal Distribution 
The log normal lifetime distribution is a very flexible model that can empirically fit 
many types of failure data. The log normal density function is given by 

0,)
2

)(lnexp(
2

1)( 2

2

tt
t

tf

where  and are parameters such that , and  > 0. Note that  and 
are not the mean and standard deviations of the distribution. 

     Mathematically, if a random variable X is defined as TX ln , then X is 
normally distributed with a mean of   and a variance of 2 . That is,

)(ln)( TEXE

and
2)(ln)( TVXV

The cumulative distribution function for the log normal is 

21 ln( )
2

0

1( )
2

t s

F t e ds
s

and this can be related to the standard normal deviate Z by 
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( ) [ ] (ln ln )

ln                         

F t P T t P T t

tP Z

Therefore, the reliability function is given by 

ln( ) tR t P Z

and the hazard function would be 

ln
( )( )
( ) ( )

t
f th t
R t tR t

where  is a cdf of standard normal density. 

Weibull Distribution  
The exponential distribution is often limited in applicability owing to the 
memoryless property. The Weibull distribution (Weibull 1951) is a generalization 
of the exponential distribution and is commonly used to represent fatigue life, ball 
bearing life, and vacuum tube life. The three-parameters probability density 
function is 

1 ( )( )( )      0
ttf t e t

where  and  are known as the scale and shape parameters, respectively, and  is 
known as the location parameter. These parameters are always positive. By using 
different parameters, this distribution can follow the exponential distribution, the 
normal distribution, etc. It is clear that, for t , the reliability function R(t) is

( )
( )     for 0, 0, 0

t

R t e t

hence, 
1( )( )        0, 0, 0th t t

It can be shown that the hazard function is decreasing for 1 , increasing for 
1 , and constant when 1 .

Gamma Distribution 
The gamma distribution can be used as a failure probability function for 
components whose distribution is skewed. The failure density function for a 
gamma distribution is 



    Appendix     301 

1

( )        0,  ,  0
( )

ttf t e t

where  is the shape parameter and  is the scale parameter. In this expression, 
)( is the gamma function, which is defined as 

1

0

( )           for 0tt e dt

Hence, the gamma reliability function is given by 

11( )
( )

s

t

R t s e ds

If  is an integer, it can be shown by successive integration by parts that 

1

0
( )

( )
!

it t

i
R t e i

A common use of the gamma lifetime model occurs in Bayesian reliability 
applications.                     

Beta Distribution  
The two-parameter beta density function, f(t), is given by 

1 1( )( ) (1 )    0 1, 0, 0
( ) ( )

f t t t t

where  and  are the distribution parameters. This two-parameter beta distribution 
has commonly used in many reliability engineering applications and also an 
important role in the theory of statistics. Note that the beta-distributed random 
variable takes on values in the interval (0, 1), so the beta distribution is a natural 
model when the random variable represents a probability.  The mean and variance 
of the beta distribution are, respectively, given by 

( )E T

and

2( )
1

V T

Pareto Distribution 
The Pareto distribution was originally developed to model income in a population. 
Phenomena such as city population size, stock price fluctuations, and personal 
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incomes have distributions with very long right tails. The probability density 
function of the Pareto distribution is given by 

1)(
t
ktf             tk

Rayleigh Model 
The Rayleigh model is a flexible lifetime model that can apply to many 
degradation process failure modes. The Rayleigh probability density function is   

2

2 2( ) exp
2

t tf t

Vtub-shaped Hazard Rate Distribution 
Pham (2002) recently developed a two-parameter lifetime distribution with a Vtub-
shaped hazard rate, also known as Loglog distribution or Pham distribution.  
     Note that the loglog distribution with Vtub-shaped and Weibull distribution 
with bathtub-shaped failure rates are not the same. As for the bathtub-shaped, after 
the infant mortality period, the useful life of the system begins. During its useful 
life, the system fails as a constant rate. This period is then followed by a wear out 
period during which the system starts slowly increases with the on set of wear out. 
For the Vtub-shaped, after the infant mortality period, the system starts to 
experience at a relatively low increasing rate, but not constant, and then 
increasingly more failures due to aging. 
The probability density function of the distribution is (Pham 2002) 

     1 1( )  ln    tt af t a t a e               0,0,0 at

The loglog reliability function is given by 

1( )
taR t e

The corresponding failure rate of the loglog distribution is given by       

1( ) ln th t a t a

A.3 Stochastic Processes Concepts 

Stochastic processes are used for the description of a systems operation over time. 
There are two main types of stochastic processes: continuous and discrete. The 
complex continuous process is a process describing a system transition from state 
to state. The simplest process that is discussed here is a Markov process. Given the 
current state of the process, its future behavior does not depend on the past.  
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A.3.1 Markov Processes 

Definition A.2  Let t0 < t1 < ... < tn.. If

1 1 2 2 0 0

1 1

[ ( ) | ( ) , ( ) ,...., ( ) ]
             [ ( ) | ( ) ]

n n n n n n

n n n n

P X t A X t A X t A X t A
P X t A X t A

then the process is called a Markov process.  
Given the present state of the process, its future behavior does not depend on past 
information of the process. 
     The essential characteristic of a Markov process is that it is a process that has no 
memory; its future is determined by the present and not the past. If, in addition to 
having no memory, the process is such that it depends only on the difference 

dttdtt )(  and not the value of t, i.e., P[X(t + dt) = j | X(t) = i] is independent 
of t, then the process is Markov with stationary transition probabilities or 
homogeneous in time. This is the same property noted in exponential event times, 
and referring back to the graphical representation of X(t), the times between state 
changes would in fact be exponential if the process has stationary transition 
probabilities.
     Thus, a Markov process which is time homogeneous can be described processes 
where events have exponential occurrence times. The random variable of the 
process is X(t), the state variable rather than the time to failure as in the exponential 
failure density.  

A.3.2 Counting Processes 

Among discrete stochastic processes, counting processes in reliability engineering 
are widely used to describe the appearance of events in time, e.g., failures, number 
of perfect repairs, etc. The simplest counting process is a Poisson process. The 
Poisson process plays a special role to many applications in reliability (Pham 
2000). A well-known counting process is the so-called renewal process. This 
process is described as a sequence of events, the intervals between which are 
independent and identically distributed random variables. In reliability theory, this 
type of mathematical model is used to describe the number of occurrences of an 
event in the time interval. In this section, we also discuss the quasi-renewal process 
and the non-homogeneous Poisson process. 
     A non-negative, integer-valued stochastic process, N(t), is called a counting 
process if N(t) represents the total number of occurrences of the event in the time 
interval [0, t] and satisfies these two properties: 

i) If 21 tt , then )()( 21 tNtN
ii) If 21 tt , then )()( 12 tNtN is the number of  occurrences of the  event 

in the interval ],[ 21 tt

For example, if N(t) equals the number of persons who have entered a 
restaurant at or prior to time t, then N(t) is a counting process in which an event 
occurs whenever a person enters the restaurant. 
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A.3.3 Poisson Processes 

One of the most important counting processes is the Poisson process. 

Definition A.3 A counting process, N(t), is said to be a Poisson process with 
intensity  if 

i) The failure process, N(t), has stationary independent increments 
ii) The number of failures in any time interval of length s has a Poisson 

distribution with mean s, that is,

       ...,2,1
!

)()exp()()( n
n

ssntNstNP
n

iii) Tthe initial condition is N(0) = 0 

This model is also called a homogeneous Poisson process, indicating that the 
failure rate  does not depend on time t. In other words, the number of failures 
occurring during the time interval (t, t + s] does not depend on the current time t
but only the length of time interval s. A counting process is said to possess 
independent increments if the number of events in disjoint time intervals are 
independent. 

For a stochastic process with independent increments, the auto-covariance
function is 

1 2 2 1
1 2

[ ( ) ( )]   for  0
[ ( ), ( )]

0                                     otherwise
Var N t s N t t t s

Cov X t X t

where 

( ) ( ) ( ).X t N t s N t

If X(t) is Poisson distributed, then the variance of the Poisson distribution is 

2 1 2 1
1 2

[ ( )]     for  0
[ ( ), ( )]

0                         otherwise
s t t t t s

Cov X t X t

This result shows that the Poisson increment process is covariance stationary.  

A.3.4 Renewal Processes 

A renewal process is a more general case of the Poisson process in which the 
inter-arrival times of the process or the time between failures do not necessarily 
follow the exponential distribution. For convenience, we will call the occurrence of 
an event a renewal, the inter-arrival time the renewal period, and the waiting time 
the renewal time.

Definition A.4 A counting process N(t) that represents the total number of 
occurrences of an event in the time interval (0, t] is called a renewal process, if the 
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time between failures are independent and identically distributed random 
variables.

The probability that there are exactly n failures occurring by time t can be written 
as

         { ( ) } { ( ) } { ( ) }P N t n P N t n P N t n

Note that the times between the failures are T1, T2, …, Tn so the failures occurring 
at time Wk are

1

k

k i
i

W T

and
1k k kT W W

Thus,

1

1

{ ( ) } { ( ) } { ( ) }
                    { } { }
                    ( ) ( )

n n

n n

P N t n P N t n P N t n
P W t P W t
F t F t

where Fn(t) is the cumulative distribution function for the time of the nth failure and 
n = 0,1,2, ...  

Renewal reward theory is often used in maintenance modeling. Consider a 
renewal process 0),( ttN  with interarrival times 1,, nnDn . Suppose that 
each time a renewal occurs we receive a reward. Denote by nR , the reward earned 
at the time of the nth renewal. Assume further that 1,, nnRn  are independently 
and identically distributed, and they may (and usually will) depend on nD , the 
duration of the nth renewal interval. If we let 

)(

1

)(
tN

n
nRtR

then )(tR represents the total reward earned by time t. Let 

)()( nRERE ,   )()( nDEDE

Following Ross (1972), we have the following theorem: 

Theorem A.1 (renewal reward). If )(RE  and )(DE , then with probabili-
ty 1, 

t
DE
RE

t
tR as

)(
)()(
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A.3.5 Non-homogeneous Poisson Processes 

The non-homogeneous Poisson process model (NHPP) that represents the number 
of failures experienced up to time t is a non-homogeneous Poisson process {N(t), t

 0}. The main issue in the NHPP model is to determine an appropriate mean value 
function to denote the expected number of failures experienced up to a certain 
time.  

Note that in a renewal process, the exponential assumption for the inter-arrival 
time between failures is relaxed, and in the NHPP, the stationary assumption is 
relaxed. 
The NHPP model is based on the following assumptions: 

The failure process has an independent increment, i.e., the number of 
failures during the time interval (t, t + s) depends on the current time t and 
the length of time interval s, and does not depend on the past history of the 
process. 
The failure rate of the process is given by 

          
{exactly one failure in ( , )} { ( ) ( ) 1}

                                                  ( ) ( )
P t t t P N t t N t

t t o t

where (t) is the intensity function. 
During a small interval t, the probability of more than one failure is 
negligible, that is, 

{two or more failure in ( , )} ( )P t t t o t

The initial condition is N(0) = 0. 

On the basis of these assumptions, the probability that exactly n failures occurring 
during the time interval (0, t) for the NHPP is given by 

                  ( )[ ( )]Pr{ ( ) }       0,1, 2,....,
!

n
m tm tN t n e n

n

where 
0

( ) [ ( )] ( )
t

m t E N t s ds and (t) is the intensity function. It can be easily 

shown that the mean value function m(t) is non-decreasing. 

Reliability Function 
The reliability R(t), defined as the probability that there are no failures in the time 
interval (0, t), is given by 

( )

( ) { ( ) 0}

       m t

R t P N t
e

In general, the reliability R(x|t), the probability that there are no failures in the 
interval (t, t + x), is given by 
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[ ( ) ( )]

( | ) { ( ) ( ) 0}

           m t x m t

R x t P N t x N t
e

and its density is given by 
[ ( ) ( )]( ) ( ) m t x m tf x t x e

where 

( ) [ ( )]x m x
x

The variance of the NHPP can be obtained as follows: 

0

[ ( )] ( )
t

Var N t s ds

and the auto-correlation function is given by 
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